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Abstract
Full Text

D. M. CHIBISOV

ON THE ASYMPTOTIC POWER AND EFFI-
CIENCY OF THE CRITERION 𝜔2

𝑛
(Presented by Academician A. N. Kolmogorov, 20 XII 1960)

§ 1.
Let 𝑥1, 𝑥2, … , 𝑥𝑛 be a sample of 𝑛 independent observations of a random variable
with distribution function 𝐹(𝑥). We shall denote the empirical distribution
function of such a sample by 𝐹 (𝑛)(𝑥). The criterion 𝜔2

𝑛 is a criterion for testing
the simple hypothesis 𝐹(𝑥) = 𝐹0(𝑥), based on the statistic

𝜔2
𝑛(𝐹) = 𝑛 ∫

∞

−∞
[𝐹 (𝑛)(𝑥) − 𝐹0(𝑥)]2𝜓(𝐹0(𝑥)) 𝑑𝐹0(𝑥), (1)

where 𝜓(𝑢) ≥ 0 (0 ≤ 𝑢 ≤ 1) is a certain weight function. We introduce the
argument 𝐹 to denote the true distribution of the sample. Under the assumption
𝐹(𝑥) = 𝐹0(𝑥), the limiting distribution of the quantity 𝜔2

𝑛 as 𝑛 → ∞ was studied
by N. V. Smirnov (1) and by Anderson and Darling (2).
Denote

𝑊 (𝑛)(𝑥; 𝐹) = P{𝜔2
𝑛(𝐹) < 𝑥}

and
𝑃 (𝑛)

𝛼 (𝐹) = 1 − 𝑊 (𝑛)(𝑥𝛼; 𝐹 ),
where 𝑥𝛼 is the root of the equation 𝑊(𝑥; 𝐹0) = 1 − 𝛼. At significance level 𝛼,
𝑃 (𝑛)

𝛼 (𝐹) is the power function of the criterion (the probability of rejecting the
hypothesis if the alternative 𝐹(𝑥) is true).

Denote

𝜌2
𝐹 = ∫

∞

−∞
[𝐹 (𝑥) − 𝐹0(𝑥)]2𝜓(𝐹0(𝑥)) 𝑑𝐹0(𝑥). (2)

Let the function 𝛿(𝑢), 0 ≤ 𝑢 ≤ 1, be such that 𝛿(0) = 𝛿(1) = 0 and

∫
1

0
𝛿2(𝑢)𝜓(𝑢) 𝑑𝑢 = 1. (3)
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We shall call the class of functions of the form

𝐹𝑎(𝑥) = 𝐹0(𝑥) + 𝑎√𝑛 𝛿(𝐹0(𝑥))

the class [𝛿(𝑢)]. By (3), 𝑎2 = 𝑛𝜌2
𝐹𝑎

. For functions 𝐹𝑎(𝑥) ∈ [𝛿(𝑢)], we introduce
the notation 𝜔2

𝑛(𝑎), 𝑊 (𝑛)(𝑥, 𝑎), and 𝑃 (𝑛)
𝛼 (𝑎) instead of 𝜔2

𝑛(𝐹𝑎), 𝑊 (𝑛)(𝑥; 𝐹𝑎), and
𝑃 (𝑛)

𝛼 (𝐹𝑎).
Denote by 𝜆𝑗 and 𝑓𝑗(𝑢) (𝑗 = 1, 2, …) the eigenvalues and eigenfunctions of the
integral equation

𝑓(𝑢) = 𝜆 ∫
1

0
𝐾(𝑢, 𝑣)𝑓(𝑣) 𝑑𝑣,

where
𝐾(𝑢, 𝑣) = [min(𝑢, 𝑣) − 𝑢𝑣]√𝜓(𝑢)√𝜓(𝑣), 0 ≤ 𝑢, 𝑣 ≤ 1.

