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ADDITIONAL OPERATION

(Presented by Academician P. S. Novikov on 2 III 1961)

Let T be a constructive propositional calculus. By adding to the axioms of T'
new axioms, each of which is a formula of T, and preserving the same rules
of inference, we obtain a propositional calculus, which we shall denote by G.
Let us add to the logical operations A, V, D, — an additional logical operation
o of one variable and extend the definition of a formula accordingly. Let us
add to the axioms of the calculus G new axioms, each of which is a formula in
the extended sense, and preserve in the extended calculus the rules of inference
of the calculus T'. The resulting calculus we shall call a propositional calculus
with an additional operation and denote it by G¥. A formula p containing
no occurrence of the operation ¢ will be called a formula of pure logic. We
define the consistency™ and completeness of the calculus G¥. The calculus G¥
is consistent if every formula of pure logic provable in it is also provable in the
calculus G. The inconsistency of the calculus G¥ is defined correspondingly.
The calculus G¥ is complete if adding to its axioms a formula g not provable in
it as a new axiom makes the extended calculus inconsistent.

An additional operation ¢ is called single-valued if among the axioms describing
it there is the axiom of single-valuedness

(x ~y) D (p(x) ~ p(y)).

All calculi G¥ considered in this article contain the axiom of single-valuedness.
In § 3 of the work (1) the calculus H, which is a formalization of the first matrix
of Jaskowski J;, is considered, and 15 complete calculi HY (1 < i < 15) are
constructed, each of which describes a single-valued additional operation ¢ of
one variable adjoined to the calculus H. In connection with this the question
arises: are the consistent calculi H¥ containing the axiom of single-valuedness
completely described by the system of calculi HY (1 < i < 15), or not? A
positive answer to this question is given by Theorem 1 of the present article.
The question of a complete description of single-valued additional operations of
one variable adjoined to the calculus 7" remains open. Some progress on it is
provided by Theorem 2.
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Let us introduce the definition of a model. In § 2 of the work (?) the definition is
given of a matrix 9 as a set with a distinguished element Sy, and with binary
functions Dgy, Aoy, Von and a unary function —gy, defined on this set, taking
values in the same set. We shall extend this definition here by adding to the
functions one more additional func-

* Consistency of calculi is understood here in a sense different from the commonly
accepted one.

of one variable ¢y, We shall abbreviate the full notation for the matrix 9t

M = [Agn, {Bon s Damts Aams Voo "o Pom]

by means of [Agy, {Bo}]- The independent variables of functions considered in
matrices are denoted by «; (i =1,2,...,n,...).

Let us establish a one-to-one correspondence between the formulas of the cal-

culus G¥ and the functions of some matrix 9. To the formula X(aq,...,a,)
we put in correspondence the function X’(ay, ..., a,,), obtained by replacing the
variables of the formula aq,...,a, by the independent variables oy, ..., a,,, and

the logical operations D, A, V, =, ¢ by the corresponding functions of the matrix.

A function of the matrix 9t will be called identical if it always assumes the
distinguished value Bgy.

Definition 1. The matrix 2 is a model of the calculus G¥ if the function of
the matrix X'(«y, ..., a,,), corresponding to the formula X(a,...,a,) provable
in the calculus G¥, is identical in the matrix 97.

The matrix 9 is an exact model of the calculus G¥ if: 1) 9 is a model of
the calculus G¥; 2) to every function X'(«y,...,q,,) identical in the matrix 9t
there corresponds a formula X(a4, ..., a,,) provable in the calculus G¥.

Definition 2. Let 9 = [Agy, {Bon}] be a model of the calculus G¥. Let Agy
be such a subset of the set Ay, that the functions of the matrix 91, defined on
the sum of the sets Agy, +{Boy }, take their values from this same set. Obviously,
then we obtain a matrix I’ = [Agy, {Bo }] with the same functions as in the
matrix 9. The matrix M’ is called a submodel of the model .

In the usual way one defines an isomorphism of two matrices 0, M, (or models
M, M,). From Definitions 1 and 2 we obtain two lemmas.

Lemma 1. If the matriz 9 is a model of the calculus G¥, and the matriz N’
is a submodel of the model MM, then the matrix M’ is also a model of the calculus

G*?.

Lemma 2. Let the matriz M, be a model of the calculus G, and the matriz
M, a model of the calculus G§. If the matrices M, and M, are isomorphic,
then My is a model of the calculus G, and M, is a model of the calculus G .
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Let us construct an exact model of an arbitrary calculus G¥, which we shall call
the natural model. The set of formulas of the calculus G¥ is divided into classes
of equivalent formulas (formulas X; and X, are equivalent if in the calculus
the formulas X; D X,, X, D X; are provable). Denote the class of formulas
equivalent to the formula X by % and the aggregate of the classes of equivalent
formulas of the calculus G¥ by G¥. We now define the matrix €. The set of

elements of the matrix € is the class G®. The functions He* are defined as
follows:

(-%1 He %2> = (X, BXy),

and the matrix functions —¢, ¢ are defined analogously. Obviously, the matrix
¢ is an exact model of the calculus G¥ with distinguished element 1**.

