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Abstract
Full Text

MATHEMATICS
M. G. GIMADISLAMOV

ON EXPANSION IN EIGENFUNCTIONS OF
A NONSELFADJOINT SYSTEM OF DIFFER-
ENTIAL EQUATIONS OF SECOND ORDER
(Presented by Academician P. S. Aleksandrov on 20 IV 1961)

The present work is devoted to the study of expansion in eigenfunctions of a
nonselfadjoint system of differential equations in the space of vector-functions.
The scalar case was first studied in the fundamental work of M. A. Naimark (1).
Consider a system of differential expressions of second order, which is written
briefly in the form

𝑙(𝑦) = −𝑦″ + 𝑃(𝑥)𝑦, (1)

where 𝑦(𝑥) = (𝑦1(𝑥), … , 𝑦𝑘(𝑥)) is a vector-function; 𝑃(𝑥) is a 𝑘-dimensional
complex-valued matrix, summable on the interval [0, ∞].
With this differential expression we construct an operator in the space of vector-
functions 𝑦(𝑥) ∈ 𝐿2

𝑘(0, ∞).
𝑦(𝑥) ∈ 𝐿2

𝑘(0, ∞), if

∫
∞

0

𝑘
∑
𝑖=1

|𝑦𝑖(𝑥)| 𝑑𝑥 < ∞.

Denote by 𝐷 the set of those vector-functions 𝑦(𝑥) ∈ 𝐿2
𝑘(0, ∞) such that: 1)

the derivative of the vector-function 𝑦′(𝑥) exists and is absolutely continuous
on every finite interval [0, 𝑏], 𝑏 > 0; 2) 𝑙(𝑦) ∈ 𝐿2

𝑘(0, ∞). By 𝐷Θ denote the set
of vector-functions 𝑦(𝑥) ∈ 𝐷 satisfying the condition

𝑦′(0) − Θ𝑦(0) = 0, (2)

where Θ is a fixed 𝑘-dimensional complex matrix.

Define the operator 𝐿Θ as follows: its domain of definition is 𝐷Θ, and for
𝑦(𝑥) ∈ 𝐷Θ, 𝐿Θ𝑦 = 𝑙(𝑦).
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Denote by 𝑌1(𝑥, 𝑠) and 𝑌2(𝑥, 𝑠) (𝑠2 = 𝜆) linearly independent solutions of the
matrix equation

−𝑌 ″ + 𝑃(𝑥)𝑌 = 𝜆𝑌 . (3)

These solutions are constructed so that they satisfy the following asymptotic
formulas:

as 𝑥 → ∞,

𝑌1(𝑥, 𝑠) = 𝑒𝑖𝑠𝑥[1 + 𝑜(1)]

uniformly with respect to 𝑠, |𝑠| ≥ 𝑟 > 0, Im 𝑠 ≥ 0;

𝑌2(𝑥, 𝑠) = 𝑒−𝑖𝑠𝑥[1 + 𝑜(1)]

uniformly with respect to 𝑠, |𝑠| ≥ 𝑟 > 0, Im 𝑠 ≤ 0;

as 𝑠 → ∞,

𝑌1(𝑥, 𝑠) = 𝑒𝑖𝑠𝑥 [1 + 𝑂 (1
𝑠)] , 𝑌2(𝑥, 𝑠) = 𝑒−𝑖𝑠𝑥 [1 + 𝑂 (1

𝑠)]

uniformly with respect to 𝑥, 0 ≤ 𝑥 < ∞.

Analogous solutions 𝑍1(𝑥, 𝑠) and 𝑍2(𝑥, 𝑠) are constructed for the matrix equa-
tion

−𝑍″ + 𝑍𝑃(𝑥) = 𝜆𝑍. (4)

Denote by 𝜉1(𝑠), … , 𝜉𝑘(𝑠) the eigenvalues of the matrix

|𝐴1(𝑠) − 𝜉𝐴2(𝑠)| = 0,

where
𝐴1(𝑠) = 𝑌 ′

1 (0, 𝑠) − Θ𝑌1(0, 𝑠), (5)
𝐴2(𝑠) = 𝑌 ′

2 (0, 𝑠) − Θ𝑌2(0, 𝑠), (6)
and by 𝜌1(𝑥), … , 𝜌𝑘(𝑠) the corresponding eigenvectors. Let 𝜉′

