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Abstract
Full Text
HYDROMECHANICS
M. P. MIKHAILOVA

MOTION OF A PISTON WITH CONSTANT
VELOCITY IN AN INHOMOGENEOUS
MEDIUM
(Presented by Academician L. I. Sedov, 10 VII 1961)

Consider the motion of a gas behind a piston which expands with constant
velocity 𝑢 in a medium whose density 𝜌𝑛 varies according to the law

𝜌𝑛 = 𝜌1[1 − 𝜀𝑟𝜒], (1)

where 𝑟 is the linear coordinate; 𝜀 is a small parameter; 𝜒, 𝜌1 are constants.
The unknown functions are the pressure 𝑝, the density 𝜌, and the velocity 𝑣,
which depend on the variables 𝑡, 𝑟 and on the parameters 𝑝1, 𝜌1, 𝜀, 𝜒, 𝛾, where
𝛾 = 𝑐𝑝/𝑐𝑣. From these quantities one can form only two dimensionless variables

𝜆 = 𝛾𝑝1𝑡2

𝜌1𝑟2 , 𝜇 = 𝜀𝑟𝜒.

Thus the sought dimensional functions can be represented through dimensionless
functions depending on the dimensionless variables:

𝑣 = 𝑟
𝑡 𝑉 (𝜆, 𝜇), 𝑝 = 𝜌1 (𝑟

𝑡 )
2

𝑃(𝜆, 𝜇), 𝜌 = 𝜌1𝑅(𝜆, 𝜇). (2)

The problem of the motion of a gas behind a piston moving with constant
velocity in a homogeneous medium was solved by L. I. Sedov (1). Let 𝑉0(𝜆),
𝑃0(𝜆), 𝑅′(𝜆) be the solutions of this problem. Then we represent the linearized
sought solutions in the form

𝑉 = 𝑉0(𝜆) + 𝜇𝑉 (𝜆), 𝑃 = 𝑃0(𝜆) + 𝜇𝑃(𝜆), 𝑅 = 𝑅0(𝜆) + 𝜇𝑅(𝜆). (3)

The basic equations of one-dimensional unsteady motion have the form

𝜕𝑣
𝜕𝑡 + 𝑣𝜕𝑣

𝜕𝑟 + 1
𝜌

𝜕𝑝
𝜕𝑟 = 0,
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𝜕𝜌
𝜕𝑡 + 𝜕𝜌𝑣

𝜕𝑟 + (𝜈 − 1)𝜌𝑣
𝑟 = 0, (4)

𝜕
𝜕𝑡 ( 𝑝

𝜌𝛾 ) + 𝑣 𝜕
𝜕𝑟 ( 𝑝

𝜌𝛾 ) = 0.

Here 𝜈 = 1, 2, 3, respectively, for plane, cylindrical, and spherical waves. After
passing to dimensionless variables and varying with respect to 𝜇, we obtain a
system of ordinary differential equations for 𝑉 , 𝑃 , 𝑅. From the independent
variable 𝜆 we pass to the independent variable

variable 𝑉0, and we shall seek solutions in the form

𝑉 = (1 − 𝑉0)𝑆
∞

∑
𝑛=0

𝑎𝑛𝑖(1 − 𝑉0)𝑛,

𝑃 = (1 − 𝑉0)𝑆
∞

∑
𝑛=0

𝑏𝑛𝑖(1 − 𝑉0)𝑛, (5)

𝑅 = (1 − 𝑉0)𝑆
∞

∑
𝑛=0

𝑐𝑛𝑖(1 − 𝑉0)𝑛.

As is known, in the case of self-similar motion the solutions for 𝑉0, 𝑃0, 𝑅0
are not expressed in analytic form. After passing to the independent variable
𝑉0, approximate solutions can be found by expanding the desired functions in
powers of (1 − 𝑉0):

𝜆 = 𝜆p [1 − 2
𝜈 (1 − 𝑉0) + …] ,

𝑃0 = 𝑃0p [1 − 2
𝜈 (1 − 𝑉0) + …] , (6)

𝑅0 = 𝑅0p [1 + 𝜒(1 − 𝑉0)2 + …] ,

where 𝜆p, 𝑃0p, 𝑅0p are the values of the functions at the piston.

