Soviet-era science, translated into English

MATHEMATICS

V. G. MAZ'YA

1961

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196101.69553

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196101.69553

Abstract
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MATHEMATICS
V. G. MAZ YA

SOME ESTIMATES FOR SOLUTIONS OF
SECOND-ORDER ELLIPTIC EQUATIONS

(Presented by Academician V. I. Smirnov, November 24, 1960)

In a finite domain Q of the n-dimensional Euclidean space R, with boundary
I'QY, consider the elliptic operator

M = V[A(z)V] + b(z)V + c(z),

where A(z) is a matrix whose first eigenvalue is not less than y > 0. We shall
assume, for simplicity, that the coefficients A(z), b(z), c(x) and the functions
from the domain of definition of the operator 9t are sufficiently smooth in Q.
However, the constants in the estimates formulated below do not depend on the
moduli of continuity of the coefficients. The condition of sufficient smoothness
is not essential and can be weakened.

In the paper (1), G. Stampacchia, under a condition ensuring uniqueness, ob-

tained for a generalized solution in Wél)(Q) of the equation Mu = f the esti-
mate*

lu

L. < Klfl, >

2 1 1 2
n , — > — — —, and the constant K does not depend on the
+2 s romn

moduli of continuity of the coefficients of the equation. He conjectured that the

1 1 2
indicated estimate is also valid when — = — — —. The following theorem shows

where 1 <r <
n

s r o mn
that Stampacchia’ s conjecture is valid for every r € (1,n/2).

Theorem 1. The solution of the problem
Mu = f, ulpg =0 (1)

satisfies the inequality

HU”L&(Q) <K [”fHLr(Q) + Hu”L(Q)] ) (2)
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n
where: 1) > 713 2) s > 0 is an arbitrary number for r = 5 and

n\ ¥
K=K (’I’L,T,S,pl,p2,x, ”b(x)”Lpl(Q)v ||C+(x)”LP2(Q)7meSn Q) (pl >N, Py > 5) .

2
If the function f(z) is summable to a power r smaller than %, then in general
n
it is impossible to estimate the solution of problem (1) in the space W(Q) in

terms of the norm of f in L 2n (©). In the following theorem there is obtained

* Here and below, by K various constants are denoted.

** ft(x) and f(z) denote, respectively, the positive and negative parts of the function f(x).

estimate of the gradient of the solution of problem (1) in the norm L (£2), where

n
7< < 2.

Theorem 2. The solution of problem (1) satisfies the inequality

IVull o) < K [Ifl2, @) + luln@) 3)
1 1 1 2n
where — > — — —, 1 <r < ——, and K depends on the same constants as
s roomn n 4+ 2

in theorem 1.

Let the boundary of the domain 2 be a smooth surface. Then analogous esti-
mates hold for the problem

Mu = f, n~A~Vu—|—ﬂu’FQ:<p, (4)

where (3, ¢ are functions prescribed on I'Q2, and n is the outward normal to I'().

Corresponding to inequality (2) is the estimate

) S K [“fHL + ez, ra) + ”uHL(Q)] ; (5)

1
where: 1) —

r(n—1)

1
= ffor7>r>1 2) s > 0 is an arbitrary number forr—E
r on 2 2’
(

t=> andK: K(nara57t7p17p2ap3a%v”b<x)”Lm(Q)7||C+(x)||Lp2 ”

n
(py > n, p2>§7 py >n—1).

33)||L,)3 (rQ)> Q)
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For the solution of problem (4) one can also prove the following inequality,
analogous to inequality (3):

IVulp o) < K [”fHLT(Q) + el o) + HU”L(Q)] . (6)
1 1 1 2 —1
where - > — — — 1 < r < n,t>w,andK:
n+ 2 —

s r n n

+ —
K(n’ T S;f’pl’p%pi%v ", ”b<$)HLP1 (©2)» HC (‘T)HLpz (©2)» ”B (‘T)HLPS(FQ)v Q) (pl >
n, P2 > 5> Ps >n—1).
The requirement of smoothness of the boundary of the domain €2 can be weak-
ened. Estimates (5), (6) remain valid if it is assumed that T'Q is a piecewise
smooth surface and that there exists a positive constant 2, depending only on

the domain €2, such that for any closed set E C  (mes, E < 1 mes, Q) with
boundary I'E the inequality

mes, 1(TQNE) <A mes, ;(QNTE), (7)

holds, where mes,,_; denotes (n — 1)-dimensional Hausdorfl measure.

It follows from the isoperimetric inequality that a domain satisfying condition
(7) belongs to the class J™ | defined in note 3).

n

Without condition (7), estimates (5), (6) are in general false. However, one can
consider certain classes of domains and obtain estimates of solutions of problem
(4) for these domains analogous to estimates (5), (6). We shall consider domains
Q) satisfying the following condition. There exists a constant 28, depending only
on the domain €2, such that for any closed set E C Q (mes,, F < % mes,, Q) with
boundary I'E, the inequality

max {mesg E, mes® (DN E)} < B mes, ,(QNTE), (8)

1
holds, where 1 > a > =, f>1, (2a—1)8<a.
n

Example. For the n-dimensional cone z? + - + 22 | < 22* (1 < n < 2),
condition (8) is fulfilled

(O‘ - %(Z(L)li A= %(Z(iz)ll 1) '

We still assume that the boundary of the domain €2 is a piecewise smooth surface.

Theorem 3. If the domain Q satisfies condition (8), then the solution of
problem (4) satisfies inequality (5), where r > 1, tf[1 —r(l — a)] > ra,
1 1

=>-—2(1—a) for 2r(1—a)<1.
s r
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If2r(1—a) =1, r > 1, then in inequality (5) s is an arbitrary positive number.
Moreover,

p(l—a)>1, 2p,(1—a)>1, psla—pFRa—1)]>a.

Estimate (6) also remains valid if the exponents s,r,t, p,; are changed as follows:
r>1, s<2 t8[1 —r(l —a)] > ra,

>

W | =
S =

+a—-1, p(l—a)>1, 2p,(1—a)>1, psla—pFR2a—1)]>a.

In the following theorem an estimate is formulated for the maximum of the
modulus of the solution of problem (4) for domains of the class indicated above.

Theorem 4. For the solution of problem (4) the estimate x

lul < K [Hf”L,,.(Q) + el o) + ”u”L(Q)] ) 9)
is valid, where 2r(1 —a) > 1, tja — (20— 1)] > «a, and
K = K(r,t,. 8,0, (@)l o0 le @)l o0, 18 @)1, @ B mes, 2, mes, ,T0)
(P1(1=a) > 1, 2py(1 —a) > 1, psla—B(2a —1)] > a).
If condition (7) is fulfilled, then in estimate (9)t > n—1, 2r > n, p; >n, 2p, >
n, pg >n—1.
We note that close results can also be obtained for unbounded domains.
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* Regarding estimates of the maximum of the modulus of the solution of equation
(1), see articles (12).
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