
Soviet-era science, translated into English

MATHEMATICS
A. A. GOL’DBERG

1961

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196101.78060

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196101.78060


Abstract
Full Text
MATHEMATICS

A. A. GOL’DBERG

ON THE DISTRIBUTION OF VALUES OF
MEROMORPHIC FUNCTIONS WITH SEPA-
RATED ZEROS AND POLES
(Presented by Academician M. A. Lavrent’ev, 14 XI 1960)

Let 𝑓(𝑧) be a function meromorphic in |𝑧| < 𝑅 ⩽ ∞. We shall use the standard
notation of Nevanlinna theory (1). Denote

𝑁(𝑟) = 𝑁(𝑟, ∞) + 𝑁(𝑟, 0), 𝑚(𝑟) = 𝑚(𝑟, ∞) + 𝑚(𝑟, 0).
All limits occurring below are taken as 𝑟 → 𝑅. In many investigations (see, for
example, (2)) the quantity

𝑘(𝑓) = lim sup 𝑁(𝑟)
𝑇 (𝑟) , 0 ⩽ 𝑘(𝑓) ⩽ 2,

is introduced to characterize the distribution of zeros and poles. The inequality
𝑘(𝑓) < 2 indicates an “insufficient,”in comparison with the “normal,”number
of zeros and poles of the function 𝑓(𝑧). It will be convenient for us to introduce
the quantity

𝑑(𝑓) = 2 − 𝑘(𝑓) = lim inf 𝑚(𝑟)
𝑇 (𝑟) ,

which it is natural to call the deficiency of zeros and poles of the function 𝑓(𝑧).
Obviously, 0 ⩽ 𝑑(𝑓) ⩽ 2 and

𝑑(𝑓) ⩾ 𝛿(0) + 𝛿(∞).
In the present note we shall show that certain restrictions imposed only on the
arguments of the zeros and poles of 𝑓(𝑧) imply 𝑑(𝑓) > 0. In addition, the
question will be discussed of when, under these same restrictions,

𝛿(0) + 𝛿(∞) > 0.

Let 𝑝 be a natural number, 𝜋/(2𝑝) > 𝜂 ⩾ 0, 0 ⩽ 𝜑0 < 2𝜋. Denote by 𝐷𝑝
1(𝜂, 𝜑0)

and 𝐷𝑝
2(𝜂, 𝜑0) the following sets:

𝐷𝑝
1(𝜂, 𝜑0) =

𝑝−0
⋃
𝑗=0

{∣arg 𝑧 − 𝜑0 − 𝜋 2𝑗
𝑝 ∣ ⩽ 𝜂} ,

𝐷𝑝
2(𝜂, 𝜑0) =

𝑝−1
⋃
𝑗=0

{∣arg 𝑧 − 𝜑0 − 𝜋 2𝑗 + 1
𝑝 ∣ ⩽ 𝜂} .

(1)
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Let
𝑎𝑘 = |𝑎𝑘|𝑒𝑖𝛼𝑘

be the zeros of 𝑓(𝑧);
𝑏𝑛 = |𝑏𝑛|𝑒𝑖𝛽𝑛

the poles of 𝑓(𝑧); and let {𝑐𝜈} be the sequence composed of the zeros and poles,
counted with their multiplicities.

Definition (cf. (3)). If there exist 𝜑0 and 𝜂 such that

∑
𝑎𝑘∈𝐷𝑝

1(𝜂,𝜑0)
|𝑎𝑘|−𝑝 < ∞, ∑

𝑏𝑛∈𝐷𝑝
2(𝜂,𝜑0)

|𝑏𝑛|−𝑝 < ∞, (2)

then we shall say that the zeros and poles of 𝑓(𝑧) are (𝑝, 𝜂)-separated.
Obviously, the zeros and poles of 𝑓(𝑧) will be (𝑝, 𝜂)-separated, in particular,
when all 𝑎𝑘 ∈ 𝐷𝑝

1(𝜂, 𝜑0) and all 𝑏𝑛 ∈ 𝐷𝑝
2(𝜂, 𝜑0). In the case 𝑅 < ∞, condition

(2) means that outside the corresponding sets 𝐷𝑝
1(𝜂, 𝜑0) and 𝐷𝑝

2(𝜂, 𝜑0) there lies
only a finite number of zeros and poles.

