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Abstract
Full Text

MATHEMATICS
O. A. OLEINIK

ON THE CONVERGENCE OF CERTAIN DIF-
FERENCE SCHEMES

(Presented by Academician I. G. Petrovskii on 28 X 1960)

In proving the convergence of difference schemes one usually uses either the
existence, for the corresponding difference scheme, of a smooth solution of the
problem for the differential equation, or the uniqueness of the solution of this
problem. In the first case a direct estimate is made of the deviation of the
solution of the difference scheme from the exact solution of the problem for the
differential equation; in the second case, on the basis of a priori estimates of the
solutions of the difference scheme, compactness of these solutions is established,
and then from the uniqueness of the limiting function the convergence of the
solutions of the difference scheme follows as the mesh sizes tend to zero.

In the present note the proof of convergence of solutions of difference schemes
is carried out directly on the basis of one-sided a priori estimates, without using
the theorem on existence or uniqueness of the solution of the problem for the
differential equation. In this process a monotone sequence is constructed from
the solutions of the difference scheme, and from its convergence the convergence
of the difference scheme follows. Below we shall prove in this way the conver-
gence of certain difference schemes. In the examples considered, the solutions
of the corresponding problems for the differential equation are discontinuous or
nonsmooth functions.

1. Lax’ s scheme (1) for a quasilinear equation. We shall prove the
convergence of the Lax difference scheme for the solution of the Cauchy problem
for t > 0 for the simplest quasilinear equation

Ou/ot + Op(u)/0x =0 (1)

with the condition

u(0,x) = uy(x), —oo <z < +oo, where |ug(z)l <M. (2)

The convergence of this scheme was first established in (). The Lax difference
scheme has the form:

k+1

uptt = g (U ) = [pluny) = elug1)]R/2L, (3)
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where u; = wuy;(kh,nl), h and [ are some positive numbers; n =

+1,43,...,+(2m +1),... for k = 1,3,5,..., and n = 0,42, +4,...,+2m, ... for
k=0,2,4,.., ud = uy(nl).

If p(u) is an arbitrary smooth function, then the proof is carried out for any
bounded monotone function ug(z). In the case when ¢” preserves its sign,
we shall prove the convergence of the scheme also for any bounded uy(x), if
|ug(z)] < M;. Using Lemma 5 from (3), it is then easy to obtain convergence
of the scheme also for any bounded measurable ug(z).

Writing the difference scheme (3) in the form
uptt = (3 = @'h/2) uny + (3 + /20wy

and assuming that |¢’(u)|h/l < 1 for |u| < M, we easily obtain that |[uf| < M

and that uﬁﬂ —uk <0 (>0),if ud y—ud <0 (=0),k=1,2,.. Inthe

case ” >0 (< 0) it is easy to prove the inequality (see (3))

2y = (upy, —uys_) /20 < My (> My). (4)

We shall assume that

/ lug(x) —u_|dx < oo

and that uy(x) tends monotonically to u_ as x — —oo. Then there exists
n
uk = Z (uf, —u_)2l
m=—o00
for every point (t,z) = (kh,nl), and @% are uniformly bounded for x < z,

0 <t < t,. Indeed, the existence of u* successively for k = 1,2, ... follows from
the equality

_ 1, _
b = (i + ) — Bl ) — ()]
This equality can be written in the form

uktl = (1/2—¢'h/20)uk, | + (1/2+ @'h/20)uk_,.

From the last expression for u**! it follows that

1] < ma ug (),
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wheren — (k+1) <m<n+ (k+1).

Let u* be a solution of (3) with steps h and [ in ¢ and =, respectively, and let
v® be a solution of the same scheme with steps h/2 and /2. For convenience
we shall use half-integer indices for v¥: n = 0,41,42,... for k = 0,1,2, ..., and
n=+1/2,+11/2 ... for k=1/2,1'/2,.... We assume that p(u_) = 0. We have

Vi = 1[ B2 KLY B2 B2 o

ont1/2 T Un-1/2 n+1/2 n—1/2
For
T Z [vF —u ]I
m=—0o0

we obtain

1
el _ L ooktl/2 | k)2 k+1/2
vt = 2( i1z F 0 0) = o0 ) /2

Let

Wk =ak — ok

n n*

For W} we obtain the equation

1 1
k k
4n+1+4n1_§vn

3 1 k41/2
Zhw(vﬁﬂ) + Zh‘P@fL) + §h(‘0(vni1//2)'

