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Abstract
Full Text
GEOPHYSICS

Dzen Tsin-tsun

APPLICATION OF THE COMPLETE SYS-
TEM OF EQUATIONS OF THERMO-HYDRODYNAMICS
TO SHORT-RANGE WEATHER FORECAST-
ING IN A TWO-LEVEL MODEL
(Presented by Academician L. I. Sedov, 27 X 1960)

Recently, in order to improve short-range weather forecasting, special attention
has been given to the application of the complete system of equations of thermo-
hydrodynamics. The theoretical schemes developed by I. A. Kibel’(1,2) give a
clear connection between the general and quasi-geostrophic theories, and also
indicate wherein they differ. For the implementation of these schemes on a com-
puting machine, it is useful at the first stage to simplify the problem somewhat.
The present work is a scheme modified for a two-level model (2).
A simple derivation of the initial equations for a two-level model may be found,
for example, in the work of A. Eliassen (3). It is sufficient to write two equations
of motion and the continuity equation at the levels 250 and 750 mb, denoted
below respectively by the indices 1 and 3, and the heat-inflow equation at the
500 mb level, denoted by the index 2, so that

𝜕𝑢𝑖
𝜕𝑡 + 𝜕Φ𝑖

𝜕𝑥 − 𝑙𝑣𝑖 = −𝜕𝑢2
𝑖

𝜕𝑥 − 𝜕𝑢𝑖𝑣𝑖
𝜕𝑦 − (𝜕𝑢𝜔

𝜕𝜉 )
𝑖
, 𝑖 = 1, 3; (1)

𝜕𝑣𝑖
𝜕𝑡 + 𝜕Φ𝑖

𝜕𝑦 + 𝑙𝑢𝑖 = −𝜕𝑢𝑖𝑣𝑖
𝜕𝑥 − 𝜕𝑣2

𝑖
𝜕𝑦 − (𝜕𝑣𝜔

𝜕𝜉 )
𝑖
, 𝑖 = 1, 3; (2)

𝜕𝑢𝑖
𝜕𝑥 + 𝜕𝑣𝑖

𝜕𝑦 + (𝜕𝜔̄
𝜕𝜉 )

𝑖
= 0, 𝑖 = 1, 3; (3)

(𝜉2 𝜕2Φ
𝜕𝜉 𝜕𝑡)

2
+ 𝑐2𝜔̄2 = − [𝜉2 (𝑢2

𝜕2Φ
𝜕𝑥 𝜕𝜉 + 𝑣2

𝜕2Φ
𝜕𝑦 𝜕𝜉 )]

2
. (4)

(the notation is the same as in (2)).
We shall consider the “plane problem”and the boundary conditions
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𝜔̄ = 0 for 𝜉 = 0, 1. (5)

Replacing the derivatives with respect to 𝜉 by finite differences, taking (5) into
account, gives
(𝜕𝑢𝜔̄/𝜕𝜉)1 ≃ 2(𝑢𝜔̄)2,
(𝜕𝑢𝜔̄/𝜕𝜉)3 ≃ −2(𝑢𝜔̄)2,
(𝜉2𝜕Φ/𝜕𝜉)2 ≃ 1

2 (Φ3 − Φ1), and

2𝜔̄2 ≃ − (𝜕𝑢1
𝜕𝑥 + 𝜕𝑣1

𝜕𝑦 ) ≃ (𝜕𝑢3
𝜕𝑥 + 𝜕𝑣3

𝜕𝑦 ) .

