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Abstract
Full Text
MATHEMATICS
A. I. SIROTA

SIMPLE SUBGROUPS OF SIMPLY CON-
NECTED REAL SIMPLE LIE GROUPS
(Presented by Academician I. G. Petrovskii, 26 XI 1960)

The simple subalgebras of the real forms of the classical Lie algebras were found
by F. I. Karpelevich (1). To a subalgebra 𝐺∗ of a Lie algebra 𝐺 there corresponds,
in the simply connected group 𝔊 corresponding to the algebra 𝐺, a certain
connected subgroup 𝔊∗, locally isomorphic to the simply connected group 𝔊∗

with Lie algebra 𝐺∗. In the present paper we set forth methods for computing
the group 𝔊∗, i.e. the kernel of the corresponding homomorphism 𝔊∗ → 𝔊∗.
Everywhere below, unless otherwise stated, 𝐺∗ and 𝐺 are real forms of the
classical Lie algebras, considered in their canonical linear representation.

1. The imbedding 𝐺∗ ⊂ 𝐺 is given (1) by means of a linear representation 𝜑
of the algebra 𝐺∗, 𝜑 ∶ 𝐺∗ → 𝐺, to which there correspond, first, a homo-
morphism 𝜑 ∶ 𝔊∗ → 𝔊, whose kernel ker𝜑 we shall seek, and, secondly,
a linear representation 𝜑̂ ∶ 𝔊∗ → 𝔊𝔏, whose kernel ker 𝜑̂ can be found
from the formulas of (2). If the linear group corresponding to 𝐺 is simply
connected (i.e. coincides with 𝔊), then ker𝜑 = ker 𝜑̂. This condition is
satisfied by 𝐺 = 𝐽 or 𝐶𝑙

𝑛, which will not be considered below.

Let us denote the characteristic subalgebras of the algebras 𝐺 and 𝐺∗ respec-
tively by 𝑃 and 𝑃 ∗. For them there are decompositions: 𝑃 = 𝐾 + 𝑉 , 𝑃 ∗ =
𝐾∗ + 𝑉 ∗, where 𝐾, 𝐾∗ are semisimple compact algebras, each of which consists
of at most two simple components, while 𝑉 , 𝑉 ∗ are commutative algebras of
dimension 0 or 1. According to (1), one may assume that 𝜑(𝑃 ∗) ⊂ 𝑃 . It is easy
to see that then 𝜑(𝐾∗) ⊂ 𝐾.

The following will be useful in what follows:

Lemma 1.1). If 𝜑(𝑃 ∗) ⊂ 𝐾, 𝐾 = 𝐾′ + 𝐾″ is the decomposition into (non-
trivial) simple components, and 𝜓1, … , 𝜓𝑘 are the irreducible components of the
linear representation of the subalgebra 𝑃 ∗ induced by the representation 𝜑, then
for every 𝑗 = 1, … , 𝑘 either 𝜑𝑗(𝑃 ∗) ⊂ 𝐾′, or 𝜑𝑗(𝑃 ∗) ⊂ 𝐾″, and thus on 𝑃 ∗ the
representation 𝜑 = 𝜑′ + 𝜑″, where 𝜑′(𝑃 ∗) ⊂ 𝐾′, 𝜑″(𝑃 ∗) ⊂ 𝐾″.

2) If the algebras 𝐵2
𝑛 and 𝐷2

𝑛 are excluded from consideration, then for one-
dimensional 𝑉 there corresponds to the subalgebra 𝐾 ⊂ 𝐺 a simply con-
nected linear group.

sovietrxiv.org/items/ru-196101.91961 Machine Translation

https://sovietrxiv.org/items/ru-196101.91961


Theorem 1. If the linearizing normal subgroup (2) of the group 𝔊 and the
center of 𝔊∗ are infinite cyclic groups, then all subgroups 𝔊 locally isomorphic
to 𝔊∗ are either simply connected or isomorphic to linear groups.

