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Abstract
Full Text

MATHEMATICAL PHYSICS

E. I. KIM and B. B. BAIMUKHANOV

ON THE DISTRIBUTION OF TEMPERA-
TURE IN A PIECEWISE-HOMOGENEOUS
SEMI-INFINITE PLATE

(Presented by Academician I. M. Vinogradov, 4 V 1961)
1. Find a continuous function u(x,y,t) in the domain D (x > 0; —o0 < y <

+oo; 0 <t <t,), satisfying the equation

ou 0%u  0%u
at_a(y)<8x2+8y2> (x>0, y#0, 0<t<ty), (1)

where a?(y) = a? if y < 0; a®(y) = a3 if y > 0, the initial condition

U($7y7t)’t:0 = f(x,y), (2)

the boundary condition

u(w,y, )|, = ey:t) (3)

=

and the conjugation condition

Ou(x,—0,1t) Ou(x,—0,t)
U(LU, —07 t) = u(a:, +O, t), le = kQT, (4)
where k;, k, are positive constants. We shall seek the solution in the class of
functions satisfying the inequality

5272
Oréltz}t(o |U(1‘, Y, t)‘ < MOe ’ (5)

where M), § are constants; r = /a2 + y2; ¢, is a constant satisfying the inequal-
ity

0<ty < ag = max(a;, asy). (6)

4a3é?’
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For the continuity of the solution in the domain D and for condition (5), we
impose on the functions ¢(y,t) and f(x,y) the following restrictions:

1) The function ¢(y, t) is continuous in both arguments in the domain g (—oo <
y < 4o00; 0 < ¢ < ty), the derivative with respect to t exists, and the first
derivative with respect to y may undergo a discontinuity of the first kind along
the z-axis. In addition, the inequalities

ey, D)ls 12y (ys )], |y, )] < MV (7)

0, (Y1, t1) — @4y (Y2, )| < M ¥ (Jyy — yo|™ + [ty — t,]%), (8)

hold, where y; and y, have the same signs;

/ ’ 242 a a
0t (Y1, t1) — @1 (Yo, ta)| < MeP™¥0 (Jy; — yo|™ + [t — ty]®), 9)

where M is a constant, 0 < a < 1, and y, = max(|y; |, [ys])-

2) The function f(z,y) is continuous in both arguments in the domain G (0 <
x < 400, —00 < y < +00), the derivative with respect to x exists, and the
derivative with respect to y may undergo a discontinuity of the first kind along
the x-axis. In addition, the inequalities

@)l |Folz )l 1@ y)| < Me™, (10)

‘fa/v(mlay) - f;(m2a9>‘7 |f;,($1,y) - f;($25y)| < M€§27‘g|x1 ) aa (11)

hold, where r2 = max(z? + y?; 23 + y?).
3) ©(y,t) and f(x,y) have the following relation:

e(y,0) = f(0,y). (12)
2. We shall seek the solution of the posed problem in the form:
for y < 0:
t +oo 2 2
zp(n, 7) "+ (y—mn
t) = d — ———| d
u(,y,t) = / T/Oo 4ra?(t — )2 exp [ da3(t —7) g
+o00 2 2
¢1 ga (J,‘ — 5) + Yy
2 5 TS 13
/ dT/ 27(t — 7) P 4a3(t — ) de (13)
+o00 +00o 2 2
fo(&:n) (-8 +(y—mn)
d = — dm;
+/oo §/Oo 4ra?t P 4a’t G
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for y > 0:

o= [ar [T D [ S0,

4rad(t — )2 4a3(t —T)

+0o0 y¢ 5’ ($—€)2+y2
| e g e

+oo +o00
fol&m) (=8 +(y—n)?
—|—/OO cl§/oo 747ra§t exp [— } dn,

4at

where fo(z,y) = f(z,y) for x > 0; fo(z,y) = —f(—x,y) for x < 0; fo(0,y) = 0;
if 1, (z,t) and ¥,(x, t) are odd functions with respect to the first argument, then
the function u(x,y,t) satisfies equation (1), the initial condition (2), and the
boundary condition (3), since it is expressed by heat potentials (2).

It is necessary to choose the functions ¥, (x,t) and ¥y(x,t) from the class of
odd functions with respect to the first argument so that the function u(x,y,t)
satisfies the conjugation conditions (4) and condition (5). It is not difficult to
verify that if the functions v, (z,t) and v, (z,t) satisfy the conditions

M
(@, 1)] < =27, gy, 1)] < Med™, (15)
Vit
then, provided conditions (6), (7), and (10) are fulfilled, the function u(z,y,t)
satisfies inequality (5).

3. We now determine the functions ), (x,t) and 14(x, t) in formulas (13) and
(14). In doing so we use the properties of the heat potential (?). Using
the first condition (4), we have

t +oo 2 2
zp(n,7) T2+
d — d
+/ T/ 4m§(t7)2e)‘p[ preTram I
+oo 2 2
Cap(n,T) 2?41
d — d 16
/ T/ 47ra t—T) Xp[ 4a§(t—7')_ " (16)
(=& +n*]

+o0 +oo
d ol -
Jr[oc 5[()0 47ra%t P { 4a3t |
+oo +oo 2 2
_/ df/ fO(&Qﬂ) exp |:_ (3’5 f) +1 dﬁ-
—00 —00 47Ta2t i

4at

Applying the second condition (4), we obtain
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th/+°° ya(&r) [_(96—5)2+y2

dmad(t — 1) 1a3(t—7) ] d+

+k /th B (S NG e
20 ) Amadt—1) 12t—n] "

t 400 ’ 2 2
71@1/ dT/ x%‘;n(n,r)gexp { L }dn
b o Amai(t—7) dai(t —7)

+oo +o0 a2 2
m/ d£/ L t> exp [—@” o ] a
2

+0o0o +o00 fO ) <$—£>2 +772
—k‘l/ df/ n o2t exp [_élaft] dn.

