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Abstract
Full Text
Mathematics

A. Yu. LEVIN

ON CERTAIN ESTIMATES OF A DIFFEREN-
TIABLE FUNCTION
(Presented by Academician A. N. Kolmogorov, 20 XII 1960)

1. In the present note two estimates* are given for a real differentiable function
satisfying certain conditions, and an application of one of them to a multipoint
boundary-value problem is indicated.

Theorem 1. Let 𝑥(𝑡) be continuously differentiable 𝑛 times on the interval
[𝑎, 𝑏] and satisfy the conditions

𝑥(𝑎1) = 𝑥′(𝑎2) = ⋯ = 𝑥(𝑛−1)(𝑎𝑛) = 0, (1)

where 𝑎1, 𝑎2, … , 𝑎𝑛 are certain points of the interval [𝑎, 𝑏]. Then on [𝑎, 𝑏] the
estimate

|𝑥(𝑡)| ≤ 𝐶𝑛(𝑏 − 𝑎)𝑛 max
𝑎≤𝑡≤𝑏

|𝑥(𝑛)(𝑡)|, 𝑎 ≤ 𝑡 ≤ 𝑏, (2)

holds, where the numbers 𝐶1, 𝐶2, … are determined from the expansion

tg 𝑡 + sec 𝑡 = 1 +
∞

∑
𝑘=1

𝐶𝑘𝑡𝑘 (|𝑡| < 𝜋
2 ) . (3)

In accordance with (3), the values 𝐶𝑘 can be expressed in terms of the Bernoulli
numbers 𝐵𝑘 (𝐵1 = 1/6, 𝐵2 = 1/30, …) and the Euler numbers 𝐸𝑘 (𝐸1 =
1, 𝐸2 = 5, …) as follows (𝑛 = 1, 2, …):

𝐶2𝑛−1 = 22𝑛(22𝑛 − 1)𝐵𝑛
(2𝑛)! , 𝐶2𝑛 = 𝐸𝑛

(2𝑛)! .

Theorem 2. Let 𝑥(𝑡) satisfy the conditions (1), and suppose that one of the
inequalities

(𝑎 ≤) 𝑎2 ≤ 𝑎3 ≤ ⋯ ≤ 𝑎𝑛 (≤ 𝑏),
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(𝑎 ≤) 𝑎𝑛 ≤ 𝑎𝑛−1 ≤ ⋯ ≤ 𝑎2 (≤ 𝑏).

is fulfilled. Then on [𝑎, 𝑏] the estimate

|𝑥(𝑡)| ≤ 1
𝑛 [ 𝑛−1

2 ]! [ 𝑛
2 ]! (𝑏 − 𝑎)𝑛 max

𝑎≤𝑡≤𝑏
|𝑥(𝑛)(𝑡)|, 𝑎 ≤ 𝑡 ≤ 𝑏. (4)

holds.

The values of the constants in the estimates (2), (4) cannot be improved.

2. Let the multipoint boundary-value problem be considered:

𝑥(𝑛) + 𝑝1(𝑡)𝑥(𝑛−1) + ⋯ + 𝑝𝑛(𝑡)𝑥 = 𝑓(𝑡), (5)

𝑥(𝑎1) = 𝐴1, 𝑥(𝑎2) = 𝐴2, … , 𝑥(𝑎𝑛) = 𝐴𝑛, (6)

𝑎 ≤ 𝑎1 < 𝑎2 < ⋯ < 𝑎𝑛 ≤ 𝑏,

where 𝑝1(𝑡), … , 𝑝𝑛(𝑡), 𝑓(𝑡) are continuous on [𝑎, 𝑏]. One may also not exclude
the case of coincidence of several 𝑎𝑖; in that case, at one point values are pre-
scribed both for 𝑥(𝑡) and for its successive derivatives (in accordance with the
multiplicity of 𝑎𝑖).

* The first of them, as has become clear, was obtained by S. N. Bernstein as
early as 1910.

Set

ℎ = 𝑎𝑛 − 𝑎1, max
𝑎1≤𝑡≤𝑎𝑛

|𝑝𝑖(𝑡)| = 𝑃𝑖 (𝑖 = 1, 2, … , 𝑛).

Vallée-Poussin (1) (see also (2)) indicated the following sufficient condition for
the solvability of problem (5)—(6):

𝑛
∑
𝑘=1

1
𝑘! 𝑃𝑘ℎ𝑘 ⩽ 1. (7)

The author (3) (and, independently of him, V. G. Maz’ya) found a less restrictive
condition than (7) for the solvability of problem (5)—(6):

𝑛−1
∑
𝑘=1

1
𝑘! 𝑃𝑘ℎ𝑘 + (𝑛 − 1)𝑛−1

𝑛𝑛𝑛! 𝑃𝑛ℎ𝑛 ⩽ 1. (8)
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With the aid of Theorem 2 the following proposition can be proved.

Theorem 3. In order that problem (5)—(6) be solvable for arbitrary
𝐴1, 𝐴2, … , 𝐴𝑛 and arbitrary continuous 𝑓(𝑡), it is sufficient that the inequality

𝑛
∑
𝑘=1

1
2𝑘𝑘 [ 𝑘−1

2 ]! [ 𝑘
2 ]! 𝑃𝑘ℎ𝑘 ⩽ 1 (9)

hold.

From the relation

1
2𝑘𝑘 [ 𝑘−1

2 ]! [ 𝑘
2 ]! = 𝐶[ 𝑘

2 ]
𝑘−1
2𝑘

1
𝑘! ⩽ 1

2
1
𝑘!

it follows that in inequality (9) the coefficients of all powers of ℎ are smaller
than the corresponding coefficients in inequality (7).

It is easy to verify that conditions (8) and (9) are (for 𝑛 > 2) mutually indepen-
dent.

3. With the aid of the same Theorem 2 one can obtain a strengthening of
Vallée-Poussin’s uniqueness theorem (see (2)) for a nonlinear boundary-
value problem. Namely, the following proposition is valid:

Theorem 4. Let the right-hand side of the equation

𝑥(𝑛) = 𝑓(𝑡, 𝑥, 𝑥′, … , 𝑥(𝑛−1)) (10)

satisfy the condition

|𝑓(𝑡, 𝑣0, 𝑣1, … , 𝑣𝑛−1) − 𝑓(𝑡, 𝑢0, 𝑢1, … , 𝑢𝑛−1)| ⩽
𝑛−1
∑
𝑘=0

𝑃𝑛−𝑘|𝑣𝑘 − 𝑢𝑘|

and, in addition, suppose that one of inequalities (8), (9) is fulfilled. Then
equation (10) has no more than one solution satisfying conditions (6).

The author expresses his sincere gratitude to his adviser M. A. Krasnosel’skii.
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