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F. A. BEREZIN and L. D. FADDEEV

A NOTE ON THE SCHRODINGER EQUA-
TION WITH A SINGULAR POTENTIAL

(Presented by Academician I. G. Petrovskii on 25 XI 1960)

1. In some problems of quantum mechanics it becomes necessary to consider
a Schrodinger equation of the form

—Atp+ed(z)Y = Enp, (1)

where §(x) is the Dirac J-function.

The solution of equation (1) involves well-known difficulties connected with the
fact that the expression

H=—-A+¢ei(x) (2)
is not an operator in Hilbert space: if ¢(0) = 0, then Hy = —Aq; if (0) £ 0,
then H does not belong to Hilbert space for any 1.

The aim of the present note is to give mathematical meaning to physical papers
devoted to equation (1) (see, for example, (1)).

2. We first reproduce the solution of equation (1) that occurs in physical
papers. To this end, consider a family of kernels uy (z,y) such that

lim uy(z,y) = 0(x)d(y). (3)

N—oo

In addition, we shall also suppose the parameter € to depend on N. We now
replace equation (1) by the equation

~8u+ V) [un(e i) dy = B, )
To solve equation (NN), we perform the Fourier transform. As a result we obtain

e(N) ~

i+ vl do- B ®
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in(p,q) = /ei(qyfm)uN(x,y) Az d3y.

The function @y (p, q) obviously satisfies the requirement

i iy (p,g) = 1. (3)
—00

Since the family of kernels ux(x,y) has been chosen with the sole condition (3),
or, what is the same, (3), and the final result of the subsequent calculations
should not depend on the choice of the family up;, we choose uy so that

B 1 for p? < N2,
in(p.a) = xn()xn(@;  xw(p) = {0 for p? > N (4)

If one uses expression (4) for @y, then equation (N) is easy to solve. The
eigenfunctions belonging to the continuous spectrum turn out to be equal to:

o "(N)xn (P)Xn(5) 1
1/)1+v(p»3):5(p_5)_ d 2 3 2 _ 5240 (5)
EYE L
s2=F, e = 68(7]:;)

Further:

2 3 N 2
Xx(p) d’p / p*dp |s] . N —|s|
/p2—52—i0 7r0 p?—s2—i0 i T m+nN—|—|s|
(6)

From (5) and (6) it is clear that in order that the function {Z:j\', have a nontrivial
limit as N — oo, one must set

where « is an arbitrary constant.

In this case the limit of {EE as N — oo is equal to

« 1

Ut =d(p—s)— (7)

1 —272%ials| p? — 52 —i0’
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3. Consider the Fourier transform of expression (2):

o = po+ & / b, (8)

If the integral [ d®p = 0, then Heyp = p2p.
Denote by D; the set of functions for which

/p“lwlzd?’p < 00, /wd?’p =0.

By L denote the operator, defined in D; , of multiplication by p?.

It turns out that the operator L is a closed symmetric operator with deficiency
indices (1,1).

Using the general theory of extensions (see, for example, (2)), it is not difficult
to construct all extensions of the operator L. It is easy to verify that all these
extensions are given by the formula

H,p=p*)+ ]\}lgclx) % /XN(P)l[/(p) d’p, ()

where 1(p) is a function possessing the properties:

/ X (P)0(p) dp = c(1 — dmalN) + o(1), / H P dp < oo, (9)

Let us note that for a # 0 equality (9) may be replaced by

H, = p*y —lim ﬁ /XN(p)w(p) d*(p).

Thus, for a # 0, the dependence of H,, on « appears only as the dependence on
o of the domain of definition of H,,.

Let us verify that the eigenfunctions of the continuous spectrum of H_, are given
by formula (7). For this purpose we construct the resolvent of the operator H .
Let (H, — z)f = g. Then (2)

(10)

In order to determine M, we use the fact that f(p) satisfies condition (9”). From
(10) we have:
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/ FO)xnp / xz(pig(p) By

z

+ M 47 [NJﬁf (m SlgnIm\erlnx \‘?)]

On the other hand, from (9”) we obtain that
[ $ore)ap = (1~ drad) + o).

Comparing the last two expressions, we obtain, first, that M = —ac, and,
second, that

d3p — drac % mi signIm/z — ¢ — 0.

/ X~ (P)g(p)

p*—z
Hence
/ g(p) d°p
c= Pz
1+ 272aiy/z signIm \/z
Thus,

9(p) o 1 / g9(q) d’q

T p2—z 14 2n%iay/zsignlm/z p? — 2 -z
Hence we find the kernel of the resolvent

d(p—q) o 1

o _ B .
(P, q,2) p2— 2 14 27%iay/z signIm /z (p? — 2)(¢% — 2)

(11)

Using formula (11), it is easy to obtain the eigenfunctions of the continuous
spectrum:

. 1 2 .
¢+(p75) - 21_13(1); &‘G(p,S,S + 7'6)'

Carrying out the limiting passage, we obtain expression (7) for the eigenfunction.

Using the expression for ¢, (p,s) and the analogous expression for w , one
can construct the scattering operator by the formula S(sy,s,) = [, (p,s1)
¥_(p, 85) d®p. As a result of the computations, one obtains the result mdlcated
in (1).
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4. It is not difficult to obtain an expression for H, in the x-representation:

) 1 sin N|z| [ sin N|y|
H, f=-A 1 d3y. 12
of f+a NSae 1— draN || / |y fv)d’y (12)

The domain of definition of H, consists of functions satisfying the condition

/Mf(x) Bz = c(1 —4reN) + o(1), /IHaf\2 d’r <oco. (12)

||

Thus, the mathematical content of the physicists’ treatment of equation (1) con-
sists in replacing expression (2) by the operator (12), (12”), which is an extension
of the operator —A from the domain of definition consisting of functions f(x)

for which f(0) = 0, to the domain consisting of functions satisfying condition
(12%).
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