The finite aggregate of formulas

{£(0), (1), p((0)), p(¢(1)), pla V —a)}

together with their negations and double negations will be called the basic set.
A nonempty subset of the basic set of formulas will be called

* [ denotes a binary logical operation D, A, V.
** 1 is the notation for the formula a D a, and 0 for the formula a A —a.

by the choice of the case. Let {X,,...,%,} be a finite class of formulas. Add
to the axioms of the calculus G¥ the axioms X,,...,X;. The resulting calculus,
which is an extension of the calculus G¥, will be denoted by G¥[X4, ..., X;].

Definition 3. A class of case choices {X;} (1 < i < n) will be called complete
if, whatever consistent calculus H¥ may be given, there is a case choice

X, =1{%,...%,} (1<ij<n)

such that the calculus
H?[X,, ...,xp]

is consistent.

Lemma 3. Let X be a formula of the basic set, and let H¥ be an arbitrary
consistent calculus. Then one of the two calculi

HO[-], He[X]
is consistent.

With the aid of Lemma 3 and the uniqueness axiom, a complete class of case
choices is constructed,
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X} (1<i<15), (1)

whose elements are as follows:

X, = {90(0)750< ) (a\/ﬁa)}a Xy = {@(O)aw(l)vﬁﬁsa(avﬁa)};
) )

X3 = {(0), == (1), p(e(1))}; Xy ={9(0), (1), p(p(1))};
X5 = {=0(0), 0(1), p(aV —a)}; Xo = {¢(0), (1), ~=p(aV —a)};
X7 ={=(0), (1 ) —plaVv-a)l; Xy = {=¢(0), 7=p(1), 0(p(1))};
Xg = {=¢(0), 7=¢(1), ==p(e(1)}; Xyg = {=¢(0),

(1 (0), (1), p(¢(0))};
), m=e(1), 0(p(0) ) X = {==p(0), ~p(1), = (¢(0)) };
), o(1), m=p(p(0)}; Xig = {=¢(0), 7p(1)
ﬂﬁw(w(o)),ﬁﬁw(w(l))};

X = {_‘WP(O
X3 = {ﬁﬂp(o

Xi5 = {=¢(0), ~¢(1), ~p(a V —a)}.

The complete class of case choices (1) just constructed makes it possible to prove
the following theorem:

Theorem 1. Let H? be an arbitrary consistent calculus. There exists a calculus
H? (1 <i < 15) such that all axioms of H? are derivable in the calculus H;’.

We indicate the scheme of the proof of Theorem 1. Let HY¥ be an arbitrary
consistent calculus. Among the elements of the complete case choice (1), on the
basis of Definition 3, there is a case choice

X, ={%y,..., %}
such that the calculus
H?[Xq,..., %]

is consistent. Let € be its natural model. With the aid of the uniqueness axiom
and the axioms X, ..., X, a submodel € of the model € is found, containing
the three elements {0, 1,8}, where 9B is one of the formulas

90(0)7 QP(D’ gp(a \ _‘G')v aV —a.

Each of the calculi Hf (1 <4 < 15) has an exact model of three elements
{\, t,0}. The model € turns out to be isomorphic to an exact model of one of
the calculi H. Consequently, on the basis of Lemma 2, the calculus

He[X,, ..., %]

has as a model the exact model of some calculus HY. By virtue of the com-
pleteness of the calculus HY, all axioms of the calculus H¥ are derivable in the
calculus HY.

sovietrxiv.org/items/ru-196101.87686 Machine Translation


https://sovietrxiv.org/items/ru-196101.87686

Corollary. If the calculus H? is consistent and complete, then there exists a
calculus HY such that the classes of provable formulas of the calculi H?, Hf
coincide.

Theorem 2. Let T%¥ be an arbitrary consistent constructive propositional cal-
culus with an additional operation. There will be found—

there is a calculus Hf (1 <4 < 15) such that all axioms of the calculus T are
derivable in the calculus H f .

For the proof of Theorem 2 the notion is used of the consistency of the calculus
T% relative to the calculus H. The calculus T is consistent relative to the
calculus H if every formula of pure logic that is derivable in the calculus 7% is
also derivable in the calculus H.

The calculus T¥ is extended, by means of a certain selection of cases, to the cal-
culus T%[X,, ..., X ], consistent relative to H, and then an argument analogous
to that given in Theorem 1 is carried out.
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