Here 𝐺 and 𝐺∗ are arbitrary real simple algebras, not only classical ones. The
hypotheses of the theorem are satisfied, for example, when 𝐺 = 𝐴𝑙

𝑛, 𝐵2
𝑛, 𝐷2

𝑛, 𝐼𝐶𝑛
or 𝐽𝐷𝑛, and 𝐺∗ = 𝐴𝑙

𝑛 for o.n.d. (𝑙, 𝑛 − 𝑙 + 1) = 1, 𝐼𝐶𝑛 or 𝐽𝐷𝑛 for odd 𝑛 (2,3).
Theorem 2. If to the subalgebra 𝐾 ⊂ 𝐺 there corresponds a simply connected
linear group, then either ker𝜑 = ker 𝜑̂, or ker𝜑 = ker 𝜑̂ ∩ 𝜗, where 𝜗 is a sub-

the group of the center of the group 𝐺∗, consisting of all elements of finite order.
In particular, if the characteristic subalgebra of the algebra 𝐺∗ is semisimple
(𝑃 ∗ = 𝐾∗), then ker𝜑 = ker𝜑.
The conditions of the theorem are fulfilled in those cases when 𝐺 is one of
the algebras of type 𝐴𝑙

𝑛, 𝐼𝐶𝑛, or 𝐽𝐷𝑛 (2). The last assertion of the theorem
solves our problem for 𝐺∗ = 𝐵2𝑙

𝑛 , 𝐷𝑙
𝑛, 𝐼𝑛, or 𝐽𝑛 (3). It remains to consider the

case when 𝐺∗ = 𝐴𝑙
𝑛−1, 𝐼𝐶𝑛, or 𝐽𝐷𝑛. Since all these algebras are of the first

category, their embedding in 𝐺 is given by a linear representation 𝜑 = 𝑚1𝜑1 +
⋯ + 𝑚𝑘𝜑𝑘 (𝜑1, … , 𝜑𝑘 are inequivalent irreducible representations; 𝑚1, … , 𝑚𝑘
are their multiplicities) and by the numbers 𝑞1, … , 𝑞𝑘 (1). We shall specify
the representation 𝜑𝑖 by its highest weight, whose coordinates in the Cartan–
Weyl system are nonnegative integers 𝑓1 ≥ ⋯ ≥ 𝑓𝑛 ≥ 0 (4). The number
𝑣𝑖 = 𝑓1 + ⋯ + 𝑓𝑛 is called the rank of the representation 𝜑𝑖.

First let 𝐺∗ = 𝐴𝑙
𝑛−1. Since in this case 𝑃 ∗ = 𝐴𝑙−1 + 𝐴𝑛−𝑙−1 + 𝑉 , the represen-

tation of the subalgebra 𝑃 ∗ induced by the representation 𝜑𝑖 decomposes into
irreducible components of the form 𝜓′

𝑖1
× 𝜓″

𝑖1
+ 𝜓′

𝑖2
× 𝜓″

𝑖2
+ ⋯, where 𝜓′

𝑖𝑗 is a
representation of the full linear algebra 𝐿(𝑙); 𝜓″

𝑖𝑗 is a representation of 𝐿(𝑛 − 𝑙);
and 𝜓′

𝑖𝑗 × 𝜓″
𝑖𝑗 is their tensor product. Denote by 𝑁𝑖𝑗 the dimension of the

representation 𝜓′
𝑖𝑗 × 𝜓″

𝑖𝑗, and by 𝑣𝑖𝑗 the rank of the representation 𝜓′
𝑖𝑗.

The formula ker𝜑 = ker𝜑 holds if and only if the following condition is fulfilled:

𝑘
∑
𝑖=1

𝑞𝑖 ∑
𝑗

(𝑙𝑣𝑖 − 𝑛𝑣𝑖𝑗)𝑁𝑖𝑗 = 0,

where the inner summation is over all 𝑗 for which 𝑣𝑖𝑗 is even.