Theorem 1. Let the zeros and poles of the function 𝑓(𝑧) be (𝑝, 𝜂)-separated.
If a) 𝑅 = ∞ and

0 < lim sup 𝑇 (𝑟, 𝑓)
𝑟𝑝 < ∞,

then
𝛿(0) = 𝛿(∞) = 1, 𝑑(𝑓) = 2.

If b) 𝑅 = ∞ and

lim sup 𝑇 (𝑟, 𝑓)
𝑟𝑝 = ∞,

or c) 𝑅 < ∞ and
lim𝑇 (𝑟, 𝑓) = ∞,

then
𝑑(𝑓) ⩾ 2 cos 𝑝𝜂

1 + cos 𝑝𝜂 > 0. (3)

Proof. If a) holds, then for the function 𝑓(𝑧) with (𝑝, 𝜂)-separated zeros and
poles the representation 𝑓(𝑧) = 𝑓1(𝑧) exp𝑃(𝑧) is valid, where 𝑓1(𝑧) is a mero-
morphic function of genus not exceeding 𝑝 − 1, and 𝑃(𝑧) is a polynomial of
degree 𝑝 (3)*; consequently, 𝛿(0, 𝑓) = 𝛿(∞, 𝑓) = 1 and 𝑑(𝑓) = 2. For 𝑅 = ∞,
from lim sup𝑇 (𝑟, 𝑓)/𝑟𝑝 = ∞ it follows that lim𝑇 (𝑟, 𝑓)/𝑟𝑝 = ∞ (3), and there-
fore 𝑂(𝑟𝑝) = 𝑜(𝑇 (𝑟, 𝑓)). Obviously, the latter is also true for 𝑅 < ∞, since in
this case 𝑂(𝑟𝑝) = 𝑂(1). Without loss of generality, one may assume 𝜑0 = 0.
We apply to the circle |𝑧| ≤ 𝑟 < 𝑅 (|𝑐𝜈| ≠ 𝑟, 𝜈 = 1, 2, …) the Schwarz–Jensen
formula ((1), p. 165):

ln 𝑓(𝑧) = 1
2𝜋 ∫

2𝜋

0
ln |𝑓(𝑟𝑒𝑖𝜃)| 𝑟𝑒𝑖𝜃 + 𝑧

𝑟𝑒𝑖𝜃 − 𝑧 𝑑𝜃+
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+ ∑
|𝑏𝑛|<𝑟

ln 𝑟2 − 𝑏𝑛𝑧
𝑟(𝑧 − 𝑏𝑛) − ∑

|𝑎𝑘|<𝑟
ln 𝑟2 − 𝑎𝑘𝑧

𝑟(𝑧 − 𝑎𝑘) + 𝑖𝐶, Im𝐶 = 0.

Differentiating 𝑝 times with respect to 𝑧, putting 𝑧 = 0, and multiplying both
sides of the equality obtained by 𝑟𝑝/(2𝑝!), we arrive at the equality

1
2𝑝! 𝑟𝑝(ln 𝑓(𝑧))(𝑝)∣

𝑧=0
= 1

2𝜋 ∫
2𝜋

0
𝑒−𝑖𝑝𝜃 ln |𝑓(𝑟𝑒𝑖𝜃)| 𝑑𝜃−

− 1
2𝑝 ∑

|𝑎𝑘|<𝑟

𝑟2𝑝 − |𝑎𝑘|2𝑝

𝑎𝑝
𝑘𝑟𝑝 + 1

2𝑝 ∑
|𝑏𝑛|<𝑟

𝑟2𝑝 − |𝑏𝑛|2𝑝

𝑏𝑝
𝑛𝑟𝑝 .

Taking real parts, we obtain

1
2𝜋 ∫

2𝜋

0
ln |𝑓(𝑟𝑒𝑖𝜃)| cos 𝑝𝜃 𝑑𝜃 = 1

𝑝 ∑
|𝑎𝑘|<𝑟

sh(𝑝 ln 𝑟
|𝑎𝑘|) cos 𝑝𝛼𝑘−

−1
𝑝 ∑

|𝑏𝑛|<𝑟
sh(𝑝 ln 𝑟

|𝑏𝑛|) cos 𝑝𝛽𝑛 + 𝑂(𝑟𝑝).

