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Abstract
Full Text

MATHEMATICS
I. I. Bavrin

ON THE COEFFICIENTS OF A CLASS OF
ANALYTIC FUNCTIONS OF TWO COMPLEX
VARIABLES
(Presented by Academician M. A. Lavrent’ev on 26 X 1960)

Let 𝐷 ∋ (0, 0) be a bounded complete bicircular domain whose boundary is
twice continuously differentiable and analytically convex. As A. A. Temlyakov
proved (1), the boundary of this domain is parametrically given in the form
|𝑤| = 𝑟1(𝜏), |𝑧| = 𝑟2(𝜏), 0 ≤ 𝜏 ≤ 1, where 𝑟1(0) = 0, 𝑟1(1) < ∞, 𝑟′

1(𝜏) > 0 in
(0, 1],

𝑟2(𝜏) = exp [− ∫
𝜏

∞

𝜏
1 − 𝜏 𝑑 ln 𝑟1(𝜏)] (𝑟2(1) = 0(1)).

𝐶𝐸 (𝐶𝐷) is the class of functions

𝐹(𝑤, 𝑧) =
∞

∑
𝑚,𝑛=0

𝑎𝑚𝑛𝑤𝑚𝑧𝑛 (𝑎00 = 0),

regular in the bicylinder 𝐸{|𝑤| < 𝑅1, |𝑧| < 𝑅2} (in the domain 𝐷) and satisfy-
ing, for any (𝑤1, 𝑧1) and (𝑤2, 𝑧2) from 𝐸 (𝐷), the condition 𝐹(𝑤1, 𝑧1)𝐹(𝑤2, 𝑧2) ≠
1.
Let the function

𝐹(𝑤, 𝑧) =
∞

∑
𝑚,𝑛=0

𝑎𝑚𝑛𝑤𝑚𝑧𝑛

satisfy the following conditions: a) it is regular in 𝐸; b) for 0 < 𝜌 < 1 the
integral

∫
2𝜋

0
|𝜓(𝜌𝑒𝑖𝜑, 𝑡0)| 𝑑𝜑

is bounded, where
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𝜓(𝜌𝑒𝑖𝜑, 𝑡0) = 𝐹(𝑅1, 𝜌𝑒𝑖𝜑, 𝑅2𝜌𝑒𝑖(𝜑−𝑡0))

and 𝑡0 is any fixed value from [0, 2𝜋]. We shall denote this class of functions by
𝑞. According to condition a), the function 𝐹(𝜌𝑤, 𝜌𝑧) (0 < 𝜌 < 1) is regular in
the closed bicylinder 𝐸, and, consequently, by virtue of the integral formula of
A. A. Temlyakov (2),

𝑎𝑚𝑛𝜌𝑚+𝑛 = (4𝜋2𝑅𝑚
1 𝑅𝑛

2 )−1 ∫
2𝜋

0
𝑑𝑡 ∫

2𝜋

0
𝜓(𝜌𝑒𝑖𝜑, 𝑡) 𝑒−𝑖[(𝑚+𝑛)𝜑−𝑛𝑡] 𝑑𝜑. (1)

From condition b) it follows that the modulus of the integral

∫
2𝜋

0
𝜓(𝜌𝑒𝑖𝜑, 𝑡)𝑒−𝑖[(𝑚+𝑛)𝜑−𝑛𝑡] 𝑑𝜑,

where 0 ≤ 𝑡 ≤ 2𝜋, is bounded for 0 < 𝜌 < 1. From conditions a) and b) it
follows that the function 𝜓(𝜁, 𝑡0) ∈ 𝐻1 and therefore has, almost everywhere on
the circle |𝜁| = 1, definite boundary values along nontangential paths, forming
the boundary function 𝜓(𝑒𝑖𝜑, 𝑡0), and

𝜓(𝜁, 𝑡0) = (2𝜋𝑖)−1 ∫
2𝜋

0
𝜓(𝑒𝑖𝜑, 𝑡0)(𝑒𝑖𝜑 − 𝜁)−1 𝑑𝑒𝑖𝜑,

where the integral is understood in the Lebesgue sense. Hence

[(𝑚 + 𝑛)!]−1𝜓(𝑚+𝑛)(0, 𝑡0) = (2𝜋)−1 ∫
2𝜋

0
𝜓(𝑒𝑖𝜑, 𝑡0)𝑒−𝑖(𝑚+𝑛)𝜑 𝑑𝜑. (2)

On the other hand, the function 𝜓(𝜌𝜉, 𝑡0) is regular in |𝜉| ⩽ 1, and therefore, by
Cauchy’s formula,

