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Abstract
Full Text
PHYSICS

Corresponding Member of the Academy of Sciences of the USSR I. M. Lifshitz,
A. A. Slutskin,
and V. M. Nabutovsky

ON THE PHENOMENON OF “SCATTER-
ING”OF CHARGED QUASIPARTICLES AT
SINGULAR POINTS IN 𝑝-SPACE
All the kinetic and resonance properties of metals and semiconductors are con-
nected with the dynamics of the motion of quasiparticles, which are the carriers
of conductivity in these bodies. In the ideal-gas approximation, sufficient for
the study of most effects, the dynamics of the motion is determined by the
complex dispersion law 𝜀 = 𝜀(p), an important characteristic of which is the
geometry of the isoenergetic surface. The equations of motion in an external
electromagnetic field in this case are the usual Lorentz equations:

𝑑p
𝑑𝑡 = 𝑒E + 𝑒

𝑐 [vH], v = ∇𝑝𝜀.

Here v is the particle velocity, a complex function of the quasimomentum p.

In the present note we shall consider a peculiar phenomenon of “scattering”of
quasiparticles, associated with singularities of the dispersion law, and not with
the presence of a scattering force center.

As is known, in motion in a constant magnetic field the particle energy 𝜀 and the
projection of the momentum 𝑝𝐻 on the direction of the magnetic field are con-
served. If the trajectory 𝜀 = const, 𝑝𝐻 = const is closed, then the particle per-
forms periodic motion along it with period 𝑇 = 𝑚∗𝑐/𝑒𝐻, where 𝑚∗ = 𝑚∗(𝜀, 𝑝𝐻)
is the effective mass of the particle for the given section (1). If the magnetic
field varies slowly in space and time (i.e. 𝛼𝐻 = 𝐻̇𝑇 /𝐻 ≪ 1) or in the pres-
ence of a weak longitudinal electric field (𝛼𝐸 = 𝐸/𝐻 ≪ 1), the parameters 𝑝𝐻
and 𝜀 are no longer constant. However, in this case 𝑝𝐻 and 𝜀 change so slowly
that the picture of motion in 𝑝-space may be represented as drift, rotation, and
deformation of the “current lobe,”i.e. of the contour 𝜀 = const, 𝑝𝐻 = const,
along which the particle rotates. The drift velocity is determined by the rate
of change of the parameters 𝑝𝐻 and 𝜀. The motion of the particle in 𝑟-space
may be represented as rapid oscillations about the “center of the orbit”R and
a smooth displacement of this center in the direction of the magnetic field. The
velocity of the center of the orbit Ṙ is given by the obvious equation Ṙ = ̄𝑣𝐻 ⃗𝜉,
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where ⃗𝜉 = H/𝐻, H = H(R, 𝑡), while the averaged velocity ̄𝑣𝐻 is determined
by the formula

𝑣𝐻(𝑃𝐻 , ̄𝜀, ⃗𝜉) = − 1
2𝜋𝑚∗

𝜕𝑆
𝜕𝑃𝐻

(𝑃𝐻 , ̄𝜀, ⃗𝜉)

(𝑆 is the area of the section 𝜀 = ̄𝜀, 𝑝𝐻 = 𝑃𝐻). The averaged quantities 𝑃𝐻 = ̄𝑝𝐻 ,
̄𝜀, and the unit vector of the magnetic field ⃗𝜉 specify the position of the“current

lobe”in momentum space. An important characteristic of the averaged motion
in fields of the type indicated above is the adiabatic

the invariance of the quantity 𝑆(𝑃𝐻 , ̄𝜀, ⃗𝜉)/𝐻(R, 𝑡), which makes it possible par-
tially to integrate the averaged differential equations. For a complete specifica-
tion of the motion it is necessary to know an additional equation for one of the
quantities 𝑃𝐻 or ̄𝜀.

