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Abstract
Full Text
MATHEMATICS

M. F. POLUYANOVA

ON THE SUMMATION OF THE PRODUCT
OF TWO NUMERICAL SERIES
(Presented by Academician A. N. Kolmogorov on 19 VII 1961)

1. In the present note we set forth some theorems on conditions for summability,
and also for absolute summability, of the Cauchy product of two numerical series,
each of which is summable or absolutely summable by some complex normal
triangular method*. The results can be transferred to the case of multiplying
any finite number of series. We also consider the relations between the limits of
indeterminacy of Voronoi means for the two series and for the product.

By 𝑢𝑛 × 𝑣𝑛 everywhere below one should understand ∑𝑛
𝑘=0 𝑢𝑛−𝑘 ⋅ 𝑣𝑘. The series

∑ 𝑢𝑛** is called absolutely summable by the method 𝑃 = (𝑝𝑛,𝑘) to 𝑆 (we shall
denote

∑ 𝑢𝑛 = 𝑆 ∣𝑝𝑛,𝑘∣

), if there exists lim𝑛→∞ 𝑈 (𝑝)
𝑛 = 𝑆 and

∑ ∣𝑈 (𝑝)
𝑛 − 𝑈 (𝑝)

𝑛−1∣ < ∞,

where

𝑈 (𝑝)
−1 = 0, 𝑈 (𝑝)

𝑛 =
𝑛

∑
𝑘=0

𝑝𝑛,𝑘𝑈𝑘, 𝑈𝑘 =
𝑘

∑
𝑖=0

𝑢𝑖.

Ordinary summability of ∑ 𝑢𝑛 to 𝑆 by the method (𝑝𝑛,𝑘) will be denoted by

∑ 𝑢𝑛 = 𝑆(𝑝𝑛,𝑘).

By
∑ 𝑢𝑛 = 𝑂(1)(𝑝𝑛,𝑘)

we denote 𝑛
∑
𝑘=0

𝑝𝑛,𝑘𝑈𝑘 = 𝑂(1).

The Voronoi method (𝑊, 𝑝) is the method determined by the matrix

(𝑝𝑛−𝑘 ⋅ 𝑃 −1
𝑛 ),
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where
𝑃𝑛 = 𝑝0 + 𝑝1 + ⋯ + 𝑝𝑛 ≠ 0.

The Cesàro method (𝐶, 𝑟) is the Voronoi method for

𝑝𝑛 = (𝑟 + 1)(𝑟 + 2) ⋯ (𝑟 + 𝑛)(𝑛!)−1.

In the present note, by 𝑘𝑛, 𝑘𝑛, 𝑘𝑚,𝑛 and 𝑘𝑚,𝑛 one should understand the
numbers defined by the relations:

𝑛
∑
𝑖=𝑟

𝑝𝑛,𝑖𝑘𝑖,𝑟 = {1 for 𝑟 = 𝑛,
0 for 0 ≤ 𝑟 < 𝑛;

𝑛
∑
𝑖=𝑟

𝑞𝑛,𝑖𝑘𝑖,𝑟 = {1 for 𝑟 = 𝑛,
0 for 0 ≤ 𝑟 < 𝑛;

𝑛
∑
𝑖=0

𝑝𝑛−𝑖𝑘𝑖 = {1 for 𝑛 = 0,
0 for 𝑛 ≠ 0;

𝑛
∑
𝑖=0

𝑞𝑛−𝑖𝑘𝑖 = {1 for 𝑛 = 0,
0 for 𝑛 ≠ 0,

if 𝑝𝑛,𝑖, 𝑞𝑛,𝑖, 𝑝𝑘, 𝑞𝑘 are given.

All quantities that we consider in the present note are assumed to be finite.

* A method of summation of series determined by a matrix (𝑝𝑛,𝑘) is called
normal triangular if 𝑝𝑛,𝑛 ≠ 0 and 𝑝𝑛,𝑘 = 0 for 𝑘 > 𝑛 (𝑛 ≥ 0).
** By ∑ 𝑢𝑛 everywhere below one should understand

∞
∑
𝑛=0

𝑢𝑛.