[(𝑚 + 𝑛)!]−1𝜌𝑚+𝑛𝜓(𝑚+𝑛)(0, 𝑡0) = (2𝜋)−1 ∫
2𝜋

0
𝜓(𝜌𝑒𝑖𝜑, 𝑡0)𝑒−𝑖(𝑚+𝑛)𝜑 𝑑𝜑. (3)

From the equalities (2), (3) we find that

lim
𝜌→1

∫
2𝜋

0
𝜓(𝜌𝑒𝑖𝜑, 𝑡0)𝑒−𝑖(𝑚+𝑛)𝜑 𝑑𝜑 = ∫

2𝜋

0
𝜓(𝑒𝑖𝜑, 𝑡0)𝑒−𝑖(𝑚+𝑛)𝜑 𝑑𝜑,

and since 𝑡0 is any fixed point of [0, 2𝜋], we have
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lim
𝜌→1

∫
2𝜋

0
𝜓(𝜌𝑒𝑖𝜑, 𝑡)𝑒−𝑖(𝑚+𝑛)𝜑 𝑑𝜑 = ∫

2𝜋

0
𝜓(𝑒𝑖𝜑, 𝑡)𝑒−𝑖(𝑚+𝑛)𝜑 𝑑𝜑.

Passing in (1) to the limit as 𝜌 → 1, we obtain the formulas

𝑎𝑚𝑛 = (4𝜋2𝑅𝑚
1 𝑅𝑛

2 )−1 ∫
2𝜋

0
𝑑𝑡 ∫

2𝜋

0
𝜓(𝑒𝑖𝜑, 𝑡)𝑒−𝑖[(𝑚+𝑛)𝜑−𝑛𝑡] 𝑑𝜑, (4)

where the integrals are understood in the sense of Lebesgue. Thus the following
has been proved:

Theorem 1. For functions 𝐹(𝑤, 𝑧) =
∞

∑
𝑚,𝑛=0

𝑎𝑚𝑛𝑤𝑚𝑧𝑛 ∈ 𝑞, the formulas (4)

hold.

We shall say that a certain property 𝐿 holds for almost all points (𝑡, 𝜑) of the
square 𝑆{0 ⩽ 𝑡 ⩽ 2𝜋, 0 ⩽ 𝜑 ⩽ 2𝜋}, or, briefly, almost everywhere on 𝑆, if
almost all 𝑡 with 0 ⩽ 𝑡 ⩽ 2𝜋 have the property that for them almost all 𝜑 with
0 ⩽ 𝜑 ⩽ 2𝜋 possess the property 𝐿.
Corollary 1. If a function 𝐹(𝑤, 𝑧) ∈ 𝑞 is such that 𝜓(𝑒𝑖𝜑, 𝑡) = 0 almost
everywhere on 𝑆, then 𝐹(𝑤, 𝑧) = 0 in 𝐸.

Lemma. If a function 𝐹(𝑤, 𝑧) ∈ 𝐶𝐸, then

(4𝜋2)−1 ∫
2𝜋

0
𝑑𝑡 ∫

2𝜋

0
|𝜓(𝑒𝑖𝜑, 𝑡)| 𝑑𝜑 ⩽ 1, (5)

where the equality sign occurs only for functions 𝐹(𝑤, 𝑧) ∈ 𝐶𝐸 for which
|𝜓(𝑒𝑖𝜑, 𝑡)| = 1 almost everywhere on 𝑆.
Proof. Since 𝐹(𝑤, 𝑧) ∈ 𝐶𝐸, the function 𝜓(𝜉, 𝑡), for every fixed 𝑡 in [0, 2𝜋], is
regular in the disk |𝜉| < 1 and satisfies, for any 𝜉1 and 𝜉2 from this disk, the
condition 𝜓(𝜉1, 𝑡)𝜓(𝜉2, 𝑡) ≠ 1. Therefore, by the corresponding proposition for
one variable (3),

(2𝜋)−1 ∫
2𝜋

0
|𝜓(𝑒𝑖𝜑, 𝑡)| 𝑑𝜑 ⩽ 1, (6)

whence the estimate (5) follows. In view of (6), equality in (5), as is known, is
obtained only when

(2𝜋)−1 ∫
2𝜋

0
|𝜓(𝑒𝑖𝜑, 𝑡)| 𝑑𝜑 = 1
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for almost all 𝑡 in [0, 2𝜋]. This last equality, for each of the indicated almost all
𝑡, according to the proposition for one variable just mentioned, holds only when
|𝜓(𝑒𝑖𝜑, 𝑡)| = 1 for almost all 𝜑 in [0, 2𝜋]. Thus the equality sign in (5) occurs
only for functions 𝐹(𝑤, 𝑧) ∈ 𝐶𝐸 for which |𝜓(𝑒𝑖𝜑, 𝑡)| = 1 almost everywhere on
𝑆.
Remark 1. It follows from (6) that 𝐶𝐸 ⊂ 𝑞.