The characteristic equation of the system, if the equalities (6) are taken into
account, will be

𝑆2 (𝑆 − 𝜒
𝜈 ) = 0. (7)
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The roots 𝑆1 = 𝑆2 = 0 correspond to a solution with a logarithmic singularity
(2).
Let us now consider the boundary conditions. At the piston 𝜗 = 𝑢, and since
𝑉0 = 1, then 𝑉 (1) = 0. Ahead of the piston, at some distance, a shock wave
is moving. We shall assume that the piston velocity is large, and take the
conditions at the shock wave in the form

𝜗2 = 2
𝛾 + 1𝑐, 𝜌2 = 𝛾 + 1

𝛾 − 1𝜌𝐻 , 𝑝2 = 2
𝛾 + 1𝜌𝐻𝑐2, (8)

where 𝑐 is the velocity of the shock wave.

The conditions at the shock wave, after passage to dimensionless variables and
variation with respect to 𝜇, have the form

𝑉2 = [2(1 + 𝜒)(1 + 𝜆∗)
𝛾 + 1 − 𝑉0(𝜆∗) + 2𝜆∗ (𝑑𝑉0

𝑑𝜆 )
𝜆=𝜆∗

] 𝑎 − 2𝜆∗

𝛾 + 1,

𝑃2 = [2𝜆∗ (𝑑𝑃0
𝑑𝜆 )

𝜆=𝜆∗
− 2𝑃0(𝜆∗) + 4(1 + 𝜒)

𝛾 + 1 ] 𝑎 − 2
𝛾 + 1, (9)

𝑅2 = [2𝜆∗ (𝑑𝑅0
𝑑𝜆 )

𝜆=𝜆∗
+ 4(𝛾 + 1)(1 + 𝜒)𝜆∗

𝛾 − 1 ] 𝑎 − 𝛾 + 1
𝛾 − 1,

where 𝜆∗ is the value of 𝜆 at the shock wave, and 𝑎 is a constant.

The radius vector 𝑟2 at the shock wave is represented in the form

𝑟2 = 𝑟20[1 + 𝑎𝜇∗]. (10)

The solutions for 𝑉 , 𝑃 , 𝑅 take the following form if (1 − 𝑉0)2 is neglected and
𝜒/𝜈 is not an integer:

𝑉 = 𝜒
𝜈

𝑏01
𝛾𝑃0p

(1 − 𝑉0) ln(1 − 𝑉0) + 2𝜒𝑐03
𝑅0p(𝜒 + 𝜈)(1 − 𝑉0)𝜒/𝜈+1.

𝑃 = 𝑏01 {[1 − 𝜒 + 2
𝜈 (1 − 𝑉0)] ln(1 − 𝑉0) + 1 + 4

𝜈 (1 − 𝑉0)} , (11)

𝑅 = 𝑅0p
𝛾𝑃0p

𝑏01 {[1 − 𝜒
𝜈 (1 − 𝑉0)] ln(1 − 𝑉0) + 1 + 𝜈

𝜒 + 4
𝜈 − 𝜒(1 − 𝑉0)}+𝑐03(1−𝑉0)𝜒/𝜈.
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In these formulas the condition at the piston has already been taken into account.
The unknown constants 𝑏01, 𝑐03, 𝑎 are determined from the conditions at the
shock wave.

If 𝜒/𝜈 is an integer, then the solutions will have the form

𝑉 = 𝜒
𝜈

𝑏01
𝛾𝑃0p

(1 − 𝑉0) ln(1 − 𝑉0),

𝑃 = 𝑏01 {[1 − 𝜒 + 2
𝜈 (1 − 𝑉0)] ln(1 − 𝑉0) + 1 + 4

𝜈 (1 − 𝑉0)} , (12)

𝑅 = [ 𝑅0p
𝛾𝑃0p

𝑏01 + 𝑐11(1 − 𝑉0)] ln(1 − 𝑉0) + (1 + 𝜈
𝜒) 𝑅0p

𝛾𝑃0p
𝑏01 + 𝑐11(1 − 𝑉0)

Fig. 1

Fig. 2

Fig. 3

The values of 𝑉 , 𝑃 , 𝑅 computed by us as functions of 𝑉0 for 𝜒 = 1 in the cases
𝜈 = 1, 2, 3 are presented in the form of graphs (Figs. 1, 2, 3).
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