We shall give these equations for three types of fields:

1. In motion in a weakly inhomogeneous constant magnetic field, this equa-
tion is ̄𝜀 = const.

2. For the case of parallel homogeneous electric and magnetic fields we have:
̇𝑃𝐻 = 𝑒𝐸.

3. If a time-dependent magnetic field H(𝑡) acts on the particle, it is necessary
to take into account the electric field that arises in this case, which leads
to nonconservation of ̄𝜀. In this case the equation for 𝑃𝐻 has the simplest
form:

̇𝑃𝐻 = 1
𝑚∗

𝜕
𝜕 ̄𝜀 ∮ P⟂ 𝑑𝑆,

where P⟂ is the projection of the momentum onto the plane perpendicular to
⃗𝜉.

The equations obtained (together with the equation 𝑆/𝐻 = const) will be used
by us in the study of the drift of a “current petal”through saddle points of an
isoenergetic surface (it is assumed that the surface is not everywhere convex). A
saddle point is special with respect to the dynamics of motion in a homogeneous
magnetic field, when the plane of the“current petal”is tangent to the isoenergetic
surface at this point. In the present case the contour along which the motion
in the magnetic field occurs has the form of a curve with self-intersection (a
“figure eight”in Fig. 1). The special point of the “figure eight”(the point of
self-intersection) coincides with the saddle point of the isoenergetic surface. The
projection of the particle velocity 𝑣⟂ onto the plane of the contour goes to zero
at the special point: 𝑣⟂ ∼ |p − b| (b is a vector in p-space drawn to the special
point). This means that the period of revolution of the particle in the magnetic
field diverges logarithmically as 𝜌𝐻 → 𝑏𝐻 .
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Fig. 1

Figure 1: Fig. 1

Fig. 1

If the plane of a “current petal”drifting in p-space intersects a saddle point of
the isoenergetic surface, then the“current petal”splits into two“current petals,”
whose contours are determined by regions 𝐼 and 𝐼𝐼 (Fig. 1), separated by the
special point. The character of the motion in each of the regions is completely
different. On the other hand, the exact (microscopic) initial conditions that
determine whether a particle enters region 𝐼 or 𝐼𝐼 become mixed very rapidly,
so that in each macroscopic element of the isoenergetic surface there are points
from which the particle enters both the first and the second region. From this
point of view one may regard the entry of particles into each of the regions
as a random process and speak of a kind of “scattering”of particles near the
special point; here the scattering probabilities into 𝐼 and 𝐼𝐼 (𝑤1 and 𝑤2) have
quite definite values, which will be determined below. It should be especially
emphasized that the peculiarity of such a scattering process is connected with
the absence of any force scattering center in r-space; the scattering event itself
may take place at any point of r-space.

Consider the difference Δ(𝑡) = 𝜌𝐻(𝑡) − 𝑏𝐻(𝑡), where 𝑏𝐻(𝑡) corresponds

saddle point on the surface 𝜀 = 𝜀(𝑡), the normal vector to which is parallel to
⃗𝜉(𝑡) = H/𝐻. On the last turn before entering region 𝐼 or 𝐼𝐼 , each particle

crosses the principal line of curvature (𝑝2 = 0 in Fig. 1) on the isoenergetic
surface 𝜀 = 𝜀(0) at a certain value of the difference Δ(0) = 𝑝𝐻(0) − 𝑏𝐻(0).
Having made a complete circuit around one of the loops of the “figure eight,”
the particle again finds itself in the vicinity of the self-intersection point 𝑏(𝑡).
Depending on the sign of the difference Δ(𝑇 ) at this instant of time, the particle
enters region 𝐼 or 𝐼𝐼 , while the quantity Δ(𝑇 ) is uniquely determined by the
value of Δ(0) at the beginning of the circuit. From what has been said it is
clear that the difference Δ(0) is naturally to be taken as the impact parameter
characterizing a particle in the scattering ensemble. To regions 𝐼 and 𝐼𝐼 there
correspond elements 𝛿𝐼 and 𝛿𝐼𝐼 of the values Δ𝑝𝐻 = Δ(0) that determine entry
into these regions. The scattering probabilities (𝑤1 and 𝑤2), i.e., the relative
numbers of particles entering, respectively, regions 𝐼 and 𝐼𝐼 , are proportional to
the fluxes in p-space through the elements 𝛿𝐼 and 𝛿𝐼𝐼 . If the distribution function
is assumed sufficiently smooth, then, to first order in the small parameter 𝛼,
these fluxes are proportional to the magnitudes of the elements themselves.