Let us fix the methods (𝑝𝑛,𝑘) and (𝑞𝑛,𝑘) and introduce the following notation:

𝑅(1) is the class of methods (𝑟𝑛,𝑘) such that, for any ∑ 𝑢𝑛 and ∑ 𝑣𝑛 for which
∑ 𝑢𝑛 = 𝑈 ∣ 𝑝𝑛,𝑘, ∑ 𝑣𝑛 = 𝑉 (𝑞𝑛,𝑘), the relation

∑ 𝑤𝑛 = ∑ 𝑢𝑛 × 𝑣𝑛 = 𝑈 ⋅ 𝑉 ⋅ 𝑞−1(𝑟𝑛,𝑘),

holds, where

𝑞 = lim
𝑛→∞

𝑛
∑
𝑘=0

𝑞𝑛,𝑘

(it is assumed that 𝑞 exists and is ≠ 0).
𝑅(2) is the class of methods (𝑟𝑛,𝑘) such that, for any ∑ 𝑢𝑛 and ∑ 𝑣𝑛 for which
∑ 𝑢𝑛 = 𝑈 ∣ 𝑝𝑛,𝑘 and ∑ 𝑣𝑛 = 𝑂(1)(𝑞𝑛,𝑘), the relation

∑ 𝑤𝑛 = ∑ 𝑢𝑛 × 𝑣𝑛 = 𝑂(1)(𝑟𝑛,𝑘)

holds.
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𝑅(3) is the class of methods (𝑟𝑛,𝑘) such that, for any ∑ 𝑢𝑛 and ∑ 𝑣𝑛 for which
∑ 𝑢𝑛 = 𝑈 ∣ 𝑝𝑛,𝑘, ∑ 𝑣𝑛 = 𝑉 ∣ 𝑞𝑛,𝑘, the relation

∑ 𝑤𝑛 = ∑ 𝑢𝑛 × 𝑣𝑛 = 𝐶 ∣ 𝑟𝑛,𝑘,

holds, where 𝐶 is some number.

𝑅(4) is the class of methods (𝑟𝑛,𝑘) such that, for any ∑ 𝑢𝑛 and ∑ 𝑣𝑛 for which
∑ 𝑢𝑛 = 𝑈(𝑝𝑛,𝑘), ∑ 𝑣𝑛 = 𝑉 (𝑞𝑛,𝑘), the relation

∑ 𝑤𝑛 = ∑ 𝑢𝑛 × 𝑣𝑛 = 𝑈 ⋅ 𝑉 (𝑟𝑛,𝑘)

holds.

The question of summing the product of two series by Voronoi methods was
considered by Mears (1,2), Borger (3), and Cesàro (4).
2. Theorem 1. In order that the method (𝑟𝑛,𝑘) belong to the class 𝑅(1), it is
necessary and sufficient that the following conditions be fulfilled:

𝑛
∑
𝑗=0

∣𝑎(𝑛)
𝑖,𝑗 ∣ ≤ 𝑀 (for all 𝑛 and all 𝑖); lim

𝑛→∞
𝑎(𝑛)

𝑖,𝑗 = 0 (𝑖, 𝑗 fixed); (1)

∣
𝑛

∑
𝑙=𝑘

𝑐𝑛,𝑙∣ ≤ 𝐾 (for all 𝑘 and 𝑛);

lim
𝑛→∞

𝑐𝑛,𝑙 = 0 (for each 𝑙); lim
𝑛→∞

𝑛
∑
𝑘=0

𝑐𝑛,𝑘 = 1, (2)

where

𝑎(𝑛)
𝑖,𝑗 =

𝑛
∑
𝑘=0

𝑟𝑛,𝑘 ⋅
𝑘

∑
𝜒=0

𝑘̄𝑘−𝜒,𝑗

𝜒
∑
𝑟=𝑖

(𝑘𝜒,𝑟 − 𝑘𝜒−1,𝑟), (𝑐𝑛,𝑙) = 𝑐 = 𝑅 ⋅ 𝑃 −1. (3)

In the special case when (𝑝𝑛,𝑘) = (𝑊, 𝑝), (𝑞𝑛,𝑘) = (𝑊, 𝑞), (𝑟𝑛,𝑘) = (𝑊, 𝑟), the
following assertions are valid:

Corollary 1,1. In order that the method (𝑊, 𝑟) belong to the class 𝑅(1), the
necessary and sufficient conditions are (1), (2), where now

𝑎(𝑛)
𝑖,𝑗 =

𝑛
∑
𝑘=0

𝑟𝑛−𝑘 ⋅ 𝑅−1
𝑛 ⋅

𝑘
∑
𝜒=0

𝑘̄𝑘−𝜒−𝑗 ⋅ 𝑄𝑗

𝜒
∑
𝑟=𝑖

𝑃𝑟(𝑘𝜒−𝑟 − 𝑘𝜒−1−𝑟).