Now let 𝐺∗ = 𝐼𝐶𝑛 or 𝐽𝐷𝑛. For these algebras 𝑃 ∗ = 𝑉 + 𝐴𝑛, and the decompo-
sition of the representation of the subalgebra 𝑃 ∗ induced by the representation
𝜑𝑖 has the form 𝜓𝑖1 + 𝜓𝑖2 + ⋯, where 𝜓𝑖𝑗 is a representation of the algebra 𝐿(𝑛)
of dimension 𝑁𝑖𝑗 and rank 𝑣𝑖𝑗 (not necessarily positive, since the highest weight
may here also have negative coordinates), and moreover 𝑣𝑖𝑗 ≡ 𝑣𝑖 (mod 2) for all
𝑗.
The formula ker𝜑 = ker𝜑 holds if and only if the following condition is fulfilled:
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𝑘
∑
𝑖=1

𝑞𝑖 ∑
𝑗

𝑣𝑖𝑗𝑁𝑖𝑗 = 0,

where the inner summation is over all 𝑗 for which 𝑣𝑖𝑗 ≡ 𝑣𝑖 (mod 4).
It remains for us to consider the case when the subalgebra 𝐾 ⊂ 𝐺 corresponds
to a non-simply connected linear group. According to the second assertion of the
lemma, now 𝑉 = 0, and consequently 𝜑(𝑃 ∗) ⊂ 𝐾 (we exclude the case 𝐺 = 𝐵2

𝑛
or 𝐷2

𝑛 in order not to encumber the exposition). Therefore, if the algebra 𝐾
is simple, then, as follows easily from Lemma 1 of (3), the question reduces to
computing the kernel of a homomorphism into a simple compact group, i.e. to
a problem solved in (5) (this condition for 𝐾 was verified for the case 𝐺 = 𝐼𝑛).
If, however, 𝐾 = 𝐾′ + 𝐾″ (which corresponds to the case 𝐺 = 𝐵2𝑙

𝑛 or 𝐷𝑙
𝑛,

where 𝐾′ and 𝐾″ are orthogonal algebras), then, in order to apply the results
of (5), it is necessary to find, according to the lemma, 𝜑′ and 𝜑″. Let 𝜎 be the
characteristic automorphism selecting the algebra 𝐺∗ from its compact form
𝑅 (𝜎 acts in 𝑅 and 𝑃 ∗ ⊂ 𝑅; see, for example, (1)). Denote by ℛ the simply
connected compact group for the Lie algebra 𝑅, and by 𝔓∗ ⊂ ℛ the connected
subgroup,

corresponding subalgebra 𝑃 ∗. We extend the action 𝜎 to ℛ. Let ℛ be the small-
est group satisfying the following requirements: ℛ contains ℛ and an element
𝑠 such that 𝑠−1𝑟𝑠 = 𝜎(𝑟) for all 𝑟 ∈ ℛ (if the automorphism 𝜎 is inner, then
ℛ = ℛ). The embedding 𝐺∗ ⊂ 𝐺 is given, in the general case, by a linear
representation of the algebra 𝐺∗ (and hence also of 𝑅)

𝜑 = 𝑚1𝜑1 + ⋯ + 𝑚𝑘𝜑𝑘 + 𝑚𝑘+1(𝜑′
𝑘+1 + 𝜑″

𝑘+1) + ⋯ + 𝑚𝑝(𝜑′
𝑝 + 𝜑″

𝑝),

where 𝜑ℎ𝜎 ∼ 𝜑ℎ (ℎ = 1, … , 𝑘), 𝜑′
𝑖𝜎 ∼ 𝜑″

𝑖 (𝑖 = 𝑘 + 1, … , 𝑝), and by a set of
numbers 𝑞1, … , 𝑞𝑘, or 𝑙1, … , 𝑙𝑘, where 𝑞ℎ = 𝑚ℎ − 2𝑙ℎ (1). The representation 𝜑ℎ,
by virtue of the condition 𝜑ℎ𝜎 ∼ 𝜑ℎ, can be extended to the whole group ℛ.
Let 𝒫∗ be the smallest subgroup of ℛ containing 𝒫∗ and 𝑠, and let 𝜓1 + 𝜓2 + ⋯
be the decomposition into irreducible components of the representation of the
group 𝒫∗ induced by the representation 𝜑ℎ. Each 𝜓𝑗, when considered on 𝒫∗,
either remains irreducible or splits into two components. Let 𝜒𝑗 be the character
of the representation 𝜓𝑗, and 𝑁𝑗 its dimension; then for all 𝑗