1(𝑠), … , 𝜉′
𝑘(𝑠) be the

eigenvalues, and 𝜌′
1(𝑠), … , 𝜌′

𝑘(𝑠) the corresponding eigenvectors of the matrix

𝐵1(𝑠) − 𝜉′𝐵2(𝑠) = 0,

where
𝐵1(𝑠) = 𝑍′

1(0, 𝑠) − 𝑍1(0, 𝑠)Θ, (7)
𝐵2(𝑠) = 𝑍′

2(0, 𝑠) − 𝑍2(0, 𝑠)Θ. (8)
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If the matrix 𝑃(𝑥) is summable on the interval [0, ∞], then the following holds:

Theorem 1. The spectrum of the operator 𝐿Θ is continuous on the positive
half-axis and discrete in the entire remaining complex 𝜆-plane. The eigenvalues
of the operator 𝐿Θ form a bounded set, whose limit points may lie only on
the positive half-axis 𝜆 ≥ 0. For values of 𝜆 not belonging to the spectrum,
the resolvent of the operator 𝐿Θ is an integral operator with kernel 𝐾(𝑥, 𝜉, 𝜆),
satisfying the conditions:

∫
∞

0
|𝐾(𝑥, 𝜉, 𝜆)|2 𝑑𝜉 < ∞, ∫

∞

0
|𝐾(𝑥, 𝜉, 𝜆)|2 𝑑𝑥 < ∞.

Theorem 1 follows from the asymptotic behavior of 𝑌1(𝑥, 𝑠) and 𝑌2(𝑥, 𝑠) for
large 𝑠. In what follows we assume that

∫
∞

0
𝑥2|𝑃 (𝑥)| 𝑑𝑥 < ∞

and that:

1) the eigenvalues of the operator 𝐿Θ are simple poles of its resolvent; 2) the
matrices 𝐴1(𝑠) and 𝐴2(𝑠) are non-singular for 𝑠 ≥ 0. In this case the
discrete part of the spectrum consists of a finite number of points, and the
point 𝜆 = 0 is not a spectral point. Let 𝜆1, 𝜆2, … , 𝜆𝑟 be the eigenvalues,
and 𝑦1(𝑥), 𝑦2(𝑥), … , 𝑦𝑟(𝑥) the corresponding eigenvector-functions of the
operator 𝐿Θ.

Theorem 2. If conditions 1) and 2) are satisfied, then for any point 𝜆 not
belonging to the spectrum of the operator 𝐿Θ,

𝐾(𝑥, 𝜉, 𝜆) =
𝑟

∑
𝑗=1

𝑦𝑗(𝑥)𝑧∗
𝑗(𝜉)

(𝜆𝑗 − 𝜆) ∫
∞

0
(𝑦𝑗, 𝑧𝑗) 𝑑𝑥

− 1
𝜋 ∫

∞

0

𝑘
∑
𝑗=1

[𝑌1(𝑥, 𝑠) − 𝜉𝑗𝑌 2(𝑥, 𝑠)]𝜌𝑗𝜌′∗
𝑗 [𝑧1(𝜉, 𝑠) − 𝜉′

𝑗𝑧2(𝜉, 𝑠)]
(𝑠2 − 𝜆)[𝜉𝑗(𝑠) + 𝜉′

𝑗(𝑠)](𝜌𝑗, 𝜌′
𝑗)

𝑑𝑠,

(9)
where the integral on the right converges absolutely and uniformly with respect
to 𝑥, 𝜉 in the domain 0 ≤ 𝑥, 𝜉 < ∞.

Theorem 3. If conditions 1) and 2) are satisfied, then every vector-function
𝑔(𝑥) ∈ 𝐷Θ can be represented in the form

𝑔(𝑥) =
𝑟

∑
𝑗=1

𝑦𝑗(𝑥) ∫
∞

0
(𝑔, 𝑧𝑗) 𝑑𝑥

∫
∞

0
(𝑦𝑗, 𝑧𝑗) 𝑑𝑥

− 1
𝜋 ∫

∞

0

𝑘
∑
𝑗=1

[𝑌1(𝑥, 𝑠) − 𝜉𝑗(𝑠)𝑌2(𝑥, 𝑠)]𝜌𝑗𝜌′∗
𝑗 𝐹𝑗(𝑠)

[𝜉𝑗(𝑠) + 𝜉′
𝑗(𝑠)](𝜌𝑗, 𝜌′

𝑗)
𝑑𝑠.

(10)

where
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𝐹𝑗(𝑠) = ∫
∞

0
[𝑧1(𝜉, 𝑠) − 𝜉′

𝑗(𝑠)𝑧2(𝜉, 𝑠)]𝑔(𝜉) 𝑑𝜉.

