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Abstract
Full Text

G. A. Shestopal

ON THE NUMBER OF SIMPLE BASES OF BOOLEAN
FUNCTIONS

(Presented by Academician P. S. Novikov on 28 IV 1961)

1. We consider the set of all Boolean functions, i.e., the set of all functions
that take only the values 0 and 1, of arguments that take the same val-
ues. A system of Boolean functions is called complete if, by means of
superposition of the functions of this system, any Boolean function can be
expressed. A complete system is called a basis if none of its subsystems
is a complete system.

As is known, a criterion for completeness of a system of functions is given by
the following Post theorem. In order that a system of functions be complete,
it is mecessary and sufficient that it contain:

a) at least one function not preserving zero;
b) at least one function not preserving one;
¢) at least one non-self-dual function;

d) at least one nonlinear function;

e) at least one nonmonotone function.

For a proof of this theorem, see (1); there it is also shown that no basis can
contain more than 4 functions.

We shall call a basis a simple basis if no function belonging to it can, by
identifying some of its variables, be replaced by one or several functions of a
smaller number of variables in such a way that the system of functions obtained
as a result of this replacement remains complete. The question considered is
that of the number of all simple bases.

2. Let us first show that the total number of all bases is infinite. For this
purpose we consider the question of the number of all bases consisting of a
single function. The functions constituting such a basis are called Sheffer
functions.

It is easy to see that, for a function to be a Sheffer function, it is necessary and
sufficient that it preserve neither zero nor one and be non-self-dual. On this
basis one can compute the total number of Sheffer functions of n variables:
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N(n) =22"-2 — 92" '-1,

The limit of the ratio of this number to the total number of all Boolean functions
of n variables is 1/4; this number gives an idea of the asymptotic behavior of
the number of Sheffer functions.

Thus it has been shown that the total number of all Sheffer functions, and hence
all bases, is infinite.

3. A function will be called simple with respect to a certain property if
it possesses this property, but is such that any identification of its variables
entails the loss of this property. A function that is simple with respect to
at least one of the properties a), b), ¢), d), or e) of Post’ s theorem will be
called (where we are not interested in its particular properties) a simple
function.

It follows from the very definition of a simple function:
Theorem 1. A simple basis can consist only of simple functions.

4. Let us prove that the total number of simple functions is finite. To this
end, let us consider the properties of various simple functions.

Theorem 2. If f(xqzy...x,) is a function of n > 1 wvariables that does not
preserve zero (one), then the identification of any number of variables with one
another leads to a function of a smaller number of variables that also does not
preserve zero (one).

Corollary 2, 1. The only functions that are simple with respect to non-
preservation of zero (one) are the functions of one wvariable possessing this

property.

Theorem 3. If f(z zq...z,) is a non-self-dual function of n > 2 wvariables,
then the variables can always be identified in such a way that the given function
becomes a non-self-dual function of no more than 2 variables.

The proof of the theorem is based on the fact that for every non-self-dual func-
tion there exists at least one pair of opposite tuples of variables on which the
function assumes equal values.

Corollary 3, 1. The only functions that are simple non-self-dual (with respect
to non-self-duality) are the two constants and those non-self-dual functions of
two variables which either preserve both zero and one, or preserve neither zero
nor one.

Corollary 3, 2. There exist only two simple Sheffer functions, x, - T4 and
TV,

Theorem 4. FEvery nonlinear function of n > 3 variables can, by identification
of variables, be brought to a monlinear function of no more than 8 variables.
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The proof of the theorem is carried out by induction.

First, representing an arbitrary nonlinear function of 4 variables in the form of
a Zhegalkin polynomial, we prove (by checking the various possible cases) that
its variables can always be identified in such a way that this function becomes
a nonlinear function of 3 variables. Suppose then that a nonlinear function of
k > 3 variables can be reduced, by identifying variables, to a nonlinear function
of no more than k — 1 variables, and let us prove that then a nonlinear function
of k 4 1 variables can be reduced to a nonlinear function of no more than k
variables.

For the proof, represent an arbitrary nonlinear function of k+ 1 variables in the
form

@y, @y T ) = Tpe10(@1 35 - @) + V(2125 - ),

where

o112 . x)) = f(@129 o 0y, 1) + f(2129 .24, 0),

Y(T1Ty ... 7)) = f(2124 ... 21, 0).

Consideration of the various possibilities for the form of the function
o(T124 ... ;) proves the theorem.

In order that a nonlinear function of 3 variables be a simple nonlinear function
(with respect to nonlinearity), it is necessary and sufficient that its representa-
tion in the form of a Zhegalkin polynomial have the form: z,24+ 2,25+ 2525+
€121 + cyTy + cyx5 + d.

Corollary 4, 1. The simple nonlinear functions are all nonlinear functions of 2
variables and those, and only those, functions of 3 variables whose representation
in the form of a Zhegalkin polynomial has the form

T1Ty + LTy + Loy + €121 + Ty + C323 + d.

Theorem 5. If f(xyz5...2,) is a nonmonotone function of n > 3 variables,
then the variables can be identified in such a way that this function becomes a
nonmonotone function of no more than 8 variables.

