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BOUNDARY PROPERTIES OF FUNCTIONS OF THE
CLASS W, ON DOMAINS WITH CORNER POINTS

(Presented by Academician M. A. Lavrent ev, 18 IV 1961)

In the present note we study the properties of boundary values of functions of

the class Wzgl), ! a natural number, on plane domains with piecewise smooth
boundary. The results obtained make it possible, in particular, to establish for
such domains necessary and sufficient conditions for the solvability of the first
boundary-value problem for the polyharmonic equation A™wu = 0 in the class
of functions with finite energy integral.

By Wé”, l a natural number, 1 < p < oo, we shall denote the usual Sobolev
class of functions (1). We shall say that f(z) belongs to the class W' (a,b),
O<r<l,l<p<oo,if f(z) € Wzgl)(a, b) and the integral

b b
ALFO: (a, b)] :/ / |f”)|$«“11)—f<”(w2)l” d, di, < oo,

— x2|pr+1

By the norm in the class WISHT)(a, b) we shall mean the expression

gty = Il + CALFS (@, D2,
Such classes of functions, or special cases of these classes, have been considered
in the works (277), etc.

1. In the first part of the present note we shall give some theorems on “match-
ing” conditions for functions of the class W;(,r), 0 < r < 1. For the classes
H" analogous results were obtained by S. M. Nikol' skii (5:9).

Let 9, (t) and 14(t) be some increasing nonnegative functions satisfying the
conditions:

¥;(0) =0, lim ), (t) = oo, 0 <O <¥i(t) < Cy < oo, i1=1,2,

t—o00

where C and C, are some constants. Introduce the notation

sovietrxiv.org/items/ru-196101.86641 Machine Translation


https://sovietrxiv.org/items/ru-196101.86641

)= [ HEB SO,
0

tr

Then the following theorem holds:
Theorem 1. For any functions v, and 1, defined above and any f(z) €

L, (=00, +00), the inequalities

C3A[f; (=00, +00)] < A[f; (=00, 0)]+A[f; (0, +00) [+ [f; %1, thg] < C4A[f; (—00, +00)],

hold, where C5 and C, are some positive constants depending on p,r and on
the functions v, ¥, but not depending on the function f.

The proof of this theorem is carried out by direct calculation.

Theorem 2. Let f(z) € W;,T)(O,oo). Then:
D[ e i@l de £ GAlf ©.0)), ifpr <1
0

2) / P f(x) — fO)|P dx < C4A[f;(0,00)], if pr>1,
0

where Cy and Cy are positive constants depending only on p and r.

In the proof of this theorem the following two identities are used:

f@ = [ U@ -swias [ s,
s = [ e = snae+ L [ g

and the density of the set of sufficiently smooth functions in the class WZST>.

From the theorems given above there follows immediately the following corol-
lary:

Corollary. Let f(z) € W;(,T)(O,oo) and f(x) € W,y)(foo,O). Then:
1) if pr < 1, then f(z) € Wé,r)(—oo, +00);
2) if pr > 1, f(—0) = £(+0), then f(z) € W\" (—o0, +00).
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Moreover, in both cases the inequality holds:

A[f; (=00, +00)] < C7{A[f; (—00,0)] + A[f; (0, +-00)]},

where C is a positive constant independent of f.

II. Let G be an open bounded domain in the x,y-plane, whose boundary
T consists of a finite number of arcs T;, i = 1,...,n, of class C'*! with
neighboring arcs I'; of the boundary forming, at the junction points, angles
different from 0. Let the boundary I" be given by the equations = = z(s),
y = y(s), where s is arc length, measured from some point or points if the
domain G is multiply connected.

Let now v(z,y) be some infinitely continuously differentiable function in G.
Denote by n = n(s) the inward normal to the boundary I' of the domain G
(at those points where it exists). Then, for any pair of nonnegative integers
j and k, at each point of the curve I' in a neighborhood of which the curve
is sufficiently smooth, the derivative 377%v/0270y"* can be expressed as some
linear combination of the functions

Oov Ov HIitky HItky Hithy
T 0s’ On’ 7 Osithk’ Qsithk=lgn’ 7 Onitk

with coefficients independent of the function v, and depending only on the curve
I' in a neighborhood of the given point:

oitky ov ditky
dzioyt R\ Vs gk

Theorem 3. Let u(x,y) € W,(,l)(G), ! a natural number, 1 < p < co. Then the
traces

o

k| wrp(s), k=0,1,...,1—1,

r

exist and satisfy the following conditions:

1) @u(s) e WY@y, k=0,1,..,1—1; i=1,..,n

(2

Further, if

_I dpg  dpy .
Pik = Lk | Po> ds 7 dsitk yP1s s Pirks S|

then:
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2) o e WD), 0<j+k<i—2

3) o WS PD), k=11

Moreover, the inequality

I—

—

n
Z ||<pkHWy*k*1/P)<pi) + Z ”90116”1/[/‘1 e < CSHUH{/V‘”
0 i=1 C o jtk=l-1

>
Il

holds, where Cg is a positive constant independent of .
The converse theorem also holds:

Theorem 4. Let [ be a natural number, 1 < p < oo, and suppose that on the
boundary I' of the domain G there are given functions ¢, (s), k =0,1,...,1— 1,
such that:

1) g, e WY@, k=01,..,01—-1;, i=1,..,n
2) ‘ijewzg )(F), 0<j+k<l—2;
3) wu €WV, jrk=1-1.

Then there exists a function u(x,y) € ngl)(G) such that

oFu
5 = Phe
k
onk |,
k=0,1,...,1 —1, and, moreover, the inequality

-1 n
nu|Wg><G)<cg{zzn¢knwzkw Y ||<,ojk|wwm}, )

k=0 i=1 Gk=1—1

holds, where Cy is a positive constant independent of the functions (.

Remark 1. If [ = 1, then conditions 1) and 2) in Theorems 3 and 4 naturally
drop out, and condition 3) takes the form

1-1
ulr = po(s) € Wp'~P(D).
Remark 2. If p # 2, then inequality (1) can be replaced by the inequality
-1

n
by iy < Cro 3 lolhyss x v
k=0 i=1
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This follows from the corollary of Theorems 1 and 2.

For smooth boundaries the assertions of Theorem 4 are known (*°7); therefore,

by the known method of gluing local extensions (1?), the theorem will be proved
if the required function u(z,y) is constructed in a neighborhood of an angular
point.

Suppose, for example, that two pieces Iy and I'y adjoin this point. A func-
tion wuy(z,y) is constructed, belonging to the class W,g” and assuming on Iy,
together with its normal derivatives, the prescribed boundary values. Analo-
gously, a function u,(x,y) is constructed. Then the function u = Syu; + Bauy
is constructed, where the functions 5, (z,y) and S, (z,y) are chosen so that the
function u(x,y) gives the required extension in a neighborhood of the angular
point.

II. Setting p = 2 in Theorems 3 and 4, in view of known results we obtain
necessary and sufficient conditions for the solution of the first boundary-
value problem for the polyharmonic equation A™wu = 0 in the class of
functions with finite integral

[ ) e
oz NG\ Dy Y

IV. Analogous theorems have also been proved by the author for the so-called

classes W,(,D (G) with “degeneration” (>%711:12) in the case where the degen-
eration on approaching the boundary is of power type, and the exponent
« depends on the boundary point and 0 < a < p—1. Precise formulations,

established for the class W,()D(G) with “degeneration,” may be found in
the author’ s paper (12).
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