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Abstract
Full Text
PHYSICS
I. P. DZYUB and A. F. LUBCHENKO

ON THE THEORY OF THE MÖSSBAUER EF-
FECT
(Presented by Academician N. N. Bogolyubov on 22 VII 1960)

The study of the emission and absorption of 𝛾-quanta by nuclei located in a
crystal lattice is of interest both for nuclear physics and for solid-state physics
(1−7). The interpretation of the experimental data carried out in (1) was based
on Lamb’s work (8). Bearing in mind that it is experimentally possible to
detect very small changes (10−7 eV) in the positions of the maxima of the
emission (or absorption) cross section of 𝛾-quanta, and also to study the shape
of the reabsorption curve, it is of considerable interest to take into account the
change in the equilibrium positions and normal frequencies of lattice vibrations
depending on the state of the nucleus. The question of the criteria determining
the shape of the intensity curve of emission (or absorption) and the presence
of an unshifted Mössbauer line in the spectrum is very important. The present
paper considers this circle of questions.

Let us consider a solid containing, as an impurity, 𝛾-radioactive nuclei; we shall
assume that the impurity concentration is small and, on this basis, neglect the
interaction between impurity atoms. The coupling of the impurity atom with
the host may change as a result of the fact that the magnetic moment of the
impurity nucleus is different depending on the state of the nucleus. For example,
in the case of a ferromagnetic host, the dipole coupling of the nuclear magnetic
moment with the spins of the electronic 𝑑 shell of the nearest atoms is significant.

Using the adiabatic method, one can show that the equilibrium positions of
the host nuclei and the normal frequencies of vibrations of its lattice will be
different depending on the state of the impurity nucleus. In calculating the
emission and absorption of 𝛾-quanta by nuclei located in a solid, we shall take
these possibilities into account. Then, in the adiabatic approximation, the wave
function of the system nucleus + host + electromagnetic field will have the form

Φ𝑙𝑛𝑠𝑁𝜎
= 𝜓𝑙|𝑁𝜎⟩𝑆𝑙|𝑛𝑠⟩, (1)

where 𝜓𝑙 is the wave function of the nucleus and electrons in the state 𝑙; |𝑛𝑠⟩
and |𝑁𝜎⟩ are, respectively, the wave functions of the lattice vibrations and of
the radiation field. The operator 𝑆𝑙, indicating that the equilibrium positions
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of the host nuclei are different for different states of the impurity-atom nucleus,
has the form

𝑆𝑙 = exp {∑
𝑠

𝜉𝑠𝑙 (𝑏+
𝑠 − 𝑏𝑠)} , (2)

where 𝑏+
𝑠 , 𝑏𝑠 are the phonon creation and annihilation operators; 𝜉𝑠𝑙 are the

displacements of the nuclei in normal coordinates; the index 𝑠 numbers the
values of the wave vector and the branches of the normal vibrations of the host.

Having the functions (1), let us consider the emission of 𝛾-quanta by an impurity
nucleus in the transition 𝑙1 → 𝑙0. Using the Weisskopf–Wigner method (9) for

for the probability of the transition 𝑙{𝑛𝑠}, {0} → 𝑙0, {𝑛′
𝑠}, {1𝜎}, we obtain the

expression

∣𝑎𝑙0,{𝑛′𝑠},{1𝜎}(∞)∣2 = |⟨𝑙0{𝑛′
𝑠}{1𝜎}|𝑉 |𝑙1{𝑛𝑠}{0}⟩|2× Γ/2

[𝐸 − 𝐸0 + ∑𝑠 (ℏ𝜔𝑠𝑙0
𝑛′𝑠 − ℏ𝜔𝑠𝑙1

𝑛𝑠)]2 + Γ2/4
,

(3)

where

⟨𝑙0{𝑛′
𝑠}{1𝜎}|𝑉 |𝑙1{𝑛𝑠}{0}⟩ = 𝐿 ∏

𝑠
⟨𝑛′

𝑠∣exp {−𝑖 ∑
𝑠

(𝑞𝑠𝑏𝑠 + 𝑞∗
𝑠𝑏+

𝑠 ) 𝑆𝑙1
}∣𝑛𝑠⟩ ;

𝑞𝑠𝑙1
= (p ⋅ e𝑠)

√2𝑀ℏ𝜔𝑠𝑙1
𝑁

;

p is the momentum of the emitted 𝛾-quantum; e𝑠 are orthonormal solutions of
the equations of lattice-nucleus vibrations; 𝐿 is the nuclear matrix element on
the functions 𝜓𝑙1

and 𝜓𝑙0
. For simplicity we have put 𝑆𝑙0

= 1. The level width
Γ appearing in (3), as the calculation shows, is practically independent of the
state of the lattice {𝑛𝑠} and, consequently, of the temperature, and is equal to
the natural width of the excited nuclear level.