The kernel 𝐾(𝑢, 𝑣) is positive definite, whence 𝜆𝑗 > 0 (𝑗 = 1, 2, …); we shall
assume that 𝜆𝑘 ≥ 𝜆𝑗 for 𝑘 > 𝑗. In addition, the system of eigenfunctions
{𝑓𝑗(𝑢)} may be chosen orthonormal:

∫
1

0
𝑓𝑗(𝑢)𝑓𝑘(𝑢) 𝑑𝑢 = 𝛿𝑗𝑘.

By 𝐷(𝜆) we shall denote the Fredholm determinant of the integral equation.

§ 2. Suppose:

I. The functions 𝐹0(𝑥) and 𝛿(𝑢) are continuous.

II. The function 𝜓(𝑢) is continuous in any interval 0 < 𝑢1 ≤ 𝑢 ≤ 𝑢2 < 1, and
the integral

∫
1

0
𝑢(1 − 𝑢)𝜓(𝑢) 𝑑𝑢 = ∫

1

0
𝐾(𝑢, 𝑢) 𝑑𝑢

exists.

III. The integral

∫
1

0
𝛿(𝑢)𝜓(𝑢) 𝑑𝑢

exists.

IV. For the expansion

𝛿(𝑢)√𝜓(𝑢) =
∞

∑
𝑘=1

𝛿𝑘𝑓𝑘(𝑢),

where
𝛿𝑘 = ∫

1

0
𝑓𝑘(𝑢)𝛿(𝑢)√𝜓(𝑢) 𝑑𝑢,
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the closure condition is satisfied.

Theorem 1. If conditions I–III are satisfied, 𝑊 (𝑛)(𝑥, 𝑎), for each 𝑎, converges
weakly as 𝑛 → ∞ to 𝑊(𝑥, 𝑎) = P{𝜔2(𝑎) < 𝑥}, where

𝜔2(𝑎) = ∫
1

0
[𝑦(𝑢) + 𝑎𝛿(𝑢)]2𝜓(𝑢) 𝑑𝑢, (4)

𝑦(𝑢), 0 ≤ 𝑢 ≤ 1, is a Gaussian random process with M𝑦(𝑢) = 0, M𝑦(𝑢)𝑦(𝑣) =
min(𝑢, 𝑣) − 𝑢𝑣.

Theorem 2. Under conditions I–IV, 𝑊(𝑥, 𝑎) has the characteristic function

𝜑(𝑡, 𝑎) = 1
√𝐷(2𝑖𝑡)

exp {𝑎2
∞

∑
𝑘=1

𝑖𝑡𝜆𝑘𝛿2
𝑘

𝜆𝑘 − 2𝑖𝑡} . (5)

Let us note the expansion from which (5) is obtained:

𝜔2(𝑎) =
∞

∑
𝑘=1

( 𝑋𝑘
√𝜆𝑘

+ 𝑎𝛿𝑘)
2

, (6)

where {𝑋𝑘} are independent normally (0, 1) distributed quantities.

Theorem 3. As 𝑎 → ∞,

𝑊(𝑥, 𝑎) − Φ (𝑥 − 𝑎2

2𝑎𝜎 ) → 0 (7)

uniformly in 𝑥. Here

Φ(𝑥) = 1√
2𝜋 ∫

𝑥

−∞
𝑒−𝑡2/2 𝑑𝑡

and
𝜎2 = ∫

1

0
∫

1

0
𝐾(𝑢, 𝑣)𝛿(𝑢)𝛿(𝑣)√𝜓(𝑢)√𝜓(𝑣) 𝑑𝑢 𝑑𝑣. (8)

Proof. The quantity

𝜉 = ∫
1

0
𝑦(𝑢)𝛿(𝑢)𝜓(𝑢) 𝑑𝑢

is normally distributed with parameters (0, 𝜎). From (4) and (3) we obtain

𝑊(𝑥, 𝑎) = P{𝜔2(𝑎) < 𝑥} = P{𝜔2(0) + 2𝑎𝜉 + 𝑎2 < 𝑥}

= P {𝜔2(0)
2𝑎 + 𝜉 < 𝑥 − 𝑎2

2𝑎 } , (9)

whence (7) follows.

