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Abstract

Full Text
MATHEMATICS
D. L. BERMAN

EXTREMAL PROBLEMS IN THE THEORY
OF POLYNOMIAL OPERATORS

(Presented by Academician A. N. Kolmogorov, 21 I 1961)

1. The present note is devoted to extremal problems in the theory of polyno-
mial operators for the space C of 2m-periodic continuous functions with
norm | f|| = maxy, o, |f(x)|. In what follows k is an integer, k > 0; n and

m are natural numbers; f*)(z) is the k-th derivative of f(z); polynomials
are everywhere understood to be trigonometric.

2. Theorem 1. Let lek) be the set of all linear operators U, (f,x) from c
into C' having the property

Up(f.z) = fH (@), (1)
if f(x) is a polynomial of order < n. Put Pt = inf, _qw [U,ll. The equalities

p;m =nF k=0,1,2,... are valid. For any k one can indicate such an operation
U, € QP that |U,| = piF.

Proof. For definiteness let us consider the case of even k. According to property
(1) of the operators U,,(f,x),

U, (cosnf) = £n* cosnb.

Therefore ||U,, | > n*. Hence pglk) > n*. Now consider the operator

Un(foa) = D flata, +a, e tay )ry oy,

J1sd20k
1<j,<2n; s=1,2, ..k (2)
where
1 27.—1
T = (—1)35_1f; T = Js .
s 2n sin ij/Z : 2n
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With the aid of the well-known identity of Riesse (1) it is easy to verify that the
operator (2) belongs to QP Since )

=n, s=1,2,...k,

2n
> I
s

Js=1

the norm of the operator (2) is equal to n*. Therefore, for & > 1, the operator
(2) is extremal. If k = 0, then the identity operator is extremal.

Along with the set of operators ng) , introduce the set lek)n of linear operators

Uy,.n(f, ) from C into C having the properties: 1) for any f € C, Upn(f,)
is a polynomial of order < n; 2) if f(x) is a polynomial of order < n, then
Upu(fsa) = [P (2).

Put

pn,n - lnf(k)n ”Un,n”

ealr

n,n

Since Qg{f)n C QE{”, it follows that pgﬂn > p;’“). A natural question arises about

the asymptotic estimate of the ratio p%mn / pgf ) as n — oo. The solution of this
question is given by Theorem 2.

Theorem 2. Let k be a fixed integer satisfying k > 0. Then the equality

(k)

n,n 4
lim P :—1Inn| =1.
n—00 szk) w2

Let us now consider the set Q(n(b% +m of linear operators U,, ,,,,(f,z) from C to

(’ZV', possessing the following properties: 1) for every f € 5’, Upnim(f>7) s a
polynomial of order < (n+m); 2) if T is a polynomial of order not higher than
n, then

Upim(T2) =0 (T,x), o ®(fz) = /% fle+t)@(t)dt,  (3)
0

where ®(t) is a given polynomial of order < (n + m).

If, as the polynomial ®(t), one takes the Vallée-Poussin kernel V,, . (t),

1 1 1 t
Vn,m(t) = msin (TL + %) tsin %t : Sin2 57

then equality (3) takes the form
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U,

n,n+m(T7 .’IJ) = T(l‘) (4)
for every polynomial T'(z) of order not higher than n. The most important op-
eration of the form U,, ,,,,(f,z) with property (4) is the Vallée-Poussin partial
sum

n+m
1

an(f) = ——= 3" Si(f),

m+1 P

where S, (f) is the partial sum of order k of the Fourier series of the function
f(z). Among operations of the form U, .. (f,*) with property (4) are also
the well-known interpolation processes of S. N. Bernstein (2).

Theorem 3. Let @)
pn,ner = inf@) HUn,nerH
U, e,

n,nt+m S n ntm

Then the equality holds

p'(nq,)'r)wrm = lnf ]<I>(a17 0427 [ Ot,m7 61) 623 aﬁm)7
g, B
where
I<I><a1a Aoy ey Qs 617 527 a6m> =
27 m
= / S, (®,t) + Z(aj cos(n + j) + B;sin(n + j)t)| dt. (5)
0 =1
If the integral (5) attains its minimum for a; = ag-O), B; = B;O), i=12,....,m,
then the extremal operation is computed by the formula
. 27 m
Upnim(frz) = / Flz+t) [sn@, )+ > (o cos(n + j)t + B sin(n + j)t)] dt.
0 j=1
(6)
That is,
= ®
HUn,n+m|| = p’EL,’I?Lﬁ’m'