Summing (3) over all final states and averaging over all initial ones, we obtain,
analogously to (2,8 ), the total cross section for emission of 𝛾-quanta of energy
𝐸

𝜎𝑒(𝐸) = Γ2

4 𝜎0𝑊𝑒(𝐸). (4)

Here
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𝑊𝑒(𝐸) = 2
Γ Re ∫

∞

0
exp {𝑖𝜇(𝐸 − 𝐸′

0) − 𝜇Γ
2 + 𝑔𝑒(𝜇)} 𝑑𝜇;

𝐸′
0 = 𝐸0 + ∑

𝑠
𝑛𝑠𝑙0

(ℏ𝜔𝑠𝑙1
− ℏ𝜔𝑠𝑙0

) ;

𝑔𝑒(𝜇) = ∑
𝑠

∣𝜉𝑠𝑙1
+ 𝑖𝑞𝑠𝑙1

∣2 {(𝑛𝑠𝑙0
+ 1)𝑒𝑖𝜇ℏ𝜔𝑠𝑙0 + 𝑛𝑠𝑙0

𝑒−𝑖𝜇ℏ𝜔𝑠𝑙0 − 2𝑛𝑠𝑙0
− 1} ;

𝜎0 is the total absorption cross section of 𝛾-quanta by a free nucleus at resonance;
𝐸0 is the energy difference between the excited and ground states of the impurity
nucleus, taking into account its interaction with the electrons and the solvent.

To establish the form of the function 𝑊𝑒(𝐸), we divide the integration interval
[0, ∞] into two intervals [0, 𝜇0] and [𝜇0, ∞]. Under the condition 𝜇0𝜔max < 1,
in the integral ∫𝜇0

0 … 𝑑𝜇 the function 𝑔𝑒(𝜇) can be expanded in a power series.
Introducing the notation

𝑅𝑒 = ∑
𝑠

∣𝜉𝑠𝑙1
+ 𝑖𝑞𝑠𝑙1

∣2 ℏ𝜔𝑠𝑙0
, 𝐵2

𝑒 = 1
2 ∑

𝑠
∣𝜉𝑠𝑙1

+ 𝑖𝑞𝑠𝑙1
∣2 (2𝑛𝑠𝑙0

+ 1)(ℏ𝜔𝑠𝑙0
)2,

𝐶𝑒 = 1
3! ∑

𝑠
∣𝜉𝑠𝑙1

+ 𝑖𝑞𝑠𝑙1
∣2 (ℏ𝜔𝑠𝑙0

)3, 𝐷𝑒 = 1
4! ∑

𝑠
∣𝜉𝑠𝑙1

+ 𝑖𝑞𝑠𝑙1
∣2 (2𝑛𝑠𝑙0

+1)(ℏ𝜔𝑠𝑙0
)4,

we obtain that, under the condition

1
2 ∑

𝑠
∣𝜉𝑠𝑙1

+ 𝑖𝑞𝑠𝑙1
∣2 (2𝑛𝑠𝑙0

+ 1) (
𝜔𝑠𝑙0

𝜔max
𝑠𝑙0

)
2

> 1, (5)

𝑊 𝑒
1 (𝐸) = 2

Γ Re ∫
𝜇0

0
exp {𝑖𝜇(𝐸 − 𝐸′

0) − 𝜇Γ
2 + 𝑔𝑒(𝜇)} 𝑑𝜇 =

= 4
Γ2 {1 − 𝐶𝑒

8𝐵6𝑒
(𝐸 − 𝐸′

0 + 𝑅𝑒)3 + 𝐷𝑒
16𝐵8𝑒

(𝐸 − 𝐸′
0 + 𝑅𝑒)4 + …} 𝜓(𝑥, 𝜂), (6)

where

𝜓(𝑥, 𝜂) = ∫
∞

0
cos 𝑥𝑦 𝑒−𝑦−𝑦2𝜂2/4 𝑑𝑦, 𝑥 = 2(𝐸 − 𝐸′

0 + 𝑅𝑒)
Γ , 𝜂 = 4𝐵𝑒

Γ .
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The integral

𝑊 𝑒
11(𝐸) = 2

Γ Re ∫
∞

𝜇0

exp {𝑖𝜇(𝐸 − 𝐸′
0) − 𝜇Γ

2 + 𝑔𝑒(𝜇)} 𝑑𝜇 = 𝑒−𝐺 1
(𝐸 − 𝐸′

0)2 + Γ2/4
(7)

under the condition

1
2 ∑

𝑠
∣𝜉𝑠𝑙1

+ 𝑖𝑞𝑠𝑙1
∣2 (2𝑛̄𝑠𝑙0

+ 1) Γ
ℏ𝜔max

𝑠𝑙0

< 1, (8)

where

𝐺 = ∑
𝑠

∣𝜉𝑠𝑙1
+ 𝑖𝑞𝑠𝑙1

∣2 (2𝑛̄𝑠𝑙1
+ 1).