Chapman [3] was the first to point out the validity of (7), proceeding from
somewhat different considerations.
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1. It can be shown that, for each 𝑥, 𝑊 (𝑛)(𝑥, 𝑎) → 𝑊(𝑥, 𝑎) uniformly in 𝑎.

2. From (5) it follows that 𝑊(𝑥, 𝑎) = 𝑊(𝑥, −𝑎); we shall therefore assume
𝑎 ⩾ 0.

3. From (6) it follows that, for each 𝑥 > 0, the function 𝑊(𝑥, 𝑎) decreases
monotonically (in 𝑎), since the distribution function of each of the terms
has this property. Hence it follows that 𝑃𝛼(𝑎) increases monotonically; in
particular, 𝑃𝛼(𝑎) > 𝑃𝛼(0) = 𝛼, if 𝑎 > 0. Thus, 𝜔2 is an asymptotically
unbiased test.

4. From (9) it follows that, for all 𝑥 and 𝑎,

𝑊(𝑥, 𝑎) < Φ (𝑥 − 𝑎2

2𝑎𝜎 ) ,

which gives a lower bound for the power function:

𝑃𝛼(𝑎) > 1 − Φ (𝑥𝛼 − 𝑎2

2𝑎𝜎 ) .

5. From (8) and (3) we obtain the estimate

𝜎2 =
∞

∑
𝑘=1

𝛿2
𝑘

𝜆𝑘
< 1

𝜆1
.

Now from (10) it follows that, for the family of alternatives {𝐹(𝑥)} with

𝜌𝐹 ⩾
√𝑥𝛼√𝑛 ,

𝑃𝛼(𝐹) ⩾ 1 − Φ (𝑥𝛼 − 𝑛𝜌2
𝐹

2𝜌𝐹
√𝑛 √𝜆1)

uniformly for all distribution functions of the family. In particular, if a sequence
of alternatives {𝐹𝑛(𝑥)} is such that 𝜌𝐹𝑛

√𝑛 → ∞, then 𝑃𝛼(𝐹𝑛) → 1.

6. For 𝑎 ⩽ 𝑥

𝑊(𝑥, 𝑎) = P{𝜔2(0) + 2𝑎𝜉 < 𝑥 − 𝑎2} > P {𝜔2(0) < 𝑥 − 𝑎2 − 2𝑎 1√𝑎} −

−P {𝜉 > 1√𝑎} ⩾ 𝑊(𝑥 − 𝑎2 − 2√𝑎, 0) − [1 − Φ (( 1√𝑎 − √𝑥) √𝜆1)] ,
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or, for 𝑎 ⩽ 𝑥𝛼,

𝑃𝛼(𝑎) ⩽ 1 − 𝑊(𝑥𝛼 − 𝑎2 − 2√𝑎, 0) − [1 − Φ (( 1√𝑎 − √𝑥𝛼) √𝜆1)] .

Hence, if a sequence {𝐹𝑛(𝑥)} is such that 𝜌𝐹𝑛
= 𝑜(1/√𝑛), then 𝑃𝛼(𝐹𝑛) → 𝛼.

7. From (5) the semi-invariants of 𝑊(𝑥, 𝑎) are easily found:

𝑘𝑛(𝑎) = 2𝑛−1(𝑛−1)! (
∞

∑
𝑗=1

1
𝜆𝑛

𝑗
+ 𝑎2𝑛

∞
∑
𝑗=1

𝛿2
𝑗

𝜆𝑛−1
𝑗

) = 2𝑛−1(𝑛−1)! (∫
1

0
𝐾𝑛(𝑢, 𝑢) 𝑑𝑢+

+𝑎2𝑛 ∫
1

0
∫

1

0
𝐾𝑛−1(𝑢, 𝑣)𝛿(𝑢)𝛿(𝑣)√𝜓(𝑢)√𝜓(𝑣) 𝑑𝑢 𝑑𝑣) ,

where 𝐾𝑛(𝑢, 𝑣) is the 𝑛-th iteration of the kernel 𝐾(𝑢, 𝑣).
8. Put

𝜈𝑛(𝑥𝛼) = ∫
∞

+0
𝑎𝑛 𝑑𝑃𝛼(𝑎).