The integral on the right converges absolutely and uniformly with respect to 𝑥
in the interval 0 ≤ 𝑥 < ∞.

There is an analogue of Parseval’s equality.

Let 𝑔(𝑥) ∈ 𝐷Θ and ℎ(𝑥) ∈ 𝐿2
𝑘(0, ∞); then

∫
∞

0
(𝑔(𝑥), ℎ(𝑥)) 𝑑𝑥 =

𝑟
∑
𝑗=1

𝛼𝑗𝛽𝑗

∫
∞

0
(𝑦𝑗, 𝑧𝑗) 𝑑𝑥

− 1
𝜋 ∫

∞

0

𝑘
∑
𝑗=1

(𝜌𝑗𝜌∗
𝑗𝐹𝑗(𝑠), 𝐻𝑗(𝑠))

[𝜉𝑗 + 𝜉′
𝑗](𝜌𝑗, 𝜌′

𝑗)
𝑑𝑠,

(11)

where

𝛼𝑗 = ∫
∞

0
(𝑦𝑗, ℎ) 𝑑𝑥, 𝛽𝑗 = ∫

∞

0
(𝑔, 𝑧𝑗) 𝑑𝑥, 𝐻𝑗(𝑠) = ∫

∞

0
[𝑌 ∗

1 − ̄𝜉𝑗𝑌 2∗]ℎ(𝑥) 𝑑𝑥.

Theorem 3 is easily obtained from Theorem 2, and the analogue of Parseval’s
equality from Theorem 3.

We outline the proof of Theorem 2. First consider the case when the matrix
𝑃(𝑥) satisfies the condition

∫
∞

0
𝑒𝜀𝑥|𝑃 (𝑥)| 𝑑𝑥 < ∞ (12)

for some 𝜀 > 0. Then we pass to the case when the matrix 𝑃(𝑥) satisfies the
condition

∫
∞

0
𝑥2|𝑃 (𝑥)| 𝑑𝑥 < ∞,

approximating it by matrices satisfying condition (12).

Consider the auxiliary boundary-value problem on the interval [0, 𝑏], 𝑏 > 0,

𝑙(𝑦) = 𝜆𝑦, 𝑦′(0) − Θ𝑦(0) = 0, 𝑦(𝑏) = 0. (13)

Let 𝐾𝑏(𝑥, 𝜉, 𝜆) be the resolvent kernel of this boundary-value problem; then, as
𝑏 → ∞,
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𝐾𝑏(𝑥, 𝜉, 𝜆) = 𝐾(𝑥, 𝜉, 𝜆) + 𝑜(1) (14)

uniformly with respect to 𝑥, 𝜉 in every finite square 0 ≤ 𝑥, 𝜉 ≤ 𝑐, 𝑐 > 0. For
sufficiently large 𝜆, to each of the eigenvalues 𝜆1, … , 𝜆𝑟 of the operator 𝐿Θ there
corresponds exactly one eigenvalue 𝜆1(𝑏), … , 𝜆𝑟(𝑏) of the boundary-value prob-
lem (13), so that 𝜆𝑗(𝑏) → 𝜆𝑗, 𝑗 = 1, 2, … , 𝑟, as 𝑏 → ∞. All remaining eigenvalues
of the boundary-value problem, as 𝑏 → ∞, have the following asymptotics:

𝜆 = 𝑠2, 𝑠(𝑗)
𝑛𝑗 = 𝑛𝜋

𝑏 + 1
2𝑏𝑖 + ln 𝜉𝑗(

𝑛𝜋
𝑏 ) + 1

𝑏 𝑜(1) (15)

uniformly with respect to 𝑠 in the domain | Im 𝑠| ≤ 𝜀1, Re 𝑠 ≥ 0. 𝑦(𝑥, 𝑠(𝑗)
𝑛 ) =

[𝑌1(𝑥, 𝑠)−𝜉𝑗(𝑠)𝑌2(𝑥, 𝑠)]𝜌𝑗(𝑠) are eigenfunctions corresponding to the eigenvalues
(15).

If 𝑦𝑗(𝑥, 𝑏), 𝑗 = 1, 2, … , 𝑟, are the eigenfunctions of the boundary-value problem
(13), then as 𝑏 → ∞

𝑦𝑗(𝑥, 𝑏)𝑧∗
𝑗(𝜉, 𝑏)

∫
𝑏

0
(𝑦𝑗, 𝑧𝑗) 𝑑𝑥

= 𝑦𝑗(𝑥)𝑧∗
𝑗(𝜉)

∫
∞

0
(𝑦𝑗, 𝑧𝑗) 𝑑𝑥

+ 𝑜(1), 𝑗 = 1, 2, … , 𝑟, (16)

uniformly with respect to 𝑥, 0 ≤ 𝑥 ≤ 𝑐, 𝑐 > 0.