1
Wit = §(erf+1 + W)+

— ho(uk 1)+ ho(vh ) —

Transforming the terms on the right-hand side with the aid of the mean value
theorem, we obtain

Witt = (1/2 = @'h20W), + (1/2 4+ @'h/2D)W,
+ (b — k) L[1/4 4+ @ h/20 — ooh /4l — 903]1/4[ — @ psh? [417]

where @ and ¢; (i =1, ...,5) denote ¢’ (u) for certain values of u not exceeding
M in absolute value. Let h/l be so small that the expression in the last brackets
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is nonnegative and less than some number M,. Suppose that ¢” > 0 (the other
cases are considered analogously). Using (4), we obtain

W —[1/2— §'h/2WE,, —[1/2+ 3'h/20W)_, < hM Myl /h

and

Wyl < Mgl,

if uy(z) has bounded variation for x < =z, (Ms depends on z;). For nl <
xy — (k+ 1)l it follows from this that

WL < Myl + (k+ 1)h M, M,l2/h

or

Wk = W (kh,nl) < Cyl + C,l2/h

for t <ty and x < x5 — tyl/h, where C; and C, are certain constants.

Consequently,

[uk — Cy 20— 1C,(20)2/h] — [0F — Cy1— £C,212 /) < 0,

and the function

Y =uk —Cp 20— 50, (20)%/h,
which depends on the mesh steps [ and h, increases monotonically when [ and
h tend to zero as l,/2° and hy/2° as s — +o0. Since Y,* are uniformly bounded
for kh =t <y, nl = x < xy — tyh/l for arbitrary t, > 0 and =z, it follows that
Y} converge when h and [ tend to zero. Hence the convergence of u¥ follows as
h —0and [ — 0.

Extend uy, for all z and ¢ > 0, putting u,,(t,z) = u¥ for (k—1)h < t < kh,
(n —2)l < z < nl. From the convergence of u* follows the weak convergence
of uy,; on all straight lines ¢t = const containing mesh points. Writing (3) in the
form

(st —ul) b+ [p(ul ) — p(ubk_))]/20 = (ub ) —2ul +uk_) /2R,

it is not difficult
obtain that
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Ty

Z (uk —uk=my 20 < Cymh.

n
n=n;

Using this, we obtain that the weak convergence of u;,; takes place on all straight
lines ¢ = const > 0. From the monotonicity with respect to n, or from (4) in
the case ¢” # 0, compactness of u;,; follows in the sense of convergence almost
everywhere. Therefore uy; converge almost everywhere for ¢ > 0, when h,l — 0.

2. The Rothe scheme for a quasilinear equation. Here, as in § 1,
we restrict ourselves to consideration of the simplest equation (1). The
differential-difference Rothe scheme for solving the boundary-value prob-
lem

ul,_o =uolr),  ul _ =u() ()

in the domain {¢t > 0, x > 0} for equation (1) is specified by the equations

du™tfdt + [p(u" ) — p(um)] /1 =0, (6)

where n = 0,1,2,...; u™(t) = u,(t,nl); u(t) = u,(t); u"(0) = uy(nl). Let
lug(z)| < M, |uy(t)] < M, and ¢’(u) > 0 for |u| < M + ¢, € > 0. Considering
successively n = 1,2, ..., it is easy to prove that |u"(t)] < M for all n.

We shall assume that ¢” > 0. We shall prove that in this case

2= (uh—u)/I< M, forn=1,2, .. (7)

Define z" for n = 0. For this, define u~!(¢) from the equation

p(ut) = o(uy (1) + Lduy /dt. (8)

It is obvious that for sufficiently small [ this equation has a solution with respect
to u™t, and |[ut| < M + /2. Tt is easy to see that 2 = u(t)/¢’ < M, if
up(t) < My (M, and M, are certain constants). The function 2" satisfies the
equation

1~ 1=
dZ"/dt + gp/(u”_l)(z” _ Z"_l)/l + 5@”(2”)2 + 5()0//<zn—1>2 =0. (9)
It follows from this that 2™ < Mj, if 2"(0) < M; and 2°(t) < M, since otherwise
we would obtain a contradiction with equation (9) at a maximum point of 2™ ()
for t <ty and In < z.
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Let v™ be solutions of equations (6) with step 1/2 (n =0, 3,1,13,...) and with

the conditions v™(0) = ug(nl), v°(t) = u;(t). Introduce the notation:

u" = z": u™l, v = 2": v™/2.

m=0,1,2,... m=0,5,1,...