The proof of the theorem is based on the fact that for every nonmonotone
function there exists at least one pair of adjacent tuples of variables such that
on the larger tuple the function assumes the value zero, and on the smaller one,
one.

Corollary 5.1. The simple nonmonotone (with respect to nonmonotonicity)
functions are the simple nonmonotone functions of 1 and 2 variables, as well
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as those and only those nonmonotone functions of 8 variables that preserve zero
and one.

5. On the basis of the corollaries of Theorems 2, 3, 4, and 5, tables of all
simple functions can be compiled. In doing so, one may not distinguish
functions that can be obtained from one another by a renaming of vari-
ables.

Functions simple with respect to non-preservation of zero:
1)1 2%
Functions simple with respect to non-preservation of one:
1) 0; 2)7.
Simple non-self-dual functions:
1) 0; 2)1; 3) a2y 4) 21 Vg, 5) TyTy; 6) Ty VITy.
Simple nonlinear functions:
1) mxy; 2) @ Vg, 3) 3iTy; 4) @ VT 5) TyTy; 6) Ty V Ty;
2) Ty + 31 T5 + ToT3 + Ty + Ty + T35 8) T 1Ty + XT3 + TyT3 + Ty
3) LTy + T L5+ Ty + X1 + Ty + x5+ 1 10) T2y + 2125 + Toxz + 1 + 1
4) Xy + T Tg + Tokg + T + To;  12) T1Xo + T 25 + Tokg;
5) Ty + X1X3 + Tog + 21 + 25+ 1;  14) 2129 + 2125 + Tox5 + 1.
Simple nonmonotone functions:
1) 7 2) 2Ty 3) 21 VT 4)x+2e; D)z +29+1;
) T1ToTg + 1Ty + Ty Ty + ToTg + T3 T) Ty Tolg + Ty Ty + Ty Ty + Ty + Ty
) T1ToXg + T Ty + T1X5 + Ty + T, 9) T XoTg + T1Ty + Ty + Ty + Tg;
) 1 ToT3 + Ty + 5 11) Ty @y + Ty + Ty
5) Ty + T1T5 + T + Ty + X5
) 1Ty + 2Ty +3y; 14) 325 + T3 + 395 15) 175 + @5 + 23
) T1Tg + T1Xg + Ty + Ty + Ty;  17) Ty + 29 + T4.

6. From the facts established above and Theorem 1 there follows immediately
the following

Main Theorem. There exists a finite number of simple bases.

To obtain the complete table of simple bases it is necessary to consider those
and only those cases of combining simple functions with one another in which
the resulting system forms a simple basis. Carrying out such a combination, we
obtain the following table, representing all simple bases. The total number
of such bases is 48.
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Simple bases
1. Bases consisting of one function:
1. T, - T
2. 2, VT,
II. Bases consisting of two functions:
3—8. 1) a) xyy; b) T2y + 213 + ToZg + X4
C) Ty + 1Ty + Toy + Ty + Ty + Ty;
2) a) T;b) L.
9-14. 1) a) 21 VTy; b) 129 + 2125 + Toxq + 21 + 1;
C) T1Ty + XT3 + ToTg + 21 + Ty + x5 + 1.
2) a) T; b) 0.
15—22. 1) a) 2129 + T3 + ToZ3 + 15 b) 2125 + 2125 + To2ig + 2 + 29+ 15
2) a) 0;b) 1;¢) zyay; d) y V 2y,
23-24. 1) a) zy24; b) 21 V zy;
2) 7.
ITI. Bases consisting of 3 functions:
25-34. 1) a) T1T9T5 + T1To + T1T5 + ToZs + Tq;
b) z12yxg + 21Ty + T1T5 + T, + Ty;

C) T1Xyx3 + T 1Ty + T T3 + ToX3;

[}

T1 XT3 + T 1Ty + Ty + Ty + T3;

@

f

T1Ty + BTy + Ty + Ty + @33 h) 27y + 73 + @43
g
2) 0;
3) 1.

35-37. 1) 21 + x;
2) 1;

)
)
) T1Tox3 + Ty Ty + 245 ) Ty 275 + 21 + Ty
)
) Ty + Ty + T35 §) T1To + T3 + To;

)

3) a) mx9; b) Ty Vxy; C) XXy + T4 Tg + ToTs.
38—40. 1) zy + x5 + 1;
2) 0;
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3) a
41-44. 1

T1Z9; b) 1 V g5 €) X2y + T T5 + ToTs.

x;

3) a b) 1

)
)
2) &) ¥Ty + 2173 + BTz b) T2y + T3+ TyTg + Ty + T
) 0
45. 1) @9 + T1Zy + ToXg + T1 + To;

IV. Bases consisting of 4 functions:
46—47. 1) a) xyx9; b) x1 V Xo;
2) 0;
3) 1,
4) z + 29+ 5.
48. 1) 0;
2) 1;
3) @ + @y + @3
4) x5 + T125 + Tox5.

Thus, there are 2 bases consisting of 1 function; 22 consisting of 2 functions; 23
consisting of 3 functions; 3 consisting of 4 functions. In all there are 48 simple
bases.
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