Introduce

𝑈 = 1
2(𝑢1 + 𝑢3), 𝑉 = 1

2(𝑣1 + 𝑣3), 𝐻 = 1
2(Φ1 + Φ3),

𝑢 = 1
2(𝑢1 − 𝑢3), 𝑣 = 1

2(𝑣1 − 𝑣3), ℎ = 1
2(Φ1 − Φ3);

then, with the aid of

of addition and subtraction, taking into account the replacement of 𝑢2, 𝑣2 by
𝑈, 𝑉 , respectively, we obtain the system of equations for these 6 functions (3):

𝜕𝑈
𝜕𝑡 + 𝜕𝐻

𝜕𝑥 − 𝑙𝑉 = − [𝜕(𝑈2 + 𝑢2)
𝜕𝑥 + 𝜕(𝑈𝑉 + 𝑢𝑣)

𝜕𝑦 ] ≡ 𝐴1,

𝜕𝑉
𝜕𝑡 + 𝜕𝐻

𝜕𝑦 + 𝑙𝑈 = − [𝜕(𝑈𝑉 + 𝑢𝑣)
𝜕𝑥 + 𝜕(𝑉 2 + 𝑣2)

𝜕𝑦 ] ≡ 𝐴2,

𝜕𝑈
𝜕𝑥 + 𝜕𝑉

𝜕𝑦 = 0;

(6)

𝜕𝑢
𝜕𝑡 + 𝜕ℎ

𝜕𝑥 − 𝑙𝑣 = − [𝜕𝑢𝑈
𝜕𝑥 + 𝑣𝜕𝑉

𝜕𝑦 + 𝑉 𝜕𝑢
𝜕𝑦 ] ≡ 𝑎1,

𝜕𝑣
𝜕𝑡 + 𝜕ℎ

𝜕𝑦 + 𝑙𝑢 = − [𝜕𝑣𝑉
𝜕𝑦 + 𝑢𝜕𝑉

𝜕𝑥 + 𝑈 𝜕𝑣
𝜕𝑥] ≡ 𝑎2,

𝜕ℎ
𝜕𝑡 + 𝑐2

2 (𝜕𝑢
𝜕𝑥 + 𝜕𝑣

𝜕𝑦 ) = − [𝑈 𝜕ℎ
𝜕𝑥 + 𝑉 𝜕ℎ

𝜕𝑦 ] ≡ 𝑎3,

(7)

and 𝜔2 is found from the equation

𝜔2 = − (𝜕𝑢
𝜕𝑥 + 𝜕𝑣

𝜕𝑦 ) . (8)
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These equations are solved over the entire plane with the prescribed initial values
𝑈0, 𝑉 0, 𝑢0, 𝑣0, and ℎ0.

Let us replace the derivatives with respect to 𝑡 by finite-difference relations, for
example 𝜕𝑢/𝜕𝑡 ≈ (𝑢 − 𝑢0)/𝛿𝑡, etc., taking into account that in the left-hand
sides we use finite differences centered with respect to 𝑡, while the right-hand
sides are left arbitrary for the time being; for example, the equation for 𝑢 takes
the form

𝑢 − 𝑢0

𝛿𝑡 + 1
2 [𝜕(ℎ + ℎ0)

𝜕𝑥 − 𝑙(𝑣 + 𝑣0)] ≡ 𝑎1.

After some transformations we obtain the prognostic equations

Δ(𝑈 − 𝑈0) = − 𝜕
𝜕𝑦 [(𝜕𝐴2

𝜕𝑥 − 𝜕𝐴1
𝜕𝑦 ) − 𝛽𝑉 ] 𝛿𝑡 ≡ −𝜕𝐵Ω

𝜕𝑦 𝛿𝑡; (9)

Δ(𝑉 − 𝑉 0) = 𝜕
𝜕𝑥 [(𝜕𝐴2

𝜕𝑥 − 𝜕𝐴1
𝜕𝑦 ) − 𝛽𝑉 ] 𝛿𝑡 ≡ −𝜕𝐵Ω

𝜕𝑥 𝛿𝑡; (10)

Δ𝐻 = 𝑙 (𝜕𝑉
𝜕𝑥 − 𝜕𝑈

𝜕𝑦 ) + [(𝜕𝐴1
𝜕𝑥 + 𝜕𝐴2

𝜕𝑦 ) − 𝛽𝑈] ≡ 𝐹; (11)

𝑢 = 1
1 + (𝛿/2)2 [𝑎1 ⋅ 𝛿𝑡 + 𝛿

2𝑎2 ⋅ 𝛿𝑡 + (1 − (𝛿
2)

