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1.2)

In this paper some results obtained in ( are carried over to the case of

equations in a Banach space.

1. Consider the problem

d

d—:+A(t)v:O (r<t<T,7€l0,T]), v(r)=u1, (1)
where v(t) is the desired function, defined on [7,T], with values in the Banach
space F; A(t) (0 <t <T)is a linear operator acting in E; dv/dt is the deriva-
tive, understood as the limit in the norm of E of the corresponding difference
quotient.

Suppose that for each ¢ € [0,T] the operator A(t) has a domain of definition
D[A(t)] everywhere dense in E. Suppose that for any A with ReA > 0 the
operator A(t) + Al has a bounded inverse whose norm satisfies the inequality

[[AGE) + M| < COAl+ 1072 (2)

Then (3) the fractional powers of the operator A(t) are defined.

Let p be some number in (0,1), and let [ be an integer such that p; =1—1Ip €
(0, p]. Suppose that the operator A?(t)A~"(7) is bounded for all ¢t,7 € [0,T],
and that the operator A=*1(t)A”1(7) admits closure to a bounded operator.
Suppose that

|A[A(), A(n)]| < CJt — =[P+, (3)
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where C > 0, € € (0, p] are some numbers, and by A[...] is denoted each of the
bounded operators AP(t)A~P (1) — I, AP(t)A~P(1) — A=P1(t)APi(7)**. In the
case p > 1/2, by A[...] is denoted the second of these operators.

Theorem 1. There exists an operator-function U(t, ), defined for all 0 < 7 <
t < T, with values in the space of bounded linear operators on E, possessing
the following properties:

1) U(t,7) is uniformly continuous jointly in ¢ and 7 for all ¢ > 7, and for
t = 7 is strongly continuous.

2) U(t,t) =1, and for any 0 < 7 < s <t < T the identity holds

Ut,7) =U(t,s)U(s, 7). (4)
* The results of the present work were reported at the seminar on functional
analysis of Voronezh State University in January 1959.
** A bar above denotes the closure of an operator in E.

3) U(t, ), for t > 7, is uniformly and continuously differentiable with respect
to t, and

oU(t, )
ot

4) Problem (1), for any v, € E, has a unique solution

+ AUt ) =0. (5)

v (t) = U(t, 7)vg. (6)

continuous for all ¢ > 7 and continuously differentiable for ¢ > 7.

If vy € D[A(7)], then the vector-function v (t) is continuously differentiable also
at t = 7 and satisfies equation (1). Here the derivative at the point ¢ = 7 is
understood as the right derivative.

5) Forany 0 <7<t <t+ At <T and £ € [0,T] the estimates

[A*@®U(t, 1) AP (1) < Clag)lt =717 (0<B<a<ag<l+e); (7)

AUt + At,m) = U(t, )]A(7)| < Cla, B, )ALt — 7|P
0<a<p, 0<B<y<1l+e 0<y—a<]l). (8)

In the last estimate one may have v — a = 1, if either £ = ¢, or § < .

6) If € > p — py, then U(¢,7) is uniformly and continuously differentiable
with respect to 7 for 7 < ¢, and
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WD) i1, A7) = 0 (9)

Forany 0 < <a<a,<1l+e—p+ p, the estimate

A= (U(t, ) A (7)] < Clag)|t — 717~ (10)

is valid.

7) The operator U(t,7) can be represented in the form of a multiplicative
integral.

2. Consider the problem

d

d—: YAt =ft) (0<t<T),  v(0)=u,. (11)
If the vector-function f(t) is continuous, then problem (11) cannot have more
than one solution continuous for all ¢ > 0 and continuously differentiable for
t > 0.

Theorem 2. Suppose the vector-function f(t) satisfies the condition

lf@) = f(nl <Clt—71° (t,r€[0,T], C>0,0<5<1). (12)

Then the formula

v(t) = U(t,0)v, +/ Ut,7)f(r)dr (13)
0

for any v, € E defines the unique solution of problem (11), continuous for all
t > 0 and continuously differentiable for ¢ > 0. If v, € D[A(0)], then the vector-
function v(t) is continuously differentiable also at t = 0 and satisfies equation
(11). Here the derivative at the point t = 0 is understood as the right derivative.

3. Consider the problem

d

d%’ FAt v = f(tv) (0<t<ty, tye(0,T]), v(0)=uvy (14)
Theorem 3. Let E; be some Banach space; let E, be a subset of E; that is
also a Banach space. Suppose |[v] g, < C|v|g, for any v € E.

Suppose that for every such v € E, that [v|g, < Ry, |v]|g, < R,, where R, and
R, are some positive numbers, and every ¢ € [0,T], a linear operator A(t,v)
acting in F, with everywhere dense domain of definition, is defined. Suppose
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that for every A with Re A > 0 the operator A(t,v) + AI has a bounded inverse,
and suppose that

[ ) + AT < A+ 1) (15)
Suppose that, for some p € (0, 1), for all such v, w € Ey that |[v] g, |wlg, < Ry,
vl g, [wlg, < R,y and for all ¢,7 € [0,T7], the operator AP(t,v)A™"(7,w) is

bounded, and the operator A=*1(t,v) AP (7, w) admits closure to a bounded
operator. Suppose that

IA[A(,v), Alr, w)]| < Cllt = 7] + v = wlig,], (16)

where (i, v are some numbers respectively from (1—p, 1], (%, 1] ; «, B are some
numbers respectively from [0, p), (1 — p + a,1). Suppose

Vo € By, volg, <Ry, vollg, < Rs.

Suppose that v, € D(Ag), where Ay = A(0,v,). Suppose that each element v
of D(A§) belongs to E;, and suppose that

[vl e, < CllAG- (17)

Suppose that for any such v,w € E, that |[v|g,,[w]g, < R,, and for all ¢,7 €
(0,77,

|£(t,0) = F(r,w)]| < ClJt =77 + o — wl,], (18)

where 1 and £ are some numbers from (0, 1].

Suppose that E; and E, are some Banach spaces. Suppose that each element v
of E/5 belongs to E, and E,, and suppose that

1—
lole, < Clvlg,lvlg,” (19)

where 7 is some number from [0, 1).

Suppose that each element v of D(A§), where € is some number from [0, p),
belongs to F,, and suppose that

lvl g, < ClAGY. (20)
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Suppose that each element v of D[A?(t,w)], where w is any such element of F,
that |w] g, < Ry, |w|g, < R,, and t is any number from [0, 77, belongs to Ej,
and suppose that

[vllg, < CIAP (¢, w)o]. (21)

Finally, suppose that every set bounded in Fj is compact in E,. Then, for some
ty, there exists at least one solution v(¢) of problem (14), continuous for all ¢ > 0
and continuously differentiable for ¢ > 0.

If B, = E; and 7 = £ = 1, then such a solution will be unique and can be found
by the method of successive approximations.

4. Suppose that € is an open bounded domain of n-dimensional space with
boundary S. With the aid of Theorem 3, an existence theorem is proved

of a classical solution of the boundary-value problem

o < 0 Ov Ov v
a‘_; 87331 [aik(t)xav)awlj =f (t’x’v’agcl’""(?x

n

) 0<t<ty, x€N),

S 0
Z a’ik(ta Y, U)Tv COS<Ny7yi) + U(t?y?v)v =0 (O <t < t07 y e S)a (22)

v(0, ) = vy(x) (z€Q)

without any restrictions on the growth of the nonlinearities. Here N, is the
vector of the exterior normal to the surface S at the point y.
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