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Abstract

Full Text
MATHEMATICS
M. F. POLUYANOVA

ON THE SUMMATION OF THE PRODUCT
OF TWO NUMERICAL SERIES

(Presented by Academician A. N. Kolmogorov on 19 VII 1961)

1. In the present note we set forth some theorems on conditions for summability,
and also for absolute summability, of the Cauchy product of two numerical series,
each of which is summable or absolutely summable by some complex normal
triangular method*. The results can be transferred to the case of multiplying
any finite number of series. We also consider the relations between the limits of
indeterminacy of Voronoi means for the two series and for the product.

By u,, X v,, everywhere below one should understand EZ:O U,_ - V- Lhe series
> u,** is called absolutely summable by the method P = (p,, ;) to S (we shall

denote
Zun =5 |pn,k|

), if there exists lim Uém =S and

n— 00
S U — U] < o,
where i
n v
vl =0, U= palUs U= u,
k=0 =0

Ordinary summability of ) u,, to S by the method (p,, ;) will be denoted by

By

we denote

an,kUk‘ = 0(1)

k=0
The Voronoi method (W, p) is the method determined by the matrix

(pnfk : Pgl)v
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where
P=potpy ot py £ 0.

The Cesaro method (C,r) is the Voronoi method for

o= (P D(r+2) - (r +n)(nl) "

k

In the present note, by k,, k,, mon one should understand the

numbers defined by the relations:

- 1 forr=n & - 1 forr=n
— ; T = ,
SIS PSS ST S A

= 1 forn =0, & - 1 forn =0,
anfiki = . anﬂ'ki =
= 0 for n # 0; = 0 formn#0,

if Py, i @i Pr» Qi aTE given.

and Em’

n

All quantities that we consider in the present note are assumed to be finite.

* A method of summation of series determined by a matrix (p,, ;) is called
normal triangular if p,, , # 0 and p,, ,, = 0 for £ > n (n > 0).

** By > u,, everywhere below one should understand

o0
E Uy,

n=0

Let us fix the methods (p,, ) and (g, ;) and introduce the following notation:

RW is the class of methods (7,.1) such that, for any > u,, and v, for which
Yo, =U|p,, 2.0, = V(g,,), the relation

an = Zun Xv, =U-V-qg'(r,.),
holds, where
n
¢= lim ; Gk
(it is assumed that ¢ exists and is # 0).

R® is the class of methods (7,,) such that, for any > u,, and ) v, for which
>ou, =U|p,; and Y v, = O(1)(q, ), the relation

an = Zun XUy = O(l)(rn,k>

holds.

sovietrxiv.org/items/ru-196101.86601 Machine Translation


https://sovietrxiv.org/items/ru-196101.86601

R is the class of methods (7,.1) such that, for any > u,, and v, for which
Yo, =U | p, g, 2.0, =V | q,, the relation

E wn:E unxvn:C’|rn)k,

holds, where C' is some number.

R is the class of methods (r,, ;) such that, for any > u,, and Y v,, for which
Yoy, =U(p, ) 2 v, = V(g 1), the relation

an = Zun XUy = U- V(rn,k)
holds.

The question of summing the product of two series by Voronoi methods was
considered by Mears (12), Borger (%), and Cesaro (%).

2. Theorem 1. In order that the method (r,, ;) belong to the class RW . it is
necessary and sufficient that the following conditions be fulfilled:

n

Zo aEZ)‘ <M (for all n and all i); nlg& ai?}) =0 (i,7fixed); (1)
=
ch)l < K (for all k and n);
1=k
T}Lr{}o 1 =0 (for each [); n11—>ngo ;Cn,k =1, (2)
where
(n) n E_ X
aiz‘ = Z Tn,k ’ Z kk—x,j Z(kx,'r - kx—l,'r)7 (Cn,l> =c=R- Pil' (3)
k=0 x=0 r=1

In the special case when (p,, ) = (W, p), (g,) = (W,q), () = (W,r), the
following assertions are valid:

Corollary 1,1. In order that the method (W,r) belong to the class R("), the
necessary and sufficient conditions are (1), (2), where now

n

k X
aij? = Z Th—k Rgl ' Z kk—x—j : Qj Z Pr(kx—r - kx—l—r)'
x=0 r=1

k=0

Corollary 1, 2. In order that the method (W,r), with r,, = p,, X ¢,,, belong
to the class R'Y, the necessary and sufficient conditions are:

P, =0(R,); G, = o(R,,) (for each k);
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(Ip] % |Qp]) - IR < L (for all n);

n

Z ]Dl “n—1

=k

“|R;Y < L (for all n and k).