Theorem 2. If the function 𝐹(𝑤, 𝑧) =
∞

∑
𝑚,𝑛=0

𝑎𝑚𝑛𝑤𝑚𝑧𝑛 (𝑎00 = 0) belongs to

𝐶𝐸, then for 𝑚 + 𝑛 > 0

|𝑎𝑚𝑛| ≤ 𝑅−𝑚
1 𝑅−𝑛

2
∗; (7)

equality occurs only for the function

𝐹(𝑤, 𝑧) = 𝜀𝑚𝑛
𝑤𝑚𝑧𝑛

𝑅𝑚
1 𝑅𝑛

2
, |𝜀𝑚𝑛| = 1. (8)

Proof. According to formulas (1) and the lemma we have

|𝑎𝑚𝑛| = (4𝜋2𝑅𝑚
1 𝑅𝑛

2 )−1 ∣∫
2𝜋

0
𝑑𝑡 ∫

2𝜋

0
𝜓(𝑒𝑖𝜑, 𝑡)𝑒−𝑖[(𝑚+𝑛)𝜑−𝑛𝑡] 𝑑𝜑∣ ≤

≤ (4𝜋2𝑅𝑚
1 𝑅𝑛

2 )−1 ∫
2𝜋

0
∣∫

2𝜋

0
𝜓(𝑒𝑖𝜑, 𝑡)𝑒−𝑖[(𝑚+𝑛)𝜑−𝑛𝑡] 𝑑𝜑∣ 𝑑𝑡 ≤

≤ (4𝜋2𝑅𝑚
1 𝑅𝑛

2 )−1 ∫
2𝜋

0
𝑑𝑡 ∫

2𝜋

0
|𝜓(𝑒𝑖𝜑, 𝑡)| 𝑑𝜑 ≤ 𝑅−𝑚

1 𝑅−𝑛
2 . (9)

Using the proposition for one complex variable ** and the lemma, we conclude
that the equality signs in (9) occur only in the case when

arg𝜓(𝑒𝑖𝜑, 𝑡)𝑒−𝑖[(𝑚+𝑛)𝜑−𝑛𝑡] ≡ const (mod 2𝜋)

and |𝜓(𝑒𝑖𝜑, 𝑡)| = 1 almost everywhere on 𝑆, which is equivalent to the single
condition

𝑅𝑚
1 𝑅𝑛

2 𝐹(𝑅1𝑒𝑖𝜑, 𝑅2𝑒𝑖(𝜑−𝑡))
(𝑅1𝑒𝑖𝜑)𝑚(𝑅2𝑒𝑖(𝜑−𝑡))𝑛 = const = 𝑒𝑖𝛼 = 𝜀𝑚𝑛

almost everywhere on 𝑆, which, by virtue of Corollary 1, is fulfilled only in the
case of the function (8), for which equality occurs in (7).
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Theorem 3. If the function 𝐹(𝑤, 𝑧) =
∞

∑
𝑚,𝑛=0

𝑎𝑚𝑛𝑤𝑚𝑧𝑛 (𝑎00 = 0) belongs to

𝐶𝐷, then for 𝑚 + 𝑛 > 0 we have the sharp estimates

|𝑎𝑚𝑛| ≤ 𝑟−𝑚
1 ( 𝑚

𝑚 + 𝑛) 𝑟−𝑛
2 ( 𝑚

𝑚 + 𝑛) (10)

(taking 00 = 1); equality for 𝑚 > 0, 𝑛 > 0 occurs only for the function

𝐹(𝑤, 𝑧) = 𝜀𝑚𝑛
𝑤𝑚𝑧𝑛

𝑟𝑚
1 ( 𝑚

𝑚 + 𝑛) 𝑟𝑛
2 ( 𝑚

𝑚 + 𝑛)
, |𝜀𝑚𝑛| = 1. (11)

* Hence, in particular, for one variable we obtain the known estimate (3).