We outline the proof of this theorem. In (3) it is proved that for every U,, .., €
Q(‘b)

n,n+m
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2T

1
oo | Unmimlf(z + 1), 2 — t]dt = 0!®)(S,,(f), 2)+
27 Jy '
1 n+m
+§ k:zn;rl(Ak cos kx + By, sin kx), (7

where A, = 0;b, + v,a,; By = 0,0, — Vipay; @, and b, are the Fourier co-

efficients of f(z); 6, and +, are numbers depending only on U, ,.,,. Since
a®(S, (f),z) =S, (c®)(f),z), equality (7) takes the form
1 2T
% A Un,n+m[f<z+t)7x_t] dt =
1 n+m
=8, (f),z)+ = Z (A, coskx + By sinkx).
2 k=n+1
From this it is easy to derive that
||Un,n+mH 2 inf I<I>(a17 vy Qs Bh 7ﬂm)
g, B
Thus,
(®) > inf I 8
pn,n+m Z 1 <I>(a17"’7am7517"'75m>' ( )
oy, B
If the integral (5) attains its minimum for a; = 045-0), B; = B;O), i=1,2,...,m,
then for the operation Ummrm(f, x), defined by (6), we have
[Tl = Lo(@r” i B ). (9)

From (8) and (9) theorem 3 follows.

Theorem 4. Let Qflkfmrm be the set of operators U, ,, ., (f,x) from Cto C
possessing the properties: 1) for every f € CA'/, Uynem(f, ) is a polynomial of
order < (n +m); 2) if f(x) is a polynomial of order < n, then U,, ,,,,,(f,z) =
f*)(x). Put

® = inf U

pn,n+m ) n,n-&-m”'
Un,n+m,€Qn,n+m

Then
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k .
p’E’L,?I’Ler: ll’lf I(a17a27"'7ak7617627'“75k)7
a, B

where*

I'=1I(oy, 9,0, By, Bays e Br) =

D (t) + i(aj cos(n + j)t + B;sin(n + j)t)| dt. (10)

Jj=1

2m
/0

If the integral (10) attains its least value for a; = a§1), B; = B;.D, i=1,2..,m,
then the extremal operation is

1
us

U = Un,ner(fvm) =

=1/2ﬂf(w+t)

T Jo

D)+ (ol cos(n + )t + B sin(n + j)t) | dt.

=1

This theorem follows directly from theorem 3, if one observes that the set of
(k)

n.n+m 1S a special case of the set of operators ') when ®(t) =

operators €2 nondm

1 (k)
—Dy7(t).
()

Of particular interest are the special cases of theorem 4 when k£ = 0 and k£ = 1.

Let us first consider the case k = 0. Since D, (t) is an even function, pi?}n L IS

computed by the formula

0 2, "
p'(rL,>n+m = ; lgf A

* D,,(t) is the Dirichlet kernel.

dt. (11)

D,(t)+ > ajcos(n+ j)t
J=1

If the integral on the right-hand side of (11) attains its minimum for a; =
&j, 7 =1,2,...,m, then the extremal operation is found from the formula

U= %/ flz+1) an(t) + iaj cos(n + j)t
0 =1

Jj=

dt. (12)
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Thus, among all linear operations from C into 5’: taking functions from c
into polynomials of order (n 4+ m) and preserving polynomials of order n, the
operation (12) has the least norm.

As is known, the numbers &; can be found from the equalities

us m
/ sign {Dn(t) + Z a;cos(n + j)t| cos(n +1i)tdt =0, 1=1,2,...,m.
0

=1

From this, by direct verification, we see that, when n is a multiple of (m + 1),
the extremal operation coincides with the Vallée-Poussin partial sum aglv,;l( 13
(for this, see also (4)). Incidentally, this result follows directly from inequality
(14) of note (3), if one takes into account the simple observation that, when n
is a multiple of (m + 1), the expansion of the function signV,, ., (¢) in a Fourier
series contains no terms with cosjt, where n +1 < 7 < n + m. Let us now
consider the case when k =1 and m = n — 1. With the help of Theorem 4 we
obtain the theorem:

Theorem 5. Among all linear operators U, 5, 1(f, ) from C into C, taking

functions from C into polynomials of order (2n— 1) and possessing the property
that for every polynomial of order < n the equality U,, 5, ;(f,7) = f’(x) holds,
the operator

27 . 2
0

has the least norm. Thus:

1 = .
Pt = U ans | = 20F,_(|sinnt|,0),

where F,_(f,x) is the Fejér mean of order (n —1).

As is known (°), the operator (13) was used by A. Zygmund to prove S. N.
Bernstein’ s inequality for the modulus of the derivative of a trigonometric poly-
nomial. As for the extremal property of this operator, expressed by Theorem 5,
it apparently has not been noted until now. In the proof of the above-mentioned
S. N. Bernstein inequality by means of the operator (13), the constant obtained
was twice its exact value. From Theorem 5, in particular, it follows that among
the operators Q;lﬁgnfl there is no such operator by means of which one can prove
S. N. Bernstein’ s inequality with the exact constant.

Remark. The question of extremality of the Vallée-Poussin partial sums is
resolved by the following theorem:

sovietrxiv.org/items/ru-196101.78285 Machine Translation


https://sovietrxiv.org/items/ru-196101.78285

For the Vallée-Poussin partial sum 0,(1‘,/711 (1) to have the least norm in the class of

operators Qig >n +m, it is necessary and sufficient that 2n be a multiple of (m +1).
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