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In the theory of combustion (1), the Cauchy problem is considered for the equa-
tion

Ou/ot — 0%u/0z* = F(u) (1)
with the initial condition

u|t:0 = uy(x). (2)

In the present work we investigate the behavior of the solution of problem (1)—
(2) as t — oo, under certain natural assumptions concerning F(u) and ug(x).

Theorem 1 is a generalization of the main theorem of (?). Theorems 2-4 gener-
alize and refine the results of (3). In Theorems 5-7 the case of a finite, i.e. equal
to zero outside a finite interval, function wu,(x) is considered. Related questions
are also the subject of works (*~7). Below, throughout, sufficient smoothness of
F(u) is assumed.

Theorem 1. Let u(x,t) be the solution of problem (1)—(2), where

F0)=F(1)=0; Fu)<0for0<u<a<l,
F'(u)y<O0for0<u<ag<a; F(u)>0fora<u<l; (3)
1
F'(1) < 0; /F(u)du>0;
0

the function uy(x) does not decrease and, for some z; < o,

ug(x) =0 for x < xy; ug(x) =1 for > x,. (4)
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Let @(x + mt + C) be a stationary solution of equation (1). Then, for some
C=C°

|u(z,t) — @(z +mt + C%)| — 0

as t — oo, uniformly in x varying over the entire number axis.

Proof. We pass to the coordinates ' = x +mt, t' = ¢, denoting them again by
x and t. Equation (1) takes the form

Ou /0t — 0%*u/0x* + mdu/dx = F(u). (1)
In the half-plane ¢ > 0, represent the solution u(z,t) of problem (1’)—(2) in the
form w(z,t) = 4(x + C(z,t)). Since @' (z + C) > 0, t(—o0) = 0, t(+o0) =1

(12), and for t > 0, 0 < u(x,t) < 1 (7), such a representation is possible. For
C(z,t) we obtain the equation

aC /ot — 8*C /0x* + b(z,t) OC |0z = 0; (5)

b 1) = m—pf(ulas ) [ 1 52 fpla] ()
where, by definition,
p(u(z,1)) = plie + Clw,1))] = i (@ + C(a, ).
It can be shown that

p(0)=p(1)=0; p'(0)>0; p'(1)<0; plu)>0 forO<u<l1l. (7)

Now it remains to prove that as ¢ — oo there exists lim C(x, t) = const # oc.

Let u(z,t) be the solution of problem (1’)—(2), where uy(z) = 0 for z < 0;
ug(x) =1 for £ > 0. From the maximum principle it follows that

u(r — x4, 1) <ulz,t) < ulx—xz,t). (8)

Without loss of generality one may additionally assume that

0 < ug(zy +0) <wuy(zy —0) < 1. 9)
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Taking into account (8), the convergence, uniform in all z, of u(z,t) to a certain
stationary solution (2), and (9), by means of Bernstein-type estimates (8,9) and
barrier functions one can prove that in the half-plane ¢ > ¢, > 0

Clz,t) = Oy (z,t) — Cy(x, t). (10)

Here Cy, C, satisfy equation (5), do not decrease with respect to x, have, to-
gether with their derivatives, power-order growth in x; Cy is bounded in the
half-plane t > t,; C} is bounded in any half-strip |z| < N, t > t,, and one can
indicate such an z that for x > x,, t > ¢,

|Ci|<e*+ K, 0<e<m, K =const. (11)

Since uy(x) does not decrease, du/dx > 0. Then, also taking into account (6),
(7), (8), we may assert that

b(z,t) >m for x> x4, t >t (12)

and that b(x,t) is bounded in any half-strip |z| < N, t > ;. Therefore one can
construct a continuous function b(x) such that b(z) < b(x,t) in the half-plane

t > ty, b(x) >m for x > x.

Multiplying equation (5) for C; by

f(x) = exp (— /Oxbd§>

and integrating with respect to = from x to +oo, while taking into account the
properties of b and C;, we obtain for ¢t > ¢,

d [ aC; o oC;
i) cens@e=—swg- [

(b—b)dE <0, i=1,2.
(13)

Inequalities (13) and (11) ensure the weak convergence of C(z,t) = C; — C, as
t — oo. Taking also into account Bernstein-type estimates, we then obtain that
C(z,t), as t = oo, converges uniformly on every finite interval of variation of x
to a certain limiting function C°(z), satisfying the equation —C” + b(z)C” = 0,
where b(z) > m for x > x,. Since, by virtue of (8), C°(z) is moreover bounded,
it follows that C°(z) = const.

We shall call ug(x) a perturbed stationary solution if uy(z) = t(xz + Cy(z)),
where Cjj(z) is a function of bounded variation on the entire number axis.

Theorem 2. Let F(u) satisfy conditions (3) or the conditions (cf. (7))
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F(0)=F(1)=0; F'(0)>0; F'(1)<0; (14)

F'(u) < F'(0), F(u)>0 for0<u<l,

ug(x) = @(x + Cy(x)) is a perturbed stationary solution, additionally satisfying
one of the conditions: a) uy(x) is nondecreasing; b) |[ug(z) — @(x)]/@ (z)| < e,
where ¢ is sufficiently small.

Then the assertion of Theorem 1 is valid.

