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Abstract
Full Text

MATHEMATICS
Ya. L. Geronimus

ON SOME BASIC INEQUALITIES IN THE
THEORY OF ORTHOGONAL POLYNOMI-
ALS
(Presented by Academician S. N. Bernstein, 27 V 1961)

1. Let the polynomials {𝜑𝑛(𝑧)}∞
0 be orthonormal on the circle 𝑧 = 𝑒𝑖𝜃 (0 ≤ 𝜃 ≤

2𝜋) with respect to the distribution 𝑑𝜎(𝜃); consider three inequalities

𝜎′(𝜃0) ≥ 𝑚 > 0; (I)

𝐾𝑛(𝑧0) =
𝑛

∑
𝑖=0

|𝜑𝑖(𝑧0)|2 ≤ 𝐶(𝑛 + 1), 𝑧0 = 𝑒𝑖𝜃0 ; (II)

{|𝜑𝑛(𝑧0)|}𝛼
0 ≤ 𝑀. (III)

Theorem 1. If 𝜎′(𝜃0) exists and if

∫
ℎ

0
|𝑑𝑡{𝜎(𝜃0 + 𝑡) − 𝜎(𝜃0 − 𝑡) − 2𝑡𝜎′(𝜃0)}| = 𝑜(ℎ), (1)

then (I) follows from (II).

The proof follows from the inequality (𝑛 + 1) ≤ 𝐾𝑛(𝑧0)𝜎𝑛(𝜃0), where 𝜎𝑛(𝜃) is
the Fejér sum for the Fourier–Stieltjes series 𝔖(𝑑𝜎); from condition (1) there
follows the convergence lim𝑛→∞ 𝜎𝑛(𝜃0) = 𝜎′(𝜃0).
Theorem 1 is also valid in the more general case when (II) holds only for a sub-
sequence {𝐾𝑛𝜈

(𝑧0)}, and also in the case when there exists only the generalized
derivative

𝜎(1)(𝜃0) = lim
ℎ→0

𝜎(𝜃0 + ℎ) − 𝜎(𝜃0 − ℎ)
2ℎ . (2)

We see that (II) implies (I); it is also obvious that (III) implies (II), and conse-
quently also (I),—but does (III) follow from (I) or from (II)? This question was
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posed in its time by V. A. Steklov (1); in our works (2, 3) we obtained some
sufficient conditions for the boundedness of the whole orthonormal system on
the entire interval of orthogonality or on a part of it, but in doing so we had to
impose on the function 𝜎(𝜃) certain restrictions not only of a local but also of a
global character, and the question remained open.

2. We shall use the relations

√1 − |𝑎𝑛|2 𝜑𝑛+1(𝑧) = 𝑧𝜑𝑛(𝑧) − ̄𝑎𝑛𝜑∗
𝑛(𝑧),

√1 − |𝑎𝑛|2 𝜑∗
𝑛+1(𝑧) = 𝜑∗

𝑛(𝑧) − 𝑎𝑛𝑧𝜑𝑛(𝑧),

𝜑∗
𝑛(𝑧) = 𝑧𝑛𝜑𝑛(1

𝑧 ) (𝑛 = 0, 1, …), (3)

where the parameters {𝑎𝑛}∞
0 are subject to the conditions {|𝑎𝑛|}∞

0 < 1; con-
versely, if the parameters are chosen completely arbitrarily and independently
of one another

1002

one another, subjecting them only to these conditions, then the polynomials
{𝜑𝑛(𝑧)}∞

0 , constructed by the recurrence formula (3), are orthonormal on |𝑧| = 1
with respect to a certain distribution 𝑑𝜎(𝜃), which is completely determined by
these parameters. From (3) there follows the formula

√1 − |𝑎𝑛|2 = 2ℜ𝜂𝑛
1 + |𝜂𝑛|2 ⩽ 2|𝜂𝑛|

1 + |𝜂𝑛|2 , 𝜂𝑛 = 𝑧0𝜑𝑛(𝑧0)
𝜑𝑛+1(𝑧0) , 𝑧0 = 𝑒𝑖𝜃0 . (4)

Theorem 2. Under condition (II) one has lim𝑛→∞ |𝜑𝑛(𝑧0)| < ∞; if at the same
time lim𝑛→∞ |𝜑𝑛(𝑧0)| = ∞, then lim𝑛→∞ |𝑎𝑛| = 1.

If we had lim𝑛→∞ |𝜑𝑛(𝑧0)| = ∞, then from this would follow the existence of the
limits lim𝑛→∞ |𝜑𝑛(𝑧0)| = ∞ and lim𝑛→∞ 𝐾𝑛(𝑧0)/(𝑛+1) = ∞, which contradicts
condition (II).

Suppose that lim𝑛→∞ |𝜑𝑛(𝑧0)| = ∞; we divide the set of all natural numbers
into two sequences {𝑛′

𝑖} and {𝑛″
𝑘} so as to have

|𝜑𝑛′
𝑖
(𝑧0)| ⩽ 𝐴 (𝑖 = 1, 2, …); lim

𝑘→∞
|𝜑𝑛″

𝑘
(𝑧0)| = ∞; (5)

both sequences are, obviously, infinite.

