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Abstract

Full Text
MATHEMATICS
E. G. DYAKONOV

THE METHOD OF ALTERNATING DIREC-
TIONS FOR SOLVING SYSTEMS OF FINITE-
DIFFERENCE EQUATIONS

(Presented by Academician S. L. Sobolev on 29 XII 1960)

Among the various methods for solving systems of finite-difference equations
approximating an elliptic equation, the method of alternating directions (%)
has the important property that, for a uniform grid, in order to find the solution
with accuracy e, it requires a number of arithmetic operations asymptotically
smaller than other iterative methods.

For the equation Au — k*u = f in a rectangle, in () an asymptotic estimate
was obtained for the number of arithmetic operations, ~ h~2In hlne, originally
obtained for Au = fin (2,2). In (*), convergence is studied in a general domain
and for boundary conditions of the form du/dv+du = 0. In (°), a variant of the
method of alternating directions is studied for A?u+c?u = f in a rectangle, with
the values of u and §%u/dv? prescribed on the boundary. For the polyharmonic
equation in a rectangle with even normal derivatives prescribed on the boundary,
the method of alternating directions was investigated in (°).

In the present note, convergence of the method of alternating directions is estab-
lished for the first boundary-value problem in a rectangle for certain self-adjoint
elliptic equations of order higher than the second; moreover, for an equation
with separable variables, an estimate is given for the rate of convergence.

1. Inthe square D: 0 < x <1, 0 <y <1, we seek a solution of the equation

Lu_éi a(m)& 12 0’ )82“ _1_872 o )@
- Ox2 Ox? Oz Oy Y ow Oy Oy? 4 Oy? (1)

b(x
_ % (d(@%) - a% G(;;)%) + f(x)u+ g(y)u = h(z,y),

satisfying the boundary conditions:
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a>0, ¢>0; b,d,e, f,g > 0; b? —ac < 0; (3)

a,b,ce OB, d,eec C?, f.gecW.

On the grid D), : x; = ih, y; = jh; h=1/N, 0 <i <N, 0 <j < N, define v;;
as v(ih, jh). In view of (2), u;; = 0ifior j=0,1,N -1, N, ie.

u;; =0 on 5. (4)

For points external to the square, u;; = 0, and for i,5 € D, \ S}, in order to
determine u,;; we obtain the system of algebraic equations

Lyug; = Az (a; A uy5) + 28, (048, u,5) + Ay, (c;A,, 1)

xx g

(5)
- Az(diAzuij) - Ay<ejAyuij) + fiuij + gu;; = hij»

where

LU = , Aqu: i+1 i
h h

The existence of a solution of (4), (5) and its convergence to the solution of (1),
(2) are established in (*). It is not difficult to verify that each of the terms in
(5) is a symmetric and positive operator on the class of u;; satisfying (4), and
L;, is positive definite.

2. Introducing the notation

Ly, = Agy(e;Ayyuiz) — Ay(ejAyuU) + gz (7)
2nyuij = 2A:Ey(bijAzyuij)a (8)

we define, by analogy with (*), the following iterative process:

1/2
(Ly+map)uly ™ = Ly + 72 (10)
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Here E is the identity operator; 7,, is a certain iteration parameter; w1
are successive iterates; u("*1/2) is an intermediate vector. Eliminating u("*1/2)
from (9) with the aid of (10), we have:

[ToE + 7, (Ly + L) + Lypylu™ = bt [T E — 27, + Lypylu™, (1)
and for the error

u—u™ = e Ael"t) = Beln), (12)

where

AetV) = [12E 4 1,(L, + L,) + L, yle"tV;

Be™ = [12E — 2o, + L, yle™.

Of course, €™ =0 on S,,.

Lemma 1. The operators A and B are symmetric, and (B, ¢) > 0 for ||¢|| > 0,
where

N
(Y, ) = Z Z wij%jh2~

N
=0 7=0

Proof. For the symmetry of A and B, it is enough to obtain

LwLy = Lny7 (13)
i.e., the commutativity of operators of the form

p

Ly, = Y ulz; + kh,y;)a(k,0)
k=—p

and

q

Ly, = > ulz;,y; +1h)5(0,1),

l=—q
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which, obviously, follows from the possibility of changing the order of summation
and of taking outside the summation sign coefficients that do not depend on the
summation index. From (13) it follows that L,y > 0.