Taking into account (2), the inequality 0 < sh(𝑝 ln(𝑟/|𝑐𝜈|)) ≤ 2−1(𝑟/|𝑐𝜈|)𝑝, |𝑐𝜈| <
𝑟, and the fact that for 𝑎𝑘 ∈ 𝐷𝑝

1(𝜂, 0) cos 𝑝𝛼𝑘 ≥ cos 𝑝𝜂 > 0, and for 𝑏𝑛 ∈ 𝐷𝑝
2(𝜂, 0)

− cos 𝑝𝛽𝑛 ≥ cos 𝑝𝜂 > 0, we obtain

1
2𝜋 ∫

2𝜋

0
ln |𝑓(𝑟𝑒𝑖𝜃)| cos 𝑝𝜃 𝑑𝜃 ≥ cos 𝑝𝜂

𝑝 ∑
|𝑐𝜈|<𝑟

sh(𝑝 ln 𝑟
|𝑐𝜈|) + 𝑂(𝑟𝑝). (4)

The left-hand side of (4) obviously does not exceed 𝑚(𝑟), while sh(𝑝 ln(𝑟/|𝑐𝜈|)) >
𝜌 ln(𝑟/|𝑐𝜈|), and 𝑂(𝑟𝑝) = 𝑜(𝑇 (𝑟)). Therefore 𝑚(𝑟) ≥ 𝑁(𝑟) cos 𝑝𝜂 + 𝑜(𝑇 (𝑟)).
Hence, taking into account 𝑚(𝑟) + 𝑁(𝑟) = 2𝑇 (𝑟) + 𝑂(1), we easily obtain (3).

In what follows we shall restrict ourselves to the case 𝑅 = ∞, without mention-
ing this specially. We shall show that if in (1) we put 𝜂 = 𝜋/(2𝑝) and replace
≤ 𝜂 by < 𝜂, then, under (2), it may be that 𝑑(𝑓) = 0. Indeed, for 𝑓(𝑧) = 𝐵(𝑧𝑝),
where

𝐵(𝑧) =
∞
∏
𝑘=1

1 − 𝑧/𝑎𝑘
1 − 𝑧/𝑎𝑘

, 𝑎𝑘 = |𝑎𝑘|𝑒𝑖𝛼𝑘 → ∞, 0 < 𝛼𝑘 < 𝜋,
∞

∑
𝑘=1

sin𝛼𝑘
|𝑎𝑘| < ∞,

𝑚(𝑟) = 𝑜(𝑟𝑝) outside a certain set of finite logarithmic measure, as follows from
a result of Hayman (4)**;
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* We take this opportunity to make a correction in (3). In the statements of the
theorem and Corollary 3 it is necessary to assert only the existence of the limit
lim𝑟→∞ 𝑇 (𝑟)/𝑟𝜆, and not its positivity.