Using (5), one can find the Laplace transform of 𝜈𝑛(𝑥):

̃𝜈𝑛(𝑝) = ∫
∞

0
𝑒−𝑝𝑥𝜈𝑛(𝑥) 𝑑𝑥 = Γ(𝑛/2 + 1) ∣𝑝√𝐷(−2𝑝)∣ (

∞
∑
𝑘=1

𝜆𝑘𝛿2
𝑘𝑝

𝜆𝑘 + 2𝑝)
𝑛/2

.

§ 3. To compute the asymptotic efficiency of the criterion in the general case, we
shall find, for the family of alternatives [𝛿(𝑢)], the asymptotically most powerful
criterion and its power function 𝑃 ∗

𝛼(𝑎). Then, if 𝑃 ∗
𝛼(𝑎∗) = 𝑃𝛼(𝑎) = 1 − 𝛽, where

𝛽 is the prescribed error of the second kind, the asymptotic efficiency of the
criterion is equal to 𝑒 = 𝑎∗2/𝑎2.

Under condition I, without loss of generality one may take 𝐹0(𝑥) = 𝑥, 0 ≤ 𝑥 ≤ 1.
Then 𝐹𝑎(𝑥) = 𝑥 + 𝑎√𝑛𝛿(𝑥).

Theorem 4. Suppose that 𝛿(𝑢) is differentiable and that the integral

𝑠2 = ∫
1

0
[𝛿′(𝑢)]2 𝑑𝑢
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exists. Then, if 𝐹(𝑥) = 𝐹𝑎(𝑥), the quantity

𝑇 (𝑛) = 1√𝑛
𝑛

∑
𝑖=1

𝛿′(𝑥𝑖)

is asymptotically normally distributed (𝑎𝑠2, 𝑠), and the criterion based on the
statistic 𝑇 (𝑛) is the asymptotically most powerful criterion for testing the hy-
pothesis 𝐹(𝑥) = 𝑥 against the alternative 𝐹(𝑥) = 𝐹𝑎(𝑥).
Proof. Since 𝑇 (𝑛) is a sum of independent identically distributed terms, the first
assertion follows directly from the central limit theorem. The second assertion
follows from the fact that the criterion 𝑇 (𝑛) is asymptotically equivalent to the
criterion based on the likelihood ratio

𝑛
∑
𝑖=1

ln [1 + 𝑎√𝑛𝛿′(𝑥𝑖)] .

Denote by 𝑧𝛼 the root of the equation 1 − Φ(𝑧) = 𝛼. The power function of the
criterion 𝑇 (𝑛) is asymptotically equal to Φ(|𝑎|𝑠 − 𝑧𝛼). Using (10), we obtain

𝑒 ≥ 𝑧𝛼 + 𝑧𝛽

𝑠 (𝜎𝑧𝛽 + √𝜎2𝑧2
𝛽 + 𝜒𝛼)

.

For example, for the criterion with 𝜓 ≡ 1 under the hypothesis Φ(𝑥) and the
alternatives Φ(𝑥 − 𝜇) and Φ ( 𝑥

1 + 𝜗), the efficiencies (𝑒𝜇 and 𝑒𝜗, respectively)
will be: for 𝛼 = 𝛽 = 0.05, 𝑒𝜇 ≥ 0.53, 𝑒𝜗 ≥ 0.18; for 𝛼 = 𝛽 = 0.01, 𝑒𝜇 ≥
0.56, 𝑒𝜗 ≥ 0.20; for 𝛼 = 𝛽 = 0.001, 𝑒𝜇 ≥ 0.58, 𝑒𝜗 ≥ 0.21.

Steklov Mathematical Institute
Academy of Sciences of the USSR

Received
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