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MORPHISM PROBLEM FOR AUTOMATA

(Presented by Academician P. S. Novikov on 2 XI 1960)

Let an arbitrary set A be given, whose elements we shall call the internal states,
or, more briefly, the states of a partial automaton. Let a second set 2 be given,
whose elements we shall call inputs. It is assumed here that the set of inputs
2l is nonempty and does not intersect the set of states A. Let to each input
a € A there be assigned some subset A, (of A), called the support of the input
a. Finally, we shall suppose that each input a from 2{ is a mapping of its support
A, into the set of all states A, i.e. Aa € A for any a € A and A € A,,.

a

Under these assumptions, by a partial automaton A(2() we shall mean the set
A together with a specified set 2 of mappings of subsets A, of A into the set
A. Tf in the partial automaton A(2() the supports of all inputs coincide with
A, ie. A, = A for every a € 2, then such a partial automaton will be called
a complete automaton, or, more briefly, an automaton. In the case where the
sets A and 2 are finite, the definition of an automaton just formulated coincides
with the known definition of the Moore-Yu. T. Medvedev machine-automaton
(H)=().

It is easy to see that automata and partial automata are a special case of gen-
eral algebraic systems and, respectively, partial algebraic systems (®). Therefore
for partial automata such notions of the general theory of algebraic systems as
isomorphism, homomorphism, automorphism, subautomaton, system of genera-
tors, free automaton, etc., are quite meaningful. In particular, for automata the
theory of defining them by defining relations is constructed in a natural way.

For automata, theorems analogous to the group-theoretic (*) theorems of
Nielsen-Schreier, Dick, Tietze, etc., are easily proved. The theorem on the
embedding of countable automata, i.e. automata in which the set A U 2l has
countable cardinality, into automata with a finite number of generators is true.

Theorem A. Every countable automaton A(2L) with at least one input is iso-
morphic to a subautomaton of some automaton with one generating state and
with the same set of inputs 2A.

In connection with the specification of automata by defining relations for them,
as for other algebraic systems, there arises a series of mass algorithmic problems
analogous to those first posed by Dehn () in group theory, namely the problems:
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1) of word identity, 2) of membership of words in a subautomaton, and 3) of
isomorphism. For these three mass problems, as well as for some others in
the theory of automata, one can indicate simple decision algorithms. Before
proceeding to the description of these algorithms and to the formulation of the
theorems justifying them, we shall clarify the statement of the problems.

Let two arbitrary automata A(2() and A;(2l) be given by finite systems of gen-
erating states, inputs, and finite systems of defining relations. The identity
problem: to find an algorithm that determines—

for arbitrary two words A and B from the automaton A(2(), whether they
are equal or not, i.e. A = B or A ## B? The membership problem: to find
an algorithm which determines, for arbitrary m + 1 words A, B, B, ..., B,,
from the automaton A(2(), whether the word A belongs to the subautoma-
ton generated by the words By, B,,...,B,, or not, i.e. A € {B,B,,...,B,,}
or A ¢ {B;,B,,...,B,,}? The isomorphism problem: to find an algorithm
which determines whether the automata A(2() and A, (2() are isomorphic or not,

ie. A(RA) = A () or A(A) 2 A (A)?

The existence of an algorithm solving the identity problem for automata follows
easily from Ivens’ s theorem () and from the fact that every partial automaton
A’ (2() is embeddable in some (complete) automaton A(A). Such an embedding
can be carried out, for example, by adding to A a new element 7 and extending
the results of the actions of inputs a from 2l on states A’ from A’ U 7, which
were not defined in A’(2(), by the formula N'a = 7. It follows from (%) that,
for an arbitrary partial automaton A’(2(), among the automata A(2l) with the
properties: A(2) contains a part U(2) such that U () = A(2) and A() is gen-
erated by the set U, there exists a unique, up to isomorphism, automaton A(2l)
such that every other automaton with the indicated property is a homomorphic
image of the automaton A(2l). Such an automaton A(2A) is naturally called the
free extension of the partial automaton A’ (2l).