** If one assumes ∑ |𝑎𝑘|−1 sin𝛼𝑘 ⋅ ln(2/ sin𝛼𝑘) < ∞, then 𝑚(𝑟) = 𝑜(𝑟𝑝) without
an exceptional set (5).

At the same time, by choosing |𝑎𝑘| one can ensure that the characteristic 𝑇 (𝑟)
satisfies conditions a) or b). We also note that, with the help of 𝐵(𝑧), using
Theorems 2.7 and 2.1 from (6), one can construct examples of meromorphic
functions with (𝑝, 0)-separated zeros and poles for which 𝑇 (𝑟)/𝑟𝑝 → 0 and
𝑑(𝑓) = 0.
One can show that, for 0 < 𝜂 < 𝜋/(2𝑝) and under the assumptions of Theorem
1b), it may be that 𝛿(0) = 𝛿(∞) = 0. This follows at once from the following
assertion. Let 𝜌 be a nonintegral number, 1/2 < 𝜌 < ∞, and let 𝛼 and 𝛽 be
arbitrary real numbers. There exists a meromorphic function 𝑓(𝑧), in 𝑧 ≠ ∞,
of order 𝜌, all of whose zeros lie on the rays arg 𝑧 = 𝛼 and arg 𝑧 = 𝛼 +𝜋/𝜌 = 𝛼1,
and all of whose poles lie on the rays arg 𝑧 = 𝛽 and arg 𝑧 = 𝛽 + 𝜋/𝜌 = 𝛽1,
for which 𝛿(0) = 𝛿(∞) = 0. Let us construct this function. Let {𝑝𝑗} be a
monotonically increasing sequence of positive numbers such that 𝑝𝑗+1/𝑝𝑗 → ∞
as 𝑗 → ∞. Let 𝑔1(𝑧)(𝑔2(𝑧)) be the canonical product of genus [𝜌] with zeros
at all points of the form 𝑛1/𝜌, 𝑛 = 1, 2, …, that fall in [𝑝2𝑗−1, 𝑝2𝑗) (respectively,
that fall in [𝑝2𝑗, 𝑝2𝑗+1)), 𝑗 = 1, 2, …. Denote

𝑔(𝑧) = 𝑔1(𝑧)𝑔2(𝑧).

The required function is

𝑓(𝑧) = 𝑔1(𝑧𝑒−𝑖𝛼)𝑔1(𝑧𝑒−𝑖𝛼1){𝑔2(𝑧𝑒−𝑖𝛽)𝑔2(𝑧𝑒−𝑖𝛽1)}−1.

To show that 𝛿(0, 𝑓) = 0, write

𝑓(𝑧) = 𝑔(𝑧𝑒−𝑖𝛼)𝑔(𝑧𝑒−𝑖𝛼1){𝑔2(𝑧𝑒−𝑖𝛼)𝑔2(𝑧𝑒−𝑖𝛼1) × 𝑔2(𝑧𝑒−𝑖𝛽)𝑔2(𝑧𝑒−𝑖𝛽1)}−1.

Taking into account the known (7) asymptotic representation for 𝑔(𝑧), we obtain
that outside disks with centers at the zeros of

𝐺(𝑧) = 𝑔(𝑧𝑒−𝑖𝛼)𝑔(𝑧𝑒−𝑖𝛼1)

and with zero linear density, the relation

ln |𝐺(𝑟𝑒𝑖𝜑)| ∼ 𝜋
2 sin 𝜌(𝜑 − 𝛼) ⋅ 𝑟𝜌 for 𝜑 ∈ (𝛼, 𝛼1)

is valid, and
ln |𝐺(𝑟𝑒𝑖𝜑)| = 𝑜(𝑟𝜌) for 𝜑 ∈ [𝛼1, 𝛼 + 2𝜋].
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On the other hand, one can show that for 𝑟𝑗 ∈ (𝑝2𝑗−1, 𝑝2𝑗) such that 𝑟𝑗/𝑝2𝑗−1 →
∞ and 𝑝2𝑗/𝑟𝑗 → ∞ as 𝑗 → ∞,

ln |𝑔2(𝑟𝑖𝜑
𝑗𝑒 )| = 𝑜(𝑟𝜌

𝑗 ).

It follows that 𝑚(𝑟𝑗, 0, 𝑓(𝑧)) = 𝑜(𝑟𝜌
𝑗 ), and, since 𝑇 (𝑟, 𝑓) > 𝐶𝑟𝜌, 𝛿(0, 𝑓) = 0.

Similarly one proves that 𝛿(∞, 𝑓) = 0.
For 𝜂 = 0 we are not able to construct an analogous example; moreover, it
seems probable that the following hypothesis is true. Let the assumptions of
Theorem 1b) be satisfied for a function 𝑓(𝑧) of finite order, and let 𝜂 = 0. Then
𝛿(0, 𝑓) > 0 and 𝛿(∞, 𝑓) > 0. We can prove this hypothesis only under certain
additional assumptions.

Theorem 2. Suppose that the assumptions of Theorem 1b) are satisfied and
that there exist constants 𝜆 > 1 and 1 > 𝜇 > 0 such that, for all 𝑟 > 𝑟0,

𝑁(𝑟)/𝑁(𝜆𝑟) ≥ 𝜇.