** The equality sign in

∣∫
2𝜋

0
𝑓(𝑒𝑖𝜑) 𝑑𝜑∣ ≤ ∫

2𝜋

0
|𝑓(𝑒𝑖𝜑)| 𝑑𝜑,

where 𝑓(𝑒𝑖𝜑) and |𝑓(𝑒𝑖𝜑)| are summable on [0, 2𝜋], is attained if and only if

arg 𝑓(𝑒𝑖𝜑) ≡ const (mod 2𝜋)

for almost all 𝜑, 0 ≤ 𝜑 ≤ 2𝜋. Indeed, let

𝜃 = arg∫
2𝜋

0
𝑓(𝑒𝑖𝜑) 𝑑𝜑.

Then

∣∫
2𝜋

0
𝑓(𝑒𝑖𝜑) 𝑑𝜑∣ = 𝑒−𝑖𝜃 ∫

2𝜋

0
𝑓(𝑒𝑖𝜑) 𝑑𝜑 = ∫

2𝜋

0
|𝑓(𝑒𝑖𝜑)| cos[arg 𝑓(𝑒𝑖𝜑)−𝜃] 𝑑𝜑 ≤ ∫

2𝜋

0
|𝑓(𝑒𝑖𝜑)| 𝑑𝜑,

from which the assertion easily follows.

Proof. Since the hypersurface |𝑤| = 𝑟1(𝜏), |𝑧| = 𝑟2(𝜏) is composed of the
surfaces |𝑤| = 𝑟1(𝜏), |𝑧| = 𝑟2(𝜏) under continuous variation of the parameter
𝜏 in the segment [0, 1], and since the point (0, 0) is an interior point of the
bicylinder |𝑤| < 𝑟1(𝜏), |𝑧| < 𝑟2(𝜏) for every 𝜏, 0 < 𝜏 < 1, it follows, on the
basis of Theorem 2, that
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|𝑎𝑚𝑛| ≤ 𝑟−𝑚
1 (𝜏)𝑟−𝑛

2 (𝜏), 𝑚 > 0, 𝑛 > 0,

where 𝜏 is an arbitrary number from (0, 1). Using functions of one complex
variable

𝐹(0, 𝑧) =
∞

∑
𝑛=0

𝑎0𝑛𝑧𝑛, 𝐹 (𝑤, 0) =
∞

∑
𝑚=0

𝑎𝑚0𝑤𝑚,

we have

|𝑎0𝑛| ≤ 𝑟−𝑛
2 (0), 𝑛 > 0; |𝑎𝑚0| ≤ 𝑟−𝑚

1 (1), 𝑚 > 0.

It is not difficult to see that

max
0≤𝜏≤1

𝑟𝑚
1 (𝜏)𝑟𝑛

2 (𝜏) =

⎧{{
⎨{{⎩

𝑟𝑚
1 ( 𝑚

𝑚 + 𝑛) 𝑟𝑛
2 ( 𝑚

𝑚 + 𝑛) , 𝑚 > 0, 𝑛 > 0;

𝑟𝑚
1 (1), 𝑚 > 0, 𝑛 = 0;

𝑟𝑛
2 (0), 𝑚 = 0, 𝑛 > 0;

therefore we obtain the estimate (10). Further, in the case of the bicylinder

{|𝑤| < 𝑟1( 𝑚0
𝑚0 + 𝑛0

) , |𝑧| < 𝑟2( 𝑚0
𝑚0 + 𝑛0

)}

(𝑚0, 𝑛0 are any fixed values among 𝑚 = 1, 2, … ; 𝑛 = 1, 2, …), where the function
𝐹(𝑤, 𝑧) satisfies all the conditions of Theorem 2, the equality sign in the estimate

|𝑎𝑚0𝑛0
| ≤ 𝑟−𝑚0

1 ( 𝑚0
𝑚0 + 𝑛0

) 𝑟−𝑛0
2 ( 𝑚0

𝑚0 + 𝑛0
) ,

by virtue of Theorem 2, occurs only for the function

𝐹(𝑤, 𝑧) = 𝜀𝑚0𝑛0

𝑤𝑚0𝑧𝑛0

𝑟𝑚0
1 ( 𝑚0

𝑚0 + 𝑛0
) 𝑟𝑛0

2 ( 𝑚0
𝑚0 + 𝑛0

)
, |𝜀𝑚0𝑛0

| = 1,

and since 𝑚0, 𝑛0 are any fixed values among 𝑚 = 1, 2, … ; 𝑛 = 1, 2, …, equality
in the estimate (10) for 𝑚 > 0, 𝑛 > 0 occurs only for the function (11).

Remark 2. In the case of 𝑛 complex variables all the arguments are carried
out in an entirely analogous way (for a polycylinder—as for a bicylinder, and for
special classes of domains (4,5)—as for the domain 𝐷).
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