𝜒𝑗(𝑠) = ±𝜆𝑁𝑗,

where 𝜆 is a certain number. Put 𝜑′
ℎ = ∑′ 𝜓𝑗, where the summation extends

over all 𝑗 for which 𝜒𝑗(𝑠) = 𝜆𝑁𝑗. The remaining 𝜓𝑗 make up 𝜑″
ℎ.* After 𝜑′

ℎ, 𝜑″
ℎ

have been found, one can find 𝜑′, 𝜑″:
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𝜑′ =
𝑘

∑
ℎ=1

[(𝑚ℎ − 𝑙ℎ)𝜑′
ℎ + 𝑙ℎ𝜑″

ℎ] +
𝑝

∑
𝑖=𝑘+1

𝑚𝑖𝜑′
𝑖,

𝜑″ =
𝑘

∑
ℎ=1

[𝑙ℎ𝜑′
ℎ + (𝑚ℎ − 𝑙ℎ)𝜑″

ℎ] +
𝑝

∑
𝑖=𝑘+1

𝑚𝑖𝜑″
𝑖 .

2. In the actual use of the results obtained, in a number of cases one has to
find the irreducible components of the representation of the characteris-
tic subalgebra 𝑃 ∗ induced by a certain irreducible representation of the
algebra 𝐺∗.

Let us consider, on the full linear group 𝐺𝐿(𝑟), the function {𝑓1, … , 𝑓𝑢}, defined,
for given nonnegative integers 𝑓1, … , 𝑓𝑢, by the formula

{𝑓1, … , 𝑓𝑢} = |𝑝𝑙𝑖−𝑢+1, 𝑝𝑙𝑖−𝑢+2, … , 𝑝𝑙𝑖
|.

Here on the right-hand side is written the 𝑖-th row of a determinant of order 𝑢,
where 𝑙1 = 𝑓1 +𝑢−1, 𝑙2 = 𝑓2 +𝑢−2, … , 𝑙𝑢 = 𝑓𝑢, and the quantities 𝑝0, 𝑝1, 𝑝2, …
are determined from the equalities

1
|𝐸 − 𝑧𝐴| = 𝑝0 + 𝑝1𝑧 + 𝑝2𝑧2 + ⋯ , 𝑝−𝑘 = 0 for 𝑘 = 1, 2, … ;

𝐴 is an element of the group 𝐺𝐿(𝑟) at which the value of {𝑓1, … , 𝑓𝑢} is computed.
If 𝑢 = 𝑟 and 𝑓1 ≥ ⋯ ≥ 𝑓𝑟 ≥ 0, then, as is known (4), the function {𝑓1, … , 𝑓𝑟} is
equal to the character 𝜒(𝑓1, … , 𝑓𝑟) of the irreducible representation of the group
𝐺𝐿(𝑟) with highest weight 𝑓1, … , 𝑓𝑟.

It is easy to verify the following properties of the function {𝑓1, … , 𝑓𝑢} (4):
1) {𝑓1, … , 𝑓𝑢−1, 0} = {𝑓1, … , 𝑓𝑢−1};
2) if 𝑓𝑢 < 0 or if 𝑓1 ≥ ⋯ ≥ 𝑓𝑢 ≥ 0 and 𝑢 > 𝑟, then {𝑓1, … , 𝑓𝑢} = 0;
3) if 𝑓𝑖+1 − 𝑓𝑖 = 1, then {… , 𝑓𝑖, 𝑓𝑖+1, …} = 0, while if 𝑓𝑖+1 − 𝑓𝑖 > 1, then

{… , 𝑓𝑖, 𝑓𝑖+1, …} = {… , 𝑓𝑖+1 − 1, 𝑓𝑖 + 1, …}.

