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DERIVATIVES*

(Presented by Academician V. I. Smirnov on 9 I 1961)

S. N. Bernstein ([1], p. 269) proved that in the class B, of entire functions of
degree < v, bounded on the whole real axis, the following inequality holds:

sup [f'(z)| <v sup [f(x)]. (1)

—oo<r<oo —oo<Ir<oo

Among the numerous generalizations of this inequality we cite the following (see
[2], p. 154):

If f(z) € B,, then for any real «,

sup |f/(x)sina+vf(z)cosal <v sup |f(x)]. (2)

—oo<r<oo —oo<r<oo

Let us note that inequality (2) is sharp for every real a.

Denote by Wﬁf?“,yn (p > 1) the class of entire functions f(zq,...,z2,) of degree

not exceeding v, ..., v,,, for which the condition

wﬁﬁf:/ m/lﬂ%wﬂwwﬁrd%<+m

is satisfied for 1 < p < 400, and

11 = sup (e )| < 00

—00L L yeeny Ty <+ 00

for p = +o0.

For an entire function f(zq,...,z2,) from the class Wlsf>l, (I1<p<yp <),
the inequality of S. M. Nikol’ skii [3] holds:
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n n d 1/p—1/p’ n
LS < 2n TT w7 11 (3)
k=1

Inequality (3) was sharpened in the works [4-6], and it was proved that for an

entire function f(zq,...,2,) € ngf>l, (I<p<p <),

n 1/p—1/p
T, o<p<a),

(n) k=1
<9 pu\ VeV )
IT (%) 115", (0> 2).
k=1 T

* The results of this note were reported at the Fifth All-Union Conference on
the Theory of Functions of a Complex Variable in Yerevan in September 1960.

Inequality (4) is further refined by us as follows:

Theorem 1. Let f(zy,...,2,) € Wﬁf?_,,,l,n (I1<p<yp <o0);

oS} q 1/q
Bq:</ dt) ; B, = max
0

o0 —oo<t<oo
s is the least integer not smaller than p/2, and the number ¢ is chosen from the
condition 1/q + s/p = 1.

sint

t

sint

t )

Then the inequality holds

1
7

I (5)
k=1

S

< @)

In particular, taking into account that B < B3 = /2 (¢ > 2), from (5) we find

n n 1% 1/p—1/p’ n

I < TL(Z2) 5 7 I (6)
k=1

Inequality (6) in the one-dimensional case was obtained independently of us by

A. F. Timan (see (7), p. 248, inequality (29)).

From inequalities (2) and (5), for p’ = oo it follows immediately that, for an
entire function f(z) € WP (p > 1), the inequality holds

sup |af'(z) +bvf(z)] <vva?+ b2 (21/471"13(1)1/S

—oo<Ir<oo

sUPVIP| S|, (T7)
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In the case p = 2, inequality (7) is exact only when a = 0.

The present note is devoted to the refinement and generalization of inequality
(7).

Introduce the notation:

if > g,

_ OZ*B,
(O"m_{o, if o < B,

kL o o 80/1+~~+a;/
D,[fiza,ba/,a"] = a [ v W)
k=1

ot al
Oxy" - Oxp"

n o a” aa1+ +o¢ﬂ
+b H 1/,(C kork) T el f(/,)
k=1 (9.%'1 ! 8:vn

)

where z = (2, ..., 2,); a and b are complex numbers; a;, and o (k=1,2,...,n)

rn
are nonnegative integers.

Theorem 2. For an entire function f(zq,...,2,) € W,Ef)yﬂ (1<p<2), we

have

C,
|D,[f; 20,6507, 07]| <

n
H max(aj,,af, +1/p||pr ’ (8)

where

o {)

+bH o7 <Sm Tk +kak)>

el ax " Ty + LYy

8% (sin(ack + ivkyk)> N
Pt 8x Ty, + LY

q
dxy dmn}

and the number ¢ is determined from the condition 1/p + 1/q = 1.

1/q

It is obvious that, when y, =0 (k= 1,2,...,n), p = 2, and the numbers a and
b are real, if for at least one value of k the numbers «}, and «f, have different
parity, inequality (8) takes the form:

ID{f;x;a,b;0" 0"} <
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~1/2
n 1 n 1 1 n me x(a/ a//)+1/2 (n)
S a’2 / + b2 ” l/k * B ”f” ’
g2ak+l 161_[12ak+11 7r”/2’£[1 2
where z = (24, ..., ,).

The last inequality becomes an equality for z; = --- = x,, = 0 for the function

n nor sin V. (a;“> n s sinv,.x (a;ﬁ)
o) = [T (S0 ) o [t ()
k=1

k=1 T Lk

which is an entire function from the class Wp(f),,n

In particular, let b=0,1<p <2, y, =0 (k=1,2,...,n), and let ), = o, be
arbitrary nonnegative numbers, while oy =0 (k= 1,2,...,n). In this case, for

,,,,,

A, T a,+1 (n)
sﬁg%ﬁWm, )

aoc1+~--+anf(x17 axn)
895?1 e Oz

where

(sinz) ()
x

For p = 2, inequality (9) becomes an equality for the function

A, = H
k=1

q

n

sin k (k)
H(sm a:) when z; ===z, =0.
o\ kx

From inequality (9) one obtains the inequality that was previously obtained in

papers (°,%):

8a1+.+anf(zl7 e ?x/n/>
833?1 Oz

Vi

LA 1/p
<JDv () w2y,

Theorem 3. Let s be the smallest integer not less than p/2 (p > 1), let the
number ¢ be chosen from the condition 1/g + s/p = 1, and let y;, be arbitrary
real numbers. Then, for an entire function f(zy,...,2,) € W,Ef,)m,yn (p>1), the
inequality
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1/ h(pv n
o s, ) < T (22 )[W] 1 o)

holds.

Inequality (10) is a refinement of the corresponding inequality obtained in paper
(®)-

Let p(zq,...,2,) > 1 be a fixed function, continuous

in the n-dimensional Euclidean space R,,:

PlEy T Y1 T T Yn)

afty, ..., t,) = sup
—00< T 500y Ty <OO QD(CCl, ,:Cn)
lya |<ts,lynl<t,

m,,

Z Z A, g B tn = M(ty, ).

k=0 Kk, =0

Denote by W ’W)Vn the class of entire functions f(z4,...,z,,) of degree vy, ..., v,
for which the following Lebesgue integral is finite:

/ / f( [y, hmy) , )
oz, . x,)
Theorem 4. If a, b are real numbers, each of the numbers o}, o) (k=1,2,...,n)

independently of the others assumes the values zero and one, and, moreover, for
at least one value of k the numbers o}, and «aj, are not equal, then

n?

dxy--dx,,.

‘DVJr)\[f;IE;a,b;O/,Oz”H <

@(ml,...,xn) -
. 1/2
2
a ];[1 H 2 ” +1 x
n ’ " 1
reol2 L pgmesebdenaar (L L) i,

where )\, are arbitrary positive parameters; D, ,[f;z;a,b;a’, "] is obtained
from the expression D,[f;x;a,b;a’,a”] by replacing v, by v, + A, (kE =
1,2,...,n). In the case p(xq,...,x,) = szl(l—&—xﬁ), A = /s, and as v, — 00,
the last inequality turns into an asymptotic equality at ¢, = x5y = =2, =0
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for the function gy(zq,...,x,) = @(zq1,...,z,)fo(Z1,...,x,), which is an entire

rvn rrn

function of degree vy, ..., v,,, where fy(zq,...,x, ) is defined above.
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