From the equations of motion, for small 𝛼 we have 𝑑𝑡 = 𝑐
𝑒𝐻

𝑑𝑝𝑙
𝑣⟂

, where 𝑑𝑝𝑙 is
the differential of the arc length of the “figure eight.”For particles that have
made a complete circuit around one of the loops of the“figure eight,”we obtain
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Δ𝐼(𝑇𝐼) − Δ𝐼(0) = 𝑐
𝑒𝐻 ∮

𝐼
( ̇𝑝𝐻 − ̇𝑏𝐻)𝑑𝑝𝑙

𝑣⟂
, (1)

and, correspondingly, for Δ𝐼𝐼(𝑇𝐼𝐼) (the integration is carried out along the
contour of the corresponding loop of the “figure eight”). According to the
above, the sought elements 𝛿𝐼 and 𝛿𝐼𝐼 must be determined from the conditions
Δ𝐼,𝐼𝐼(𝑇𝐼,𝐼𝐼) = 0. This gives

𝛿𝐼
𝛿𝐼𝐼

= ∮
𝐼
( ̇𝑝𝐻 − ̇𝑏𝐻)𝑑𝑝𝑙

𝑣⟂
/ ∮

𝐼𝐼
( ̇𝑝𝐻 − ̇𝑏𝐻)𝑑𝑝𝑙

𝑣⟂
. (2)

The concrete evaluation of these contour integrals depends on the character of
the external field in which the particles move. We shall give results for several
cases (using the averaged equations of motion).

1. A weakly inhomogeneous field constant in time. The formula for
the ratio of the probabilities has the form

𝑤1
𝑤2

= 𝜕
𝜕𝑙 (𝑆1

𝐻 ) / 𝜕
𝜕𝑙 (𝑆2

𝐻 ) , (3)

where 𝑙 is the length along a magnetic-field line; 𝑆1,2(𝜀, 𝑏𝐻( ⃗𝜉), ⃗𝜉) ( ⃗𝜉 = ⃗𝜉(𝑙))
are the areas of the sections of each of the loops in the section of the surface
𝜀 = const by a plane passing through the singular point and perpendicular to
⃗𝜉(𝑙). For a straight field line formula (3) simplifies: 𝑤1/𝑤2 = 𝑆1/𝑆2.

2. Parallel electric and magnetic fields, constant in time. For the
ratio of the probabilities in this case we obtain

𝑤1
𝑤2

= 𝑑
𝑑𝑝𝐻

𝑆1(𝑝𝐻 , 𝜀cr(𝑝𝐻))/ 𝑑
𝑑𝑝𝐻

𝑆2(𝑝𝐻 , 𝜀cr(𝑝𝐻)),

where 𝜀cr(𝑝𝐻) determines that isoenergetic surface 𝜀 = 𝜀cr(𝑝𝐻) on which, for a
given value of 𝑝𝐻 , the singular point lies.

It should be noted that the drift time through the singular point, i.e., the“scat-
tering time,”turns out to be ∼ 𝑇 ln 𝛼; therefore, for the possibility of realizing

for the effect it is necessary that the inequality 𝜏 ≫ 𝑇 ln 𝛼 be satisfied (𝜏 is
the mean free time). This inequality is well satisfied for 𝐻 ∼ 104 oersted and
a mean free path ≳ 0.1 cm, and imposes practically no restrictions on 𝛼. On
the other hand, all calculations were carried out in the classical approximation,
i.e., the possibility of tunneling transitions from trajectories of one region to
another was not taken into account. The latter is valid under the condition
𝑣𝐻𝛿𝑝𝐻 ≫ ℏ/𝑇 , where 𝛿𝑝𝐻 is the change of 𝑝𝐻 in one turn; for excessively
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small field inhomogeneities a quantum treatment of the scattering problem is
necessary.
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