Following (), a system of defining relations R will be called closed if: 1) every
defining relation from R has a left-hand side of the form s;a and a right-hand
side of the form s,, where s; and s, are generating states, and a is a generat-
ing input, and 2) in R there do not exist two defining relations with identical
(graphically equal) left-hand sides. It follows from (°) that every (finitely de-
fined) presentation of an automaton by defining relations can be algorithmi-
cally transformed into a presentation by a closed system of defining relations.
Therefore in what follows one may assume that automata are given by closed
systems of defining relations.

If an automaton A(2l) is given by a closed system R of defining relations, then
to every word A € A one can uniquely assign its canonical representation A
in the following way. If in the word A some subword A’ coincides with the left-
hand side of one of the defining relations from R, then we replace this subword
by the right-hand side of the mentioned defining relation. Then the word A is
transformed into a word A;. To the word A; the described transformation is
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again applied, if it is applicable. It is clear that, by virtue of the closedness of
the system of defining relations R, the described process, after a finite number
of steps, uniquely leads to some word A—the canonical representation of the
word A.

Theorem . In an automaton A(2() given by a closed system of defining rela-
tions, arbitrary two words A and B are equal in the case when their canonical

representations are graphically equal (identical): A = B.

Theorem gives, first, an explicit algorithm for solving the identity problem and,
second, an algorithm for solving the membership problem: A € {B;, B,, ..., B,,}
if and only if some word B; (1 < i < m) is graphically equal to some subword
A; of the word A.

To justify an algorithm solving the isomorphism problem, we introduce the
following notions. A state s of a partial automaton A(2) is called removable
if and only if: 1) there exist s; € A and a € 2 such that s = s;a and s; # s; 2)

if syay = sa; a;, ...a; = syay, then a; = a; and s = sq; a; ...a;  for k >1,
while for k = 0 it is true that s; = s, and a; = ay;
3) for an arbitrary sequence of inputs Qi s Qiyywoe s Qi 5 Q5 Oy oee s G, (k>

1), the inequality

Sail a/,L'2 ais A a/,L' a

s Z45+1ais+2 o a’is+k 7& Sail aiZ o ai

s

holds.

A state that is not removable is called irremovable. The set Ky of all
irremovable states of the partial automaton A(2A) is called the base of the
partial automaton A(2).

Theorem V. The base K, of any partial automaton A(%A) with a finite
number of generators and inputs is a system of generators.

Theorem G. Every automaton A(2() with a finite number of generating states
and inputs is a free extension of its base.

Theorem D. If an automaton is given by a closed system of defining rela-
tions connecting the generating states s, sq, ..., s,,, then every word A whose
canonical representation is distinct from s; (1 <1 < n) is a removable state.

It follows from Theorem D that if a definite automaton A(2l) is given by a closed
system of defining relations connecting the generating states s;, s,,...,s,,, then
the base of the automaton is a subset of the set of generating states s;, sq, ..., S,,.
Theorem E. If from a partial automaton A(2() one removes some set of re-
movable states N and all states generated by them {N}, then in the remaining
partial automaton A\ {NN}(2) every state s will be removable or irremovable in
exact accordance with whether it was removable or irremovable in the partial

automaton A(2l).
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The results presented make it possible to indicate an algorithm solving the
isomorphism problem for automata, consisting of the following stages:

1)

2)

The specifications of the two automata of interest to us are transformed
into specifications by closed systems of defining relations.

For both automata the transition graphs I'; and I'y of the partial automata
are drawn, consisting only of the generating states (connected by closed
systems of defining relations).

For each state of I'; and I'y it is determined whether it is removable or
not, and all removable states are deleted from I'; and Iy, i.e., only the
bases K, and K, of both automata remain.

Having considered all possible mappings of the bases into each other, one
determines whether they are isomorphic or not. If it turns out that K; =
K,, then for the two original automata we shall have the answer that they
are isomorphic, since each of them is a free extension of one and the same
base. If it turns out that K; # K, then for the original automata as well
we shall have the answer that they are nonisomorphic, since otherwise we
would have K; % K, by virtue of the uniqueness of the base in every
partial automaton.

What has been established above permits us to assert the validity, for automor-
phisms of automata, of the following theorem:

Theorem Zh. Every finitely defined automaton has a finite automorphism
group, whose Cayley table is algorithmically obtainable.
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