Moreover, as 𝑏 → ∞,

1
𝑏 ∫

∞

0
(𝑦(𝑥, 𝑠(𝑗)

𝑛 ), 𝑧(𝑥, 𝑠(𝑗)
𝑛 )) 𝑑𝑥 = − [𝜉𝑗(𝑠) + 𝜉′

𝑗(𝑠)](𝜌𝑗, 𝜌′
𝑗) + 𝑜(1) (17)

uniformly with respect to 𝑠 in every rectangle | Im 𝑠| ≤ 𝜀1, 0 ≤ Re 𝑠 ≤ 𝛽, 𝛽 > 0.

For the derivation of formula (9), the kernel 𝐾𝑏(𝑥, 𝜉, 𝜆) is considered, for 𝑏 =
𝑚√𝑞, on the contour 𝐶𝑚,𝑞, which is chosen in the same way as in paper (1)
(𝑚, 𝑞 are natural numbers). On the contour 𝐶𝑚,𝑞, |𝐾(𝑥, 𝜉, 𝜆)| ≤ 𝑐/√|𝜆|, and
therefore

1
2𝜋𝑖 ∫

𝐶𝑚,𝑞

𝐾𝑏(𝑥, 𝜉, 𝜆)
(𝜆 − 𝜆0) 𝑑𝜆 → 0 as 𝑚 → ∞

uniformly with respect to 𝑞. Applying the residue theorem to the last integral
and passing to the limit as 𝑚 → ∞, 𝑞 → ∞, taking into account (14), (16),
and (17), we obtain formula (9) for 𝜆 = 𝜆0. If the eigenvalues 𝜆1, … , 𝜆𝑟 of the
operator 𝐿𝜃 have multiplicities 𝑚1, … , 𝑚𝑟, respectively, then
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𝐾(𝑥, 𝜉, 𝜆) =
𝑟

∑
𝑖=1

𝑚𝑖

∑
𝑝=1

𝐺(𝑖)
𝑝 (𝑥, 𝜉)

(𝜆 − 𝜆𝑖)𝑝 − 1
𝜋 ∫

∞

0

𝑘
∑
𝑗=1

[𝑌1 − 𝜉𝑗𝑌 2]𝜌𝑗𝜌′∗
𝑗 [𝑧1 − 𝜉′

𝑗𝑧2]
(𝑠2 − 𝜆)[𝜉𝑗 + 𝜉′

𝑗](𝜌𝑗, 𝜌′
𝑗)

𝑑𝑠, (18)

where

𝐺(𝑖)
𝑝 (𝑥, 𝜉) = −

𝑚𝑖−𝑝
∑
𝑗=0

𝑦(𝑖)
𝑗 (𝑥) 𝑧(𝑖)∗

𝑚𝑖−𝑝−𝑗(𝜉);

for all 𝑝 and 𝑖, 𝐺(𝑖)
𝑝 (𝑥, 𝜉) satisfies the boundary condition (2), and

𝑙(𝑦(𝑖)
𝑗 ) − 𝜒𝑗𝑦(𝑖)

𝑗 = 𝑦(𝑖)
𝑗−1, 𝑙∗(𝑧(𝑖)

𝑗 ) − 𝜆𝑗𝑧(𝑖)
𝑗 = 𝑧(𝑖)

𝑗−1,

where

𝑦(𝑖)
−1(𝑥) ≡ 0, 𝑧(𝑖)

−1(𝜉) ≡ 0, ∫
∞

0
(𝑦(𝑖)

𝑗 , 𝑧(𝑘)
𝑟 ) 𝑑𝑥 = 𝛿𝑖𝑘𝛿𝑚𝑖−𝑗−1,𝑟.

The functions 𝑦(𝑖)
0 (𝑥), … , 𝑦(𝑖)

𝑚𝑖−1(𝑥) form a chain of eigenfunctions and associated
functions corresponding to the eigenvalue 𝜆𝑖. If 𝑃(𝑥) satisfies condition (12),
then assumption 2) can be dropped; in that case the integration is carried out
over a contour obtained in the usual way by deforming the positive half-axis in
the complex 𝜆-plane. Another expansion is considered in paper (4).

In conclusion, the author expresses gratitude to A. G. Kostyuchenko.

Moscow State University
named after M. V. Lomonosov

Received
17 IV 1961
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