Applying the “summation by parts” formulas (1), we obtain for (B, v):

(B, ) = m3(1h, %)) — 27, (L0, 90) + (L Ly, ) =

N-1 N—
> 72(1), 1) — 27, h? miax Z Amﬂ/’z; + h? mln a;c; Z vz yy¥
3,7=0 7=0
N-1
> T2, 1) — QTnT(Amwv Y) + r2h? Z (Am%)z =
ig=1
N-1 )
= h2 Z (T — Dgzgy¥i;)” > 0.
ig=1

(14)
Here 7* = min;;{a,c;}, and b* — ac < 0 has been used. (By,) = 0 if

szj = /\wij

for 1 <i,j < N — 1. Taking into account that ¢, ; =0 on S,, we arrive at the
conclusion that ¥ = 0. The lemma is proved.

A

3. Theorem 1. For fized 7, > 0, the iterative process (9), (10) converges in
the metric

|15 = (B, ).

Indeed, by Lemma 1 there exists a system of functions {1} such that

0, k+#1,
(Bbgs ) = 6y = {1 k i I: (15)
Athy = N BYy,. (16)

The system {¢,} is complete in the metric | |5, and consequently also in the
ordinary one. Let

e(n+1) Zwk (n+1) 7 en) — Z¢kd§€n)_ (17)
k

Substituting (17) into (12), we shall have:

Aeln+1) Z d;n-&-l)Awk _ Zd;n-’_l))‘de}k _ Zdl(cn)Bwk" (18)
%

k k
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From (18), using (15):
Apdl" ) = ™, (19)

Let us estimate A, from (16):

N = (A, ) = (B + 7Ly, ) = 1+ 7(Lyty, ¢y,) > 1. (20)

Therefore
d(n+1) 1 1
o R vt Gl PR S (21)
( / :

Convergence will obviously also hold in the ordinary metric.

4. Let us consider separately the case b = 0. In this case the following theorem
is valid:

Theorem 2. If b = 0, then, to find the solution of the system (4), (5), it
suffices, with a proper choice of {7,}, to carry out ~ Inh lne iterations by the

method of alternating directions. The number of arithmetic operations will be
~h2Inhlne.

Proof. As shown in Lemma 1, L, and L, commute; therefore they have a
system of common eigenfunctions forming an orthonormal basis for any 7,, > 0.

Let

Ly, = /\iwkv Ly% = ui¢k' (22)

It is not difficult to obtain that m < A2, u? < M/h*. Then

dgcnﬂ) 72 4 A2 2
| = pr (Mg ye) = n_ hkk <1, 23
a7 | T S e O )+ .
where
PN 1) < PNy M) i (s -
The rest of the proof proceeds as in (®), and one constructs a set (7, ... ' Tp)

such that for each v, there is a 7; from this set for which p;(Ag, ps) < g < 1.
Repeating such a cycle with p parameters ~ |Ine| times, we find a solution with
accuracy ¢, i.e. eV < egfe™)|.
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The estimate of the number of arithmetic operations is obtained in the same

way as in (3,%), since in the iterations only systems with pentadiagonal matrices

are solved.

Remark 1. For the equation where b = 0, one can also construct an analogue
of method (2) and obtain for it the same convergence estimate.

Remark 2. The results are transferred in an obvious way to certain equations
of higher orders, namely those for which Lemma 1 holds.

Remark 3. Extensions to the case of a parallelepiped are also possible, if one
considers an analogue of schemes ().

Moscow State University
named after M. V. Lomonosov

Received
29 XII 1960

REFERENCES

1. O. A. Ladyzhenskaya, Mized problem for the hyperbolic equation, Moscow
—Leningrad, 1953.

2. D. W. Peaceman, H. H. Rachford, J. Soc. Ind. Appl. Math., 3, 28 (1955).
3. J. Douglas, H. H. Rachford, Trans. Am. Math. Soc., 82, 421 (1956).

4. G. Birkhoff, R. S. Varga, Trans. Am. Math. Soc., 92, 13 (1959).

5. S. D. Conte, Pasif. J. Math., 7, No. 4, 1535 (1957).

6. J. Heller, J. Soc. Ind. Appl. Math., 8, 156 (1960).

7. V. K. Saul’ ev, Computational Mathematics, No. 1 (1957).
Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196101.84445 Machine Translation


https://sovietrxiv.org/items/ru-196101.84445

	Abstract
	Full Text
	THE METHOD OF ALTERNATING DIRECTIONS FOR SOLVING SYSTEMS OF FINITE-DIFFERENCE EQUATIONS
	REFERENCES