To compute the limit in the second integral equation, we state the following
lemma.

(17)

Lemma. If the function v, (x,t) satisfies the condition

M 232
[P (21,1) — 1y (24,1)] < %66 Clay — x|, (18)

where d = max(|z,],|z5]), 0 < o < 1, separately on the intervals (—oo, 0) and
(0, +00), and may have a dlscontlnulty of the first kind at = 0, then

0 ! ydr e (m — 5)2 + 192 T oo wl(fl 7'1)
ko lim — [ — 997 =) Ty Yi\s1- 7).
QyEEO é)y/o 4ra3(t — )2 /Oo b [ 4a(t —7) ] /0 dm /Oo 2m(T — 1) X

t
X exp [_ (€—§&)? } g€, dé — —%wl(iﬂ,ﬂ N ay(a? —a2)ky / : dr
0

4a?(t— 1) ay 273/2a, t—7)3/2 .
+oo +oo (x_€)2 (.’L‘—f)2
<[ wen [ o s o) o o)
(19)
where
2+ ad

p(z) = (2° +a})*2(2% + a3) /2, a*(2) = a3 Zrad

To prove the lemma, we interchange the integrals. After computing the inner
integrals, we differentiate with respect to y under the integral sign. Then, by
computing the limit and using the conditions of the lemma, we obtain formula
(19).
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4. From the system (16) and (17), let us eliminate the unknown function
¥y(y,t). In doing so, using (19) and (7)—(12), we obtain the following
integral equation with respect to ¥, (x, t):

Yy (2,t) = A/Ot(t_d;w/jwl(é,f)/jp(z) {1203(;(2)(5)—27) g (20)

(z —¢§)?
X exp [—4(12(2)@_7_)] dzd€ + F(z,t),

where

k ¢ dr oo .’L'2 +772
F(z,t) = 2 / / ! (n, [—] d
(@9) 2mag(arky + agky) Jy (t—7) wn(n )P da3(t —7) !

t +oo 2 2
agk, dr / , ¥ +n
_ L A
4ra?(ayky + asky) /0 (t—7)2J o wn(n,7) exp da3(t —7) (a

(a3 — af) ky / dr /*“ : U
+ 2m3/2a, a3 (a ky + agk (t — 7')3/2 - iy (0, 7) exp 4a3(t —) ”

1)
+00o 1/2 2
x/ (22 + a3) exp{ x z +a1] dzdn
0
0

(22 +a2)32 4a t—T C 4a2(t—7) 22 4 d2
azky
27r3/2a1 (a1ky + ask

t 2

= / 2l (1,7) exp [—4‘(’;_7)] y

3/2

s x? n? +4a3(t — 1)z
da3(t — 1) n? + 4a(t — 7)22

exp [—z } signndzdn

/+°° (n +4a1(t—7')22>

x 2 2 2

b n? +4as(t—1)z
k2 e e / (Jj — 5)2 + 772

+ 2may(aky + agky)t /Oo df/o Jon & m) exp [_ 4at dr

+oo +oo 2 2
_ agky , =9+
dmai(arky + agky )t / dé/ fon(& ") exp [ 4a3t dn

(af — a3)ky /+°° /+°° Ui
d /.
- 4732a,a3(a kg + agky )t3/2 ¢ &)Jog(&m) ex 4a%t X
O G ET U S Y P
b (22 4a?)3? 4atait 4a2t 22+ a}

k_2 +00 +00 ,’72
— d / 1
213/2a, (ayky + agky )t /oo §/oo Jon (&) exp [ 4a%t} .

n? + da3tz? exp |22 — (z — €)% n? + 4a3tz?
n? + datz? 4a3t  n? + 4a3tz?

] signn dz dn.
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We shall seek the solution of equation (20) in the class of odd functions satisfying
inequality (15) and the conditions of the lemma. By direct verification one
can establish that the free term F'(x,t) is an odd function satisfying the first
inequality (15) and all the conditions of the lemma.

Thus, if equation (20) has a solution, then it is the desired one. The existence of
a solution of an equation of this kind was proved by one of the authors !. The
solution is expressed by the following formula

t +oo
(@) = Flayt) + A / dr / R(x— &t — T N F(E,7) dE,
0 —00

where
Rz —¢ t—T-A):i(H”>2 /+(><> o) [ @—¢)
’ ' (t—7)V2 )y v+ a3 2a2(z)(t —7)
_£)2 2 2 2 2 9 3/2
X exp |— (z—¢) dz, \ = (a1 —a3)aky : y= 41" % 217N
2a2(2)(t —7) 273/2(a kg + agky) 273/2 )

After determining v, (z,t), we determine ¢, (z,t) by formula (16), and thereby
the problem is completely solved.

Kharkov Polytechnic Institute
named after V. I. Lenin

Kazakh Pedagogical Institute
named after Abai

Received
4V 1961

References

VE. 1. Kim, Prikl. matem. i mekh., 21, no. 5 (1957). 2 G. Miinz, Integral
Fquations, 1, 1934.

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196101.92417 Machine Translation


https://sovietrxiv.org/items/ru-196101.92417

	Abstract
	Full Text
	MATHEMATICAL PHYSICS
	ON THE DISTRIBUTION OF TEMPERATURE IN A PIECEWISE-HOMOGENEOUS SEMI-INFINITE PLATE
	References