Then

𝑑(𝑓) ≥ 2{1 + 𝜘(𝜆)𝜇} cos 𝑝𝜂
1 + {1 + 𝜘(𝜆)𝜇} cos 𝑝𝜂 , 𝜘(𝜆) = sh(𝑝 ln𝜆)

𝑝 ln𝜆 − 1 > 0. (5)

To prove this, note that sh𝑥/𝑥 is a monotonically increasing function of 𝑥 ∈
[0, ∞). This makes it possible to estimate the right-hand side in (4) more
precisely. Indeed,

𝑝−1 ∑
|𝑐𝜈|<𝑟

sh(𝑝 ln(𝑟/|𝑐𝜈|)) = 𝑝−1 ∑
|𝑐𝜈|<𝑟/𝜆

+𝑝−1 ∑
𝑟/𝜆≤|𝑐𝜈|<𝑟

≥

≥ sh(𝑝 ln𝜆)
𝑝 ln𝜆 ∑

|𝑐𝜈|<𝑟/𝜆
ln 𝑟

|𝑐𝜈| + ∑
𝑟/𝜆≤|𝑐𝜈|<𝑟

ln 𝑟
|𝑐𝜈| =

= 𝜘(𝜆)𝑁(𝑟/𝜆) + 𝑁(𝑟) ≥ {𝜘(𝜆)𝜇 + 1}𝑁(𝑟), 𝑟 > 𝜆𝑟0.

The rest of the argument is carried out as in the proof of Theorem 1.

Corollary 1. If, under the assumptions of Theorem 2, 𝜂 = 0, then 𝛿(0, 𝑓) > 0
and 𝛿(∞, 𝑓) > 0.

Indeed, in this case it follows from (5) that

𝑑(𝑓) ≥ (2 + 2𝜘(𝜆)𝜇)/(2 + 𝜘(𝜆)𝜇) = 𝜓(𝜆, 𝜇) > 1,

and, consequently,

𝛿(0, 𝑓) ≥ 𝜓(𝜆, 𝜇) − 1 > 0, 𝛿(∞, 𝑓) ≥ 𝜓(𝜆, 𝜇) − 1 > 0.

Corollary 2. Let, for a function 𝑓(𝑧) of finite order 𝜌, the conditions of Theo-
rem 1b) be satisfied, and let 𝜂 = 0. Then, for all 𝑟 ∈ [1, ∞), except possibly for
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a set of upper logarithmic density
≤ 2𝜌 ln𝜆/ ln𝜇−1, 𝜆 > 1, 1 > 𝜇 > 0, one has

𝑚(𝑟, 0) ≥ (𝜓(𝜆, 𝜇) − 1)𝑇 (𝑟) + 𝑜(𝑇 (𝑟)),

𝑚(𝑟, ∞) ≥ (𝜓(𝜆, 𝜇) − 1)𝑇 (𝑟) + 𝑜(𝑇 (𝑟)).

For the proof it is enough to show that the upper logarithmic density of the
set ℰ (i.e. lim sup{logarithmic measure of ℰ ∩ (1, 𝑟)}/ ln 𝑟) of those 𝑟 for which
𝑁(𝑟)/𝑁(𝜆𝑟) < 𝜇 does not exceed 2𝜌 ln𝜆/ ln𝜇−1, and then to carry out the
argument as in the proof of Theorem 2. Of course, Corollary 2 can be of interest
only for such a choice of 𝜆 > 1 and 1 > 𝜇 > 0 that 2𝜌 ln𝜆/ ln𝜇−1 < 1.
We give one more theorem connected with the topic of the article.

Theorem 2. Let, for an entire function 𝑓(𝑧) of genus ∞ > 𝜌 ≥ 1, all zeros lie
inside a certain angle with vertex at 𝑧 = 0 and opening, for odd 𝜌, strictly less
than 𝜋/(𝜌 + 1), and, for even 𝜌, strictly less than {1 − (2𝜌)−1}𝜋/(𝜌 + 1). Then
𝛿(0, 𝑓) > 0.
For the case when all zeros of 𝑓(𝑧) lie on one ray issuing from 𝑧 = 0, this assertion
was proved by Edrei and Fuchs (2). The proof of Theorem 3 is obtained by means
of a certain modification of the method of these authors.

Uzhgorod State
University
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14 XI 1960
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Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.
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