The proof is analogous to that given above. Here, in the expansion (10) for
t =0, C;,C, are nondecreasing and bounded. Instead of (8) the inequalities
used are

iz +C") <wu(z,t) < ulx+C"), C’,C” = const. (8"

Condition a) or b) ensures the validity of inequality (12) for ¢ > t, > 0. Thus,
in the presence of condition b), with the aid of estimates of Bernstein type one
can show that

b(x,t) =m—p'(u)(2+ O(e)) fort >ty > 0. (15)

From (15), taking into account (8) and (7), for sufficiently small ¢ we obtain
inequality (12).

It is of interest to note that if F'(u) satisfies conditions (3), and F'(u) = 0 for
0 < u < a, then one can construct a function uy(z), monotone, equal to unity
for > 0, tending to zero as x — —o0, such that the solution of problem (1)—
(2) does not tend, as t — oo, to any stationary solution.

Theorem 3. Let F(u) satisfy conditions (3); let uy(x) = @(z) + vy(x) satisfy
the conditions of Theorem 2; vy(x) > 0 (< 0); and vy(x) > 0 (< 0) on some
interval.

Then the solution of problem (1)—(2) tends as t — co to the “shifted” stationary
solution @(z + C?), where C° > 0 (< 0).

The theorem follows from the strong maximum principle (10) and the following
considerations. If F'(u) satisfies conditions (3), then

P(0) =m/2+ V/m2/A—F(0), p'(1)=m/2—/m2/a—F(1).

From these equalities, as well as from (15) and (8"), it follows that, under
condition b) of Theorem 2, for some v > 0, x, > 0, and sufficiently small ¢ in
(15), b(z,t) < —y for x < —zy, t > t, > 0; and b(x,t) > v for x > ¢, t > .
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Theorem 4. Let F(u) satisfy conditions (14); let u(z,t), v(z,t) be solutions of
the Cauchy problem for equation (1) with initial functions uy(x), vy(x), respec-
tively. Let 0 < ug, vy < 1, ug — vy = Olexp(3mz — elz|*)] as  — —oo, where
€>0,1/2 < a<1,and, for some C’,C” = const,

Wz +C") <ug < u(z+C"), Wz +C") <vy <ulx+C").
Then |u(z,t) — v(z,t)| — 0 as t — oo, uniformly in z varying over the entire
number axis.

The theorem is proved with the aid of the maximum principle and the Poisson
formula for the solution of the Cauchy problem for the heat equation.

In Theorems 5—7, the convergence of the solution u(x,t) of problem (1)—(2)
as t — oo to its limit is understood in the sense of convergence uniform with
respect to x varying over any finite interval.

Lemma. Let

F(0)=F(1) =0; F(u) >0 for 0 <u<1;

ug(x) = 0 for |x| > ; ug(z) =1 for |z] < L. (16)

Then, as t — oo, u(z,t) = ¢, where 0 < ¢y <1, F(cy) =0.

In the proof of the lemma one uses the fact that the set of points in the x,t-
plane at which Au = u(z,t+ At) —u(z,t) < 0 for At > 0 is a simply connected
domain adjoining the interval |z| < of the z-axis (cf. (7), Theorem 11).

Theorem 5. Let F(u) satisfy conditions (3); Fi(u) = 0 for 0 < u < «; the
numbers &, y, are such that o < & <y, < 1, and for & < u < y,

F(u) > k(u—a&), where k= F(yy)/(yo— Q).

Let uy(z) be of the form (16), where

1> 7/2VEk+ a/VE(y, — &).

Then u(z,t) — 1 as t — oo.

The theorem is proved with the aid of a lemma and by estimating the solution
of problem (1)—(2) from below by a certain self-similar solution of the equation

Oufdt — 0%u)0x? = N2 T, (u)/(t + \2).

Here F)(u) =0 for 0 < u < &; Fy(u) = k(u— &) for & < u < y,.
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Theorem 6. Let F'(u) >0 for 0 <u < 1; F(1) =0; F’'(0) + F(0) > 0; and let
uy(x) > 0 on some interval.

Then u(z,t) — 0 as t — oo.
The theorem is proved with the aid of the maximum principle and a lemma.

Theorem 7. Let F(u) satisfy conditions (3), and let uy(z) be of the form (16),
where

l</7/2q, q=sup[F/u], 0<u<l.
Then u(z,t) — 0 as t — oo.

Indeed, from the maximum principle it follows that

0 <wu(z,t) <u(x,t)expqt <u(0,t)exp qgt.

Here u is the solution of the Cauchy problem for the heat equation, which
becomes u = uy at ¢ = 0. The required estimate for [ is obtained from the
requirement that, for some ¢ = ¢, > 0,

u(0,t) exp gt < .

Since u = « is a solution of equation (1), by the maximum principle u(z,t) < a
for t > t,, and therefore F'(u) < 0 for ¢t > t,. From this it is not difficult to
obtain the assertion of the theorem.

Let us note additionally that if F'(u) satisfies conditions (3), then it can be
majorized by a function F}(u), where F)(u) =0 for 0 < u < ay < «; Fy(u) =
k(u—a)'*", n>1,k>0, for oy <u<1.

The equation

Ou/ot — 0%u/dz? = Fy(u)

has self-similar solutions of the form

a; + V )\zy(x/\/)\2+t>/7\b/)\2+t.
Then, for any finite u(z) < oy +y(x/A), the solution of problem (1)—(2) tends
to zero as t — oo.
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