Corollary 1, 2. In order that the method (𝑊, 𝑟), with 𝑟𝑛 = 𝑝𝑛 × 𝑞𝑛, belong
to the class 𝑅(1), the necessary and sufficient conditions are:

𝑃𝑛−𝑘 = 𝑜(𝑅𝑛); 𝑞𝑛−𝑘 = 𝑜(𝑅𝑛) (for each 𝑘);
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(|𝑝𝑛| × |𝑄𝑛|) ⋅ |𝑅−1
𝑛 | ≤ 𝐿 (for all 𝑛);

∣
𝑛

∑
𝑙=𝑘

𝑃𝑙 ⋅ 𝑞𝑛−𝑙∣ ⋅ |𝑅−1
𝑛 | ≤ 𝐿 (for all 𝑛 and 𝑘).

In the particular case when 𝑝𝑛 ≥ 0, 𝑞𝑛 ≥ 0, 𝑝𝑛 = 𝑜(𝑃𝑛), 𝑞𝑛 = 𝑜(𝑄𝑛), we obtain
Mears’theorem (1).

Theorem 2. In order that the method (𝑟𝑛,𝑘) belong to the class 𝑅(2), it is
necessary and sufficient that

𝑛
∑
𝑗=0

∣𝑎(𝑛)
𝑖,𝑗 ∣ ≤ 𝑀 (for all 𝑛 and all 𝑖),

where 𝑎(𝑛)
𝑖,𝑗 is defined by (3).

Theorem 3. In order that the method (𝑟𝑛,𝑘) belong to the class 𝑅(3), it is
necessary and sufficient that

𝑚
∑
𝑛=0

∣𝑏(𝑛)
𝑖,𝑗 ∣ ≤ 𝐻 (for all 𝑚 and all 𝑖, 𝑗), (4)

where

𝑏(𝑛)
𝑖,𝑗 =

𝑛
∑
𝑘=0

(𝑟𝑛,𝑘 − 𝑟𝑛−1,𝑘)
𝑘−𝑗
∑
𝑥=0

𝑥
∑
𝑟=0

𝑘̄𝑥+𝑗,𝑟+𝑗

𝑘−𝑥−𝑗−𝑖
∑
𝑡=0

𝑘𝑘−𝑥−𝑗,𝑡+𝑖 − 𝑘𝑘−𝑥−𝑗−1,𝑡+𝑖.

In the particular case when (𝑝𝑛,𝑘) = (𝑊, 𝑝), (𝑞𝑛,𝑘) = (𝑊, 𝑞), (𝑟𝑛,𝑘) = (𝑊, 𝑟),
we have

Corollary 3.1. In order that the method (𝑊, 𝑟) belong to the class 𝑅(3), it is
necessary and sufficient that condition (4) be fulfilled for

𝑟𝑛,𝑘 = 𝑟𝑛−𝑘 ⋅ (𝑟𝑛 × 1)−1, 𝑘𝑛,𝑟 = 𝑘𝑛−𝑟 ⋅ 𝑃𝑟, 𝑘̄𝑛,𝑟 = 𝑘̄𝑛−𝑟 ⋅ 𝑄𝑟.

In the particular case when 𝑟𝑛 = 𝑝𝑛 × 𝑞𝑛 and (𝑊, 𝑟) includes absolutely both
(𝑊, 𝑝) and (𝑊, 𝑞), we obtain Mears’theorem (2).

Theorem 4. In order that the method (𝑟𝑛,𝑘) belong to the class 𝑅(4), the
conditions

lim
𝑛→∞

𝑛
∑
𝑖=0

𝑛
∑
𝑗=0

𝑑(𝑛)
𝑖,𝑗 = 1,

𝑛
∑
𝑖=0

𝑛
∑
𝑗=0

∣𝑑(𝑛)
𝑖,𝑗 ∣ ≤ 𝑀 (for all 𝑛); lim

𝑛→∞
𝑑(𝑛)

𝑖,𝑗 = 0

(5)
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(𝑖, 𝑗 fixed);

lim
𝑛→∞

𝑛
∑
𝑖=0

∣𝑑(𝑛)
𝑖,𝑗 ∣ = 0 (for all 𝑗); lim

𝑛→∞

𝑛
∑
𝑗=0

∣𝑑(𝑛)
𝑖,𝑗 ∣ = 0 (for all 𝑖), (6)

where

𝑑(𝑛)
𝑖,𝑗 =

𝑛
∑
𝑘=0

𝑟𝑛,𝑘+𝑖+𝑗
𝑘

∑
𝑥=0

(𝑘𝑘−𝑥+𝑖,𝑖 − 𝑘𝑘−1−𝑥+𝑖,𝑖) 𝑘̄𝑥+𝑗,𝑗.

are sufficient.