We shall consider pairs of numbers 𝑛 and 𝑛 + 1 belonging to two different
sequences—such pairs will always be found for arbitrarily large values of 𝑛, since,
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if beginning with 𝑛 = 𝑛0 no such pairs were found, then one of the sequences
would have no more than 𝑛0 terms. Choose 𝑛 so large that |𝜂𝑛| < 𝜀 or |𝜂𝑛| > 1/𝜀,
where 𝜀 > 0 is arbitrarily small; in both cases we obtain from (2) √1 − |𝑎𝑛|2 <
2𝜀, which is equivalent to the condition lim𝑛→∞ |𝑎𝑛| = 1.

Remark 1. Formula (4) shows that, knowing 𝜑𝑛(𝑧0), we may choose
𝜑𝑛+1(𝑧0) ≠ 0 completely arbitrarily—this determines |𝑎𝑛|, and by formula (3)
also 𝑎𝑛; under condition (II) we shall indicate several examples of such a choice:

1) Put 𝜑𝑚(𝑧0) = 𝐶√𝑚 for 𝑚 = 2𝑘 (𝑘 = 0, 1, 2, …) and 𝜑𝑚(𝑧0) = 1 for all
other values of 𝑚.

2) Let 𝜑𝑚(𝑧0) = 𝐶 3√𝑚 for 𝑚 = 𝑘3 (𝑘 = 1, 2, 3, …) and 𝜑𝑚(𝑧0) = 1 for all
other values of 𝑚; it can be shown that in both cases we have

lim
𝑛→∞

[
𝑛−1
∏
𝑘=0

(1 − |𝑎𝑘|2)]
1/2

= 1,

whence it follows that the set of points of increase of the function 𝜎(𝜃) is every-
where dense on the interval [0, 2𝜋].

3. Theorem 3. 1) From the validity of (II) almost everywhere on [𝛼, 𝛽]
there follows the validity of (I) almost everywhere inside [𝛼, 𝛽].

2) From the validity of (I) almost everywhere on [𝛼, 𝛽] there follows the
validity of (II) inside [𝛼, 𝛽].

The proof of assertion 1) follows from the convergence lim𝑛→∞ 𝜎𝑛(𝜃) = 𝜎′(𝜃)
almost everywhere on [𝛼, 𝛽]; assertion 2) is known.

Theorem 4. From the validity of (I) almost everywhere on [𝛼, 𝛽] there follows
the existence of an infinite subsequence of polynomials {𝜑𝑛𝜈

(𝑒𝑖𝜃)}, bounded at
every point inside [𝛼, 𝛽], uniformly bounded on some interior subinterval; under
the additional condition lim𝑛→∞ |𝑎𝑛| < 1 the entire sequence {𝜑𝑛(𝑒𝑖𝜃)}∞

0 has
this property.

Indeed, from the proof of Theorem 2 it follows that, under the condition
lim𝜈→∞|𝑎𝜈| < 1, we have lim𝜈→∞|𝜑𝜈(𝑒𝑖𝜃)| < ∞ at every point at which (11) is
satisfied; the uniform boundedness follows from Szegő’s theorem.

Remark 2. The condition lim𝑛→∞|𝑎𝑛| < 1 is satisfied, in particular, if
lg 𝜎′(𝜃) ∈ 𝐿1, since this latter condition is equivalent to the condition

∞
∑
𝑛=0

|𝑎𝑛|2 < ∞;

but it is also satisfied in a number of other cases—for example, in the case consid-
ered by N. I. Akhiezer (4), since in this case there exists the limit lim𝑛→∞ 𝑎𝑛 =
𝑎, |𝑎| < 1.

sovietrxiv.org/items/ru-196101.70287 Machine Translation

https://sovietrxiv.org/items/ru-196101.70287


4. From the theorems proved there follow analogous theorems for polynomi-
als {𝑝𝑛(𝑥)}∞

0 orthonormal on the interval [−1, +1] with respect to the
distribution 𝑑𝜓(𝑥); here the condition lim𝑛→∞|𝑎𝑛| < 1 is equivalent to
the condition lim𝑛→∞𝜆𝑛 > 0, where 𝜆𝑛 is the coefficient in the recurrence
formula

√𝜆𝑛+1 𝑝𝑛(𝑥) = (𝑥 − 𝑎𝑛)𝑝𝑛−1(𝑥) − √𝜆𝑛 𝑝𝑛−2(𝑥) (𝑛 = 1, 2, …); (6)

the condition lim𝑛→∞𝜆𝑛 > 0 is satisfied, in particular, if lg 𝜓′(𝑥)/
√

1 − 𝑥2 ∈
𝐿1, and is also satisfied in a number of other cases, for example, in the
case of Pollaczek polynomials, for which lg 𝜓′(𝑥)/

√
1 − 𝑥2 ∉ 𝐿1, but

lim𝑛→∞ 𝜆𝑛 = 1/4.
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