With the help of the last property one can reduce such a function to a form for
which 𝑓1 ≥ ⋯ ≥ 𝑓𝑢, and then it turns out that it is equal

* In order to preserve formula (1) of the paper for the signature of the algebra
𝐺, one would have to interchange 𝜑′

ℎ and 𝜑″
ℎ in those cases where the dimension

of 𝜑′
ℎ turns out to be less than the dimension of 𝜑″

ℎ.

either 0, or equal, perhaps with a minus sign, to some primitive character of the
group 𝔊𝔏(𝑟).
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Introduce the operators 𝜉𝑖, 𝑖 = 1, 2, … , acting on the function {𝑓1, … , 𝑓𝑢} by
the formula

𝜉𝑖{𝑓1, … , 𝑓𝑖, … , 𝑓𝑢} = {𝑓1, … , 𝑓𝑖 − 1, … , 𝑓𝑢}.
Consider the subgroup 𝔊𝔏(𝑙) ⋅ 𝔊𝔏(𝑛 − 𝑙) of the group 𝔊𝔏(𝑛), consisting of
matrices 𝐴 = 𝐴1 + 𝐴2, where 𝐴1, 𝐴2 are diagonal blocks of the matrix 𝐴 ∈
𝔊𝔏(𝑛) of dimensions 𝑙 and 𝑛 − 𝑙, respectively. The character 𝜒(𝑓1, … , 𝑓𝑛), 𝑓1 ≥
⋯ ≥ 𝑓𝑛 ≥ 0, of a certain irreducible representation 𝜑 of the group 𝔊𝔏(𝑛) on
this subgroup can be represented in the form

𝜒(𝑓1, … , 𝑓𝑛) = ∑
𝑓1≥𝑠1≥⋯≥𝑠𝑛≥0

(∇(𝑠1, … , 𝑠𝑛){𝑓1, … , 𝑓𝑛}) ⋅ {𝑠1, … , 𝑠𝑛},

where the value {𝑠1, … , 𝑠𝑛} is computed at the point 𝐴2 ∈ 𝔊𝔏(𝑛 − 𝑙), while the
functions obtained as a result of the action of the operator

∇(𝑠1, … , 𝑠𝑛) =
∣𝜉𝑡1

𝑖 … 𝜉𝑡𝑛
𝑖 ∣

∣𝜉 𝑛−1
𝑖 … 1∣ , 𝑡1 = 𝑠1 + 𝑛 − 1, … , 𝑡𝑛 = 𝑠𝑛,

on {𝑓1, … , 𝑓𝑛}, are computed at the point 𝐴1 ∈ 𝔊𝔏(𝑙). The expression obtained
in this way can, according to what was said above, be reduced to the form

∑
𝑞

𝑐𝑞𝜒′
𝑞𝜒″

𝑞 ,

where 𝑐𝑞 are integers, and 𝜒′
𝑞 and 𝜒″

𝑞 are primitive characters of 𝔊𝔏(𝑙) and
𝔊𝔏(𝑛 − 𝑙), respectively. Since 𝜒′

𝑞 ⋅ 𝜒″
𝑞 is the character of a certain irreducible

representation of the group 𝔊𝔏(𝑙)⋅𝔊𝔏(𝑛−𝑙), and the expression of the character
of a reducible representation of the group as a linear combination of primitive
characters is unique, all 𝑐𝑞 ≥ 0, and the equality

𝜒(𝑓1, … , 𝑓𝑛) = ∑
𝑞

𝑐𝑞𝜒′
𝑞𝜒″

𝑞

gives the decomposition into irreducible components of the representation of the
group 𝔊𝔏(𝑙) ⋅ 𝔊𝔏(𝑛 − 𝑙) induced by the representation 𝜑 of the group 𝔊𝔏(𝑛).
Putting

𝜋𝑘 = ∑
𝑖1+⋯+𝑖𝑛=𝑘, 𝑖≥0

𝜉𝑖1
1 𝜉𝑖2

2 … 𝜉𝑖𝑛𝑛 ,

one can express the operator ∇(𝑠1, … , 𝑠𝑛) through 𝜉1, … , 𝜉𝑛 in an integral ra-
tional manner:

∇(𝑠1, … , 𝑠𝑛) = ∣𝜋𝑡𝑖−𝑛+1, … , 𝜋𝑡𝑖
∣ .

The obtained decomposition of the representation 𝜑 obviously solves the prob-
lem posed at the beginning of this section for the algebras 𝐴𝑙

𝑛−1. The analogous
problem for the algebras 𝐼𝑛 (for which 𝑃 ∗ is the orthogonal algebra) was solved
in (4,6). With the aid of the methods of (6) and the results obtained here, one
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can find the decomposition of the representations of characteristic subalgebras
also for the remaining classical real Lie algebras.

Received
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