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Abstract
Full Text

PHYSICS

Corresponding Member of the Academy of Sciences of the USSR G. A. GRIN-
BERG

ON THE STEADY FLOW OF A CONDUCT-
ING LIQUID THROUGH A RECTANGULAR
PIPE LOCATED IN AN EXTERNAL MAG-
NETIC FIELD, WITH TWO CONDUCTING
AND TWO NONCONDUCTING WALLS

1. Shercliff indicated (!) that if the external magnetic field H? is uniform,
and the velocity field and the induced electric and magnetic fields do not
depend on the coordinate z, measured in the direction of the axis of the
pipe, then there exists a solution of the equations of steady motion of
a conducting viscous incompressible liquid through the pipe for which
v =i, and H=H° + H.i,. Choosing the z-axis in the direction of the
field HO, setting —0p/0z = P = const, and assuming that external body
forces are absent, we obtain for H, and v the following equations:
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where A = 0% /0z2 + 92 /0y?; n is the coefficient of viscosity of the liquid, and o
and p are its conductivity and magnetic permeability. The boundary conditions
for H, on the walls s of the pipe* are written as follows: on nonconducting
portions of the walls GHZ/83|S = 0, and on ideally conducting ones 8HZ/<91L|S =
0, where n is the normal to the wall. To these is added the obvious condition
v’s =0.

The case of nonconducting walls was considered in (1), and the case of ideally
conducting walls in (). In both cases the solution is represented in the form of
trigonometric series obtained by the method of particular solutions. In a similar
way one could solve the problem for a rectangular pipe whose walls perpendicular
to the external magnetic field are ideally conducting and whose walls parallel to
it are nonconducting.** It turns out to be much more complicated to consider
the question for a pipe in which the walls parallel to H? are ideally conducting,
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and the walls perpendicular to H° are nonconducting. Since, as far as we know,
an exact solution of this problem has not previously existed in the literature,
the present note sets forth some results we have obtained in this direction.

2. Let the coordinates x,y of the vertices of the rectangular cross-section of
the pipe be (0,0), (0,d), (I = 2a,0), (I,d). Denoting by I the density of
the total current entering through the ideally conducting wall y = 0 and

leaving through the wall y = d, and introducing into consideration the
functions

1 [HO P
= |G+ e —a),
2y | 47 n

* We regard it as stationary.
** Tt should be noted that such a form of solution proves very disadvantageous

in the case of large values of the Hartmann number, since the convergence of
the series sharply worsens as it increases.
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where K;(z) is the Macdonald function, z,, = 2ml + z, z,, = 2ml — =z, y, =
2nd + vy, y,, = 2nd —y. We can write the solution of the problem in the form
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where

0
o= (Pl a MI) /4777;
c

f(&) is the solution of the integral equation

l
/ (0(6.d.,0) + g(€,0,2,0)] () chiy(x — &) de = 22 ITIIZL) g
0 sh 7y

For vd > 1, the term ¢(&,d, z,0) on the left-hand side of equation (3) becomes
very small in comparison with ¢g(&, 0, z,0). Since this term reflects the influence
of the finiteness of the size of the pipe cross section in the direction of the y-axis
on the values of the sought function f(£) along the side y = 0, i.e., the influence
on this distribution of the wall located at y = d, for vd > 1 this influence may
be neglected with the greater accuracy the larger the parameter vd. For d = oo
(the cross section is not in the form of a rectangle, but in the form of a half-strip)
it disappears altogether. Equation (3) then takes the form

2a shyx shy(l—x) )
sh~l ’

l
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0

where f._(£) is the corresponding solution, and g(§,n,x,y) is the function ob-
tained from g¢(&,n, z,y) for d = co.

Introducing dimensionless variables z = z/l, ( = £/l, and putting vl = M (the
Hartmann number), If__(zl) = at)(z), we finally find a one-parameter equation
for the function ¢(z):
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3. For small and moderate values of M, equation (5) can be solved numer-
ically by reducing it to a system of simultaneous linear equations. As
regards the case of large M, the series in formula (5) then converges very
rapidly, and one may restrict oneself to its first three terms. Formula (5)
takes
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then the form

1
> [tz - € - Kot + €)1
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As a more detailed consideration shows, equation (6) can be approximately
replaced by

/1 X(©de _ 2shMzshM(1—2) oy [P X(EDE L ou / X(§) dg

b ]z — €] sh M BERVEENS b V2—2z2—2C
(7)

where x(&) = ¥(§)/2vV2mM.

The solution of equation (7) may be sought by the method of successive approx-
imations, using the existing methods for solving equations of the form

b x@dg
o VIz—¢

where w(z) is a known function (see (3,%)).

)

w(z),

As the first approximation (to which we shall restrict ourselves here) we take
the one in which, in formula (7), the relatively slowly varying factors

/1 x@dg [T x(©)de
L Vet b V2—2z—¢

are replaced by their common value*

1 1
x(§)d§ [ x(d¢
/O VE —/0 1_€—A—const

at those points at which the rapidly decreasing exponentials have their maximum

value, equal to unity. Equation (7) then takes the following form, if e 2M is
neglected in comparison with unity:
X9 de
=1+ (A _ 1) [e—QMz + e—QM(l—z)]’ (8)
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where the constant A must be determined from the condition x(0) = 0. Hence
we find that

X2 = 01(2) ~ A ale) 4 xal1 — 2)
where
xalz) = ! (9)

/2 [2(1 —z)]1/4;

1
) = T e (o

N V2 /1 e2M7 [6M o — 8M20?) do / T v? dv
VIT2(3/4)21/4 ), ol/4 b V(z—0)2 + 4zt
(10)

some terms of order M ~5/4 having been omitted.

We do not give here a detailed analysis of the formulas obtained. We note only
that the function x(z) = x(1 — z), which vanishes at z = 0 and at z = 1, rises
steeply for M > 1 in the vicinity of the walls, reaching its maximum value
Xomax = 0.268MY/* at a distance Az = 0.85/M from them, while outside the
wall region, whose thickness

* For x(1—=¢) = x(&)-
has order O(1/M), and the function x(z) is approximately equal to x;(z), since
there [xa(2)] < ¥, (2).

Let us also note that the values of x(z) found from formulas (9), (10) for M = 10
are close to the corresponding quantities obtained by direct numerical solution
of equation (6), where (z) = 2v21M x(z).

Physical-Technical Institute named after A. F. Ioffe
Academy of Sciences of the USSR

Received
26 VII 1961

REFERENCES
1. A. Shercliff, Proc. Cambr. Phil. Soc., 49, 1, 136 (1953).

sovietrxiv.org/items/ru-196101.73080 Machine Translation


https://sovietrxiv.org/items/ru-196101.73080

2. Ya. S. Ufliand, ZhTF, 30, 10, 1256 (1960).
3. T. Carleman, Math. Zs., 15, 111 (1922).

4. N. I. Akhiezer, V. A. Shcherbina, Notes of the Mathematical Department
of the Physics-Mathematics Faculty and the Kharkov Mathematical Soci-
ety, 25, ser. 4 (1957).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196101.73080 Machine Translation


https://sovietrxiv.org/items/ru-196101.73080

	Abstract
	Full Text
	PHYSICS
	ON THE STEADY FLOW OF A CONDUCTING LIQUID THROUGH A RECTANGULAR PIPE LOCATED IN AN EXTERNAL MAGNETIC FIELD, WITH TWO CONDUCTING AND TWO NONCONDUCTING WALLS
	REFERENCES