Nl

The function Wt = g™ — 5" gatisfies the equation

—~ 1~
AW it G = W= S = ) = () — o)
Using (7) and (8), we find that

AW Jdt 4+ o' (Wt — W) /1 < My,

where M; is a certain constant, WO(t) = 0, W™(0) < M,l for z < =, if
lug(x)] < M. Hence it follows that W (t) < Mgl, and ©" — 2Mgl < 0" — Ml.
Thus, the function " — 2Mgl decreases monotonically as [ tends to zero, like
ly/2° as s — oo. Hence follows the weak convergence of the functions v;, and
also, by virtue of (7), the convergence of u; almost everywhere as [ — 0. Here
we put u;(t,z) = u™(t) for (n — 1)l <z < nl.

In an analogous manner one can prove the convergence of the Rothe scheme for
problem (1), (5) of the form

[uk+1 _ uk]/h + d(p(ukH)/dm -0, u®(z) = uy(x), uk(0) = uq(kh).

3. A difference scheme for the filtration equation. Consider the first
boundary-value problem for the equation

0%u/0x? = 0P (u) /0t (10)

in the rectangle Q{0 < ¢t < T, 0 < « < 1} with the conditions u(0, z) = uy(x),
u(t,0) = uy (t), u(t, 1) = uy(t), where ®(u) is continuous for v > 0 and
O’ (u) > 0 for u > 0, and ug(z),uq(t), uy(t) are nonnegative functions. (The

filtration equation (10) has been studied in detail in 4.) We shall consider the
differential-difference equations for this problem in the form

d2uk

= (@) — e/, (1)

where
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uk(x) = uy,(kh,x), k=1,2,..;

u’(z) = ug(x), uF(0) =uy(kh), u*(1)=uy(kh). (12)

It is easy to show the existence of solutions u* of equations (11), (12) and
their uniform boundedness with respect to h. Denote by v* the solution of the
same difference scheme (11), (12) with step h/2. For convenience we shall use
half-integer indices for v*: k = 0, %, 1, 1%,
Introduce the notation: u* = anzo u™h, oF = an:o, 12, v™h/2. We have
d*uk Jdz? = ®(uF)—®(u®) +ufh, d*v* /dz? = ®(F) =@ (W) +ufh/2, k= 1,2, ...
For W* = 4* — ¥ we obtain the equation

d*wk

~ 1~
W = @’ (Wk _ Wk71>/h + 5@/ (Uk71/2 _ Uk) + Ugh/2,

WO =0, [WHO)| <Mh, [WHL)| < Myh (13)

under the assumption that u(t) and u,(¢) have bounded variation. If the con-
dition

ok — R 12 <0, (14)
is fulfilled, then

d*wk

ol & (Wk —Wh1)/h > uf(x)h/2 > Msh. (15)

From (13) and (15) it follows that W* < M,h, (u* —2M,h)— (¥ —2M,h/2) <0,
i.e. u¥ — 2M,h is a monotonically decreasing function of the step h. Hence, as
in paragraphs 1 and 2, the weak convergence of u;,, as h — 0 follows. Using (14),

we obtain convergence of u,, almost everywhere in Q. (We put u,(t, ) = u*(z)
for (k—1)h <t < kh.)

The proof of convergence of the scheme (11), (12) is carried out analogously in
the case when

oF — k12 >, (16)

It is easy to show that condition (14) is fulfilled if ug(xz) < 0, uq(t) and uy(?)
are nonincreasing functions of ¢, while condition (16) is fulfilled if ug(z) > 0,
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and v, and u, are nondecreasing functions of ¢. For this it is necessary to write
the equation for z* = u¥ — u*~1 and use the maximum principle.

We note that the indicated method is applicable for proving the convergence
of a wide class of difference and differential-difference schemes possessing the
maximum principle.

Moscow State University
named after M. V. Lomonosov

Received
27 X 1960
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