If, in addition, 𝑑(𝑛)
𝑖,𝑗 ≥ 0, then these conditions are also necessary.

In the particular case when (𝑝𝑛,𝑘) = (𝑊, 𝑝), (𝑞𝑛,𝑘) = (𝑊, 𝑞), (𝑟𝑛,𝑘) = (𝑊, 𝑟),
we have

Corollary 4.1. In order that the method (𝑊, 𝑟) belong to the class 𝑅(4) for

𝑟𝑛,𝑘 = 𝑟𝑛−𝑘 ⋅ (𝑟𝑛 × 1)−1, 𝑘𝑛,𝑟 = 𝑘𝑛−𝑟 ⋅ 𝑃𝑟, 𝑘̄𝑛,𝑟 = 𝑘̄𝑛−𝑟 ⋅ 𝑄𝑟, (7)

it is sufficient that conditions (5), (6), (7) be fulfilled.

Moreover, for 𝑟𝑛 = 𝑝𝑛 × 𝑄𝑛 the conditions (5) and (6) here are also necessary.
Consequently, the following assertion is valid:

Corollary 4.2. In order that the method (𝑊, 𝑟), with 𝑟𝑛 = 𝑝𝑛 × 𝑄𝑛, belong to
the class 𝑅(4), it is necessary and sufficient that the following conditions hold:

𝑃𝑛−𝑘 = 𝑜(𝑅𝑛), 𝑄𝑛−𝑘 = 𝑜(𝑅𝑛) (for each 𝑘),

(|𝑃𝑛| × |𝑄𝑛|) ⋅ |𝑅−1
𝑛 | ≤ 𝑀 (for all 𝑛).

In the special case when 𝑝𝑛 ≥ 0, 𝑞𝑛 ≥ 0, 𝑝𝑛 = 𝑜(𝑃𝑛), 𝑞𝑛 = 𝑜(𝑄𝑛), we obtain
Mears’theorem (1). In another special case, namely for the Cesàro methods
(𝐶, 𝑟) and (𝐶, 𝑠) with Re 𝑟 > −1 and Re 𝑠 > −1, we obtain Borger’s theorem
(3, p. 52).
3. Theorem 5. Let 𝑢𝑛, 𝑣𝑛, 𝑝𝑛, 𝑞𝑛 (𝑛 ≥ 0) be real, 𝑃𝑛 > 0, 𝑄𝑛 > 0, 𝑟𝑛 =
𝑝𝑛 × 𝑄𝑛,

𝑃𝑛−𝑘 = 𝑜(𝑅𝑛), 𝑄𝑛−𝑘 = 𝑜(𝑅𝑛) (for each 𝑘);
𝑈 (𝑝)

𝑛 = (𝑝𝑛 × 𝑢𝑛 × 1) ⋅ 𝑃 −1
𝑛 , 𝑉 (𝑞)

𝑛 = (𝑞𝑛 × 𝑣𝑛 × 1) ⋅ 𝑄−1
𝑛 ,

𝑊 (𝑅)
𝑛 = (𝑟𝑛 × 𝑢𝑛 × 𝑣𝑛 × 1) ⋅ (𝑟𝑛 × 1)−1,

lim𝑛→∞𝑈 (𝑝)
𝑛 = ̄𝛼, lim𝑛→∞𝑈 (𝑝)

𝑛 = 𝛼, lim𝑛→∞𝑉 (𝑞)
𝑛 = ̄𝛽, lim𝑛→∞𝑉 (𝑞)

𝑛 = 𝛽.
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Then the inequality

min{ ̄𝛼 ̄𝛽, ̄𝛼𝛽, 𝛼 ̄𝛽, 𝛼𝛽} ≤ lim𝑊 (𝑅)
𝑛 ≤ lim𝑊 (𝑅)

𝑛 ≤ max{ ̄𝛼 ̄𝛽, ̄𝛼𝛽, 𝛼 ̄𝛽, 𝛼𝛽}. (8)

In the special case of the Cesàro methods (𝐶, 𝑟) and (𝐶, 𝑠), inequality (8) is
valid for 𝑟 > −1, 𝑠 > −1. In another special case, when 𝑝𝑛 ≥ 0, 𝑞𝑛 ≥ 0 (𝑛 ≥
0), 𝑝𝑛 = 𝑜(𝑃𝑛), 𝑞𝑛 = 𝑜(𝑄𝑛), we obtain Mears’theorem (1).
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Academy of Sciences of the USSR
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