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(Presented by Academician V. I. Smirnov on 5 V 1961)

In the present article, by means of the method of separating out the nonanalytic
part (1'2), the properties of a nonstationary wave field are investigated in the
region of geometrical shadow*, arising in an inhomogeneous half-space.

1. Let, in the cylindrical coordinate system 7, ¢, z, the half-space z > 0 be
given, with a variable velocity n~!(z) of wave propagation, regular and
monotone for z > 0. We shall assume that the wave field u(r,z,t) is
generated by the action, at r = z = 0, of a point source whose intensity
dependence on time ¢ is determined by the Heaviside unit function &(t),
and is the solution of the problem**

1
Upp + ;ur tu,, — ng('z)utt =0,

“|t:0 = ut|t:0 =0, “|z:0 =7r715(r)e(t). (1)

The exact solution of problem (1) has the form

1= G(z,k,s) ekst
U(T,Z,t) = 4772\[ JO(kT> dkKG(O,k’S) s ds. (2)

In equality (2), Jy(z) is the Bessel function; A is the Mellin contour; G(z, k, s)
is the solution of the equation

2V
_ 1 2p2 =
17 E*[1+ s*n?(z)] V =0,

which, in the region Re(ks) > 0, |s —in~'(2)| > |k|~?/3, has the asymptotic
representation

G(z,k,s) = (3)
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[1+ s2n2(2)] Y4 exp [—k/ \/mdz} [1 +0 (i)] .

ks

2. If n’(z) > 0 for all z > 0, then in the half-space there arises an infinite
zone of geometrical shadow

—~

ng = n(0), (4)

# dz
5ET‘—TL/7>O,
o n2(z) —n?

* In the illuminated part of the inhomogeneous half-space, the nonstationary
wave field for a particular law of variation of the velocity was studied in (*). In
the more general case the field may be investigated by the ray method (%), or
by applying the asymptotics and the method of passing to formula (2) of the
present work.

** (Cases in which the source is located inside the half-space, or in which the
boundary condition has the form u_|,_, = r~1§(r)e(t), may be considered anal-
ogously.

according to which, in accordance with the equation

AN S N Ul ) N
= ] e 7

the sliding front (2) propagates. If, however, the function n(z) increases only
on the interval 0 < z < zy, and for z > z; decreases or oscillates, then several
sliding fronts are formed in the half-space, and caustics of the sliding front also
arise.

3. For n(z) regular and monotonically increasing for z > 0, the function
G(z,k, s) has the following properties:

I. G(z,k,s) is a regular function of s outside the cut between the points s =
+in~1(z) for fixed k and z > 0, and a regular function of k outside the cut for
k <0, if s and z > 0 are fixed.

II. The ratio G(z,k,s)G1(0,k,s) is real for k,s > 0; z > 0.
III. In the domain |s —in~1(z)| < Alk|=%3 for |k| > 1, the Langer-Fock

asymptotic formula (59) is valid
Gz, k,s) = e im/6 ip [w(pe‘l”/?’) + O(k’2/3)]
T k2m2[1 + s2n2(z2)] ’

where
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2/3
k z
p= l?; / V 1+ s2n2(z) dz} , n(zy) = is™ 1,
20

and w(t) is the Airy function.

IV. For the roots s,,(k), m = 1,2, ..., of the equation G(0, k, s) = 0, for k > 1
and n’(0) = n{ > 0, the asymptotic formula is valid

_ iy
) = i+ g™ (g5, exp( ) + O,

m=12 ..k,

in which x,, is a root of the function w(2'/3ze*™/3). The roots s,, (k) are simple,
at least for sufficiently large values of |k|. s,,(k) is a regular function of k for
large |k|.

V. If s; and s, are distinct roots of the equation G(z, k, s) = 0, then the orthog-
onality relation holds

/ n?(2)G(z, k,$1)G (2, k, 85) dz =0 (Rek > 0).

VI. For real z, 6 > 0 and z > 0, the function G(z,—iz,id) is real.

4. Let us transform u(r, z,t) in a neighborhood of the sliding front v = 0.
Changing the lower limit k¥ = 0 to k = k; > 1 affects only the part of
the function wu(r,z,¢) that is regular at v+ = 0. Using property II, we
replace the inner integral over s by the real part of the integral continued
over a contour belonging to the upper half-plane, and then compute it
by residues at the roots s,,(k). We interchange the sum over residues
with the integral over k£ and use the possibility of changing the lower limit
of integration. Using properties I, IV, V, VI and rotating, for v < 0,
the contour of integration in the k-plane through an angle (—7/2), one
can show that the isolated analytic part of the field in a neighborhood of
the sliding front is identically zero. This makes it possible, after simple
transforma-

-we arrive at the final formula

imw/3

ulr,z,t) = ?Zn; [ HE e O i€ o) ¢
3 17! 2
<[] e e )
5 §=10,, Tm
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valid in a finite region enclosing the surface v = 0. In (6), o,, is the m-th root
of the equation G(0,i&3,io) = 0, real, according to V and VI, for real &; H(<]2>(z)
is the Hankel function.

5. From the basic formula (6), simple asymptotic expressions may be ob-
tained for the field in the neighborhood of the sliding front.

Let n{, # 0. Using the properties (3), III and IV, and applying the saddle-point
method, we arrive at the asymptotic equality

s\ 5/6 /41, /(91/3, in/3)|-1
[ (1 (67) 7w (27 X))
ulr, 2,t) = O<0) 5/4 4f 21 r ~
T \Tg (x16)%/ n?*(z) —ng

3/2
o |30 | 14 0( A0 )

If v — 0, the influence of the subsequent terms of the series in (6) (for m =
2,3, ...) is not significant in comparison with the corrections to the principal term
(m =1). Formula (7) becomes inapplicable when approaching the limiting ray
(6 — 0) and the boundary of the half-space (z — 0). In the region z <« 7,
adjacent to the boundary of the half-space, one can obtain a formula analogous
to (7).

In the more general case, when the quantity n{, may be equal to zero, in carrying
out the saddle-point method one should use, for the functions G(z,k, s), the
asymptotic formulas (7). Suppose that n(z) in the neighborhood of z = 0
behaves as

ng + az® (a;a > 0).

In this case the behavior of the field in the neighborhood of the sliding front is
determined by the factor

exp [—Ao(’)’ + 5)25707*%”] , Ay > 0. (8)

For a = 1, (8) agrees with (7). For o > 2 the singularity of the field character-
istic of the sliding front (continuity of the field together with all derivatives in
passing through the sliding front) disappears, and a singularity inherent in or-
dinary fronts appears. This agrees with formulas (4), (5), from which it follows
that for a > 2 the region of geometrical shadow disappears. For 0 < a < 2,
expression (8) characterizes the change of the singularity on the sliding front
with the change of the index of refraction.
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