Thus, under conditions (5) and (8), the cross section for emission of 𝛾-quanta
in the neighborhood of the point 𝐸 = 𝐸′

0 − 𝑅𝑒 is represented as a curve that
decreases rapidly on both sides of this point and is not symmetric with respect
to it; at the point 𝐸 = 𝐸′

0 there is a peak of the unshifted line, whose intensity
is proportional to exp{−𝐺}. As the temperature is raised, 𝑊𝑒(𝐸) takes the
form of a Gaussian curve with half-width 2𝐵𝑒(ln 2)1/2 and with a maximum at
the point 𝐸 = 𝐸′

0 − 𝑅𝑒; the intensity of the Mössbauer line drops sharply.

At low temperatures, when condition (5) is not fulfilled, 𝑊𝑒(𝐸) is represented
as a sum of superposed Lorentzian curves and has the form

𝑊𝑒(𝐸) = 𝑒−𝐺 ∏
𝑠

∑
𝑛′𝑠, 𝑛𝑠

𝛼𝑛𝑠𝑠 𝛽 𝑛′
𝑠𝑠

𝑛𝑠! 𝑛′𝑠!
1

[𝐸 − 𝐸′
0 − ℏ𝜔𝑠𝑙0

(𝑛′𝑠 − 𝑛𝑠)]2 + Γ2/4 , (9)

where

𝛼𝑠 = ∣𝜉𝑠𝑙1
+ 𝑖𝑞𝑠𝑙1

∣2 (𝑛̄𝑠𝑙0
+ 1), 𝛽𝑠 = ∣𝜉𝑠𝑙1

+ 𝑖𝑞𝑠𝑙1
∣2 𝑛̄𝑠𝑙0

.

The contribution to the Mössbauer component is given by that part of the sum
in which 𝑛′

𝑠 = 𝑛𝑠.

An analogous consideration of the problem of absorption of 𝛾-quanta in the
transition 𝑙0 → 𝑙1 gives the following result for the absorption cross section:

𝜎𝑎(𝐸) = Γ2

4 𝜎0𝑊𝑎(𝐸), (10)
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𝑊𝑎(𝐸) = 2
Γ Re ∫

∞

0
exp {𝑖𝜇(𝐸′

0 − 𝐸) − 𝜇Γ
2 + 𝑔𝑎(𝜇)} 𝑑𝜇,

𝑔𝑎(𝜇) = ∑
𝑠

∣𝜉𝑠𝑙1
+ 𝑖𝑞𝑠𝑙0

∣2 {(𝑛̄𝑠𝑙1
+ 1)𝑒𝑖𝜇ℏ𝜔𝑠𝑙1 + 𝑛̄𝑠𝑙1

𝑒−𝑖𝜇ℏ𝜔𝑠𝑙1 − 2𝑛̄𝑠𝑙1
− 1} .

The analysis of the function 𝑊𝑎(𝐸) is carried out in the same way as in the case
of emission. At the point 𝐸 = 𝐸′

0 there is an unshifted line of natural width; at
the point 𝐸 = 𝐸′

0 + 𝑅𝑎 lies the maximum of that part of the spectrum which is
associated with the processes of creation and annihilation of phonons. Criteria
(5) and (8) remain the same; in them one need only make the replacements
𝑞𝑠𝑙1

→ 𝑞𝑠𝑙0
, 𝜔𝑠𝑙0

→ 𝜔𝑠𝑙1
, and 𝑛̄𝑠𝑙0

→ 𝑛̄𝑠𝑙1
.

Examination of expressions (6) and (7) shows that, when the change in the
equilibrium positions of the nuclei and the change in the normal frequencies of
vibrations are taken into account,

lattice: a) the Mössbauer line shifts with temperature by the amount
Δ𝐸 = ∑𝑠 𝑛̄𝑠𝑙0

(ℏ𝜔𝑠𝑙1
− ℏ𝜔𝑠𝑙0

); b) the maxima at the points 𝐸 = 𝐸′
0 ∓ 𝑅𝑒(𝑎),

respectively for emission and absorption, are separated from the Mössbauer line

by the distance 𝑅𝑒(𝑎) > p2

2𝑀 , the recoil energy of the nucleus; c) the intensity
of the Mössbauer line is additionally reduced as a result of the presence of the
displacement 𝜉𝑠𝑙1

in the expression for 𝐺.

In conclusion, we express our gratitude to N. N. Bogolyubov and M. V. Pasech-
nik for discussions and interest in the work.

Institute of Physics
Academy of Sciences of the Ukrainian SSR

Received
6 VII 1960
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