In the particular case when p, >0, ¢, >0, p,, = o(P,), ¢, = o(Q,,), we obtain
Mears’ theorem (1).

Theorem 2. In order that the method (r, ;) belong to the class R® | it is
necessary and sufficient that

n
agfﬂ <M  (for all n and all 7),

=0

where agf}) is defined by (3).

Theorem 3. In order that the method (r, ;) belong to the class R®) it is
necessary and sufficient that

ST <H  (for all m and all 4, j), (4)
n=0
where
n k—j «x k—xz—j—i
bEZ‘) = Z(Tn,k - Tn71,k) km+j,r+j Z kkfmfj,tJri - kkfxqu,tﬂ‘-
k=0 x=0 r=0 t=0

In the particular case when (pn,k) - (Wap)7 (qn,k) = <W7Q)7 (rn,k) - (W,T'),
we have

Corollary 3.1. In order that the method (W,r) belong to the class R, it is
necessary and sufficient that condition (4) be fulfilled for

=k

n,r

Tk = Tn—k - (Tn X 1)717 k. : Pr? kn,r = knfr : Q’I’"

n—r

In the particular case when r, = p, X ¢, and (W,r) includes absolutely both
(W,p) and (W, q), we obtain Mears’ theorem (2).

Theorem 4. In order that the method (r, ) belong to the class RW, the
conditions

Tim Y4 =1, d)| <M (foralln);  lim d") =0

n n
=0 j=0 i=0 j=0
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(4,7 fixed);

n

di?‘ =0 (for all j); 7115202

j=0

dﬁf})! =0 (foralli), (6)

n
lim E
—
where

n k

(n) _

di,j - Z Tn,k+’i+j Z(kk‘fzvﬂ',i - kk*l*I‘H’,i) kx+],]
k=0 x=0

are sufficient.
If, in addition, dEZ) > 0, then these conditions are also necessary.

In the particular case when (p, ) = (W,p), (¢,4) = W,q), (r,1) = (W,r),
we have

Corollary 4.1. In order that the method (W, r) belong to the class R for

Tngk = Tn—k - (Tn X 1)_17 k =k - P, k. = knfr : Qr7 (7)

n,r n—r [ n,r

it is sufficient that conditions (5), (6), (7) be fulfilled.

Moreover, for r,, = p,, x @,, the conditions (5) and (6) here are also necessary.
Consequently, the following assertion is valid:

Corollary 4.2. In order that the method (W,r), with r, = p,, X @,,, belong to
the class R, it is necessary and sufficient that the following conditions hold:

P, =0(R,), Q,_r =0(R,) (for each k),

(I1P,| % |Qu]) - |RyY <M (for all n).

In the special case when p,, >0, ¢, > 0, p,, = o(P,), ¢, = o(Q,,), we obtain
Mears’ theorem (!). In another special case, namely for the Cesdro methods

(C,r) and (C,s) with Rer > —1 and Re s > —1, we obtain Borger’ s theorem
(3, p. 52).
3. Theorem 5. Let u,,v,,p,,q, (n > 0) bereal, P, >0, Q, >0, r, =
P X Qs

Pn—k = O(Rn)7 Qn—k = O<Rn) (fOI‘ eaCh k')7

U,(Lp):(pn><un><1)~Pn_17 VTE@:(qnxvnxl)- —1

n

Wi = (r, X u, xv, x1)-(r, x 1)1,

T, UF =a, lim,_ UF =a,  Gim, , Vi¥=8  lim Vi =5
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Then the inequality

min{ag, af, af, af} <lmW\" <TmW\" < max{as, ag, af, af}. (8)

In the special case of the Cesaro methods (C,r) and (C,s), inequality (8) is
valid for » > —1, s > —1. In another special case, when p,, > 0, ¢, >0 (n >
0), p, =o(P,), q, = 0o(Q,,), we obtain Mears’ theorem ().
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