2
) 𝑢0 + 𝛿 ⋅ 𝑣0 − (𝛿

2) 1
𝑙

𝜕(ℎ + ℎ0)
𝜕𝑥 − (𝛿

2)
2 1

𝑙
𝜕(ℎ + ℎ0)

𝜕𝑦 ] ;

(12)

𝑣 = 1
1 + (𝛿/2)2 [−𝛿

2𝑎1 ⋅ 𝛿𝑡 + 𝑎2 ⋅ 𝛿𝑡 − 𝛿 ⋅ 𝑢0 + (1 − (𝛿
2)

2
) 𝑣0 + (𝛿

2)
2 1

𝑙
𝜕(ℎ + ℎ0)

𝜕𝑥 − (𝛿
2) 1

𝑙
𝜕(ℎ + ℎ0)

𝜕𝑦 ] ;

(13)

Δ(ℎ − ℎ0) − 𝑙2
𝑐2/2 (1 + 1

(𝛿/2)2 ) (ℎ − ℎ0) = 𝛿 ⋅ [(𝜕𝑎2
𝜕𝑥 − 𝜕𝑎1

𝜕𝑦 )

− 1
𝑐2/2 (1 + 1

(𝛿/2)2 ) 𝑙𝑎3 − 𝛽 (𝑣 + 𝑣0

2 )] + [2 (𝜕𝑎1
𝜕𝑥 + 𝜕𝑎2

𝜕𝑦 )

−𝛽(𝑢 + 𝑢0) + 2(𝑙Ω0 − Δℎ0)] + 4
𝛿 𝑙𝐷0 ≡ 𝑓,

(14)

where Δ ≡ 𝜕2/𝜕𝑥2 + 𝜕2/𝜕𝑦2, 𝛿 ≡ 𝑙 ⋅ 𝛿𝑡, Ω0 ≡ 𝜕𝑣0/𝜕𝑥 − 𝜕𝑢0/𝜕𝑦, and 𝐷0 ≡
𝜕𝑢0/𝜕𝑥 + 𝜕𝑣0/𝜕𝑦.
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The solution of (14) with respect to ℎ − ℎ0 has the form

ℎ−ℎ0 = − 1
2𝜋

+∞

∫
−∞

∫ 𝐾0
⎛⎜
⎝

𝑐√
2𝑙

√1 + (2
𝛿 )

2
√(𝑥 − 𝑥′)2 + (𝑦 − 𝑦′)2⎞⎟

⎠
𝑡(𝑥′, 𝑦′) 𝑑𝑥′ 𝑑𝑦′,

(15)

where 𝐾0(𝑥) is the Bessel function of imaginary argument.

In practice we may regard all nonlinear terms and the terms connected with 𝛽
as having initial values; then from (15) one can find ℎ, then from (12), (13) find
𝑢, 𝑣, and from (9), (10) find 𝑈, 𝑉 ; 𝐻 and 𝜔2 are computed from the solution of
(11) and (8) at the time of interest to us.

As for the solutions for 𝑈, 𝑉 , and 𝐻, we adopt the“local solution”of the Poisson
equation, taking into account that the wind divergence should be strictly equal
to zero also when derivatives are replaced by finite differences, so that

𝑈 − 𝑈0 = ⎛⎜⎜
⎝

− 𝜕
𝜕𝑦

2𝜋

∫
0

𝑅

∫
0

𝜀
2𝜋 ln 𝑅

𝑟 (−𝐵Ω) 𝑟′ 𝑑𝑟′ 𝑑𝜃⎞⎟⎟
⎠

𝛿𝑡; (16)

𝑉 − 𝑉 0 = ⎛⎜⎜
⎝

𝜕
𝜕𝑥

2𝜋

∫
0

𝑅

∫
0

𝜀
2𝜋 ln 𝑅

𝑟 (−𝐵Ω) 𝑟′ 𝑑𝑟′ 𝑑𝜃⎞⎟⎟
⎠

𝛿𝑡; (17)

𝐻(𝑡) − 𝐻0 =
2𝜋

∫
0

𝑅

∫
0

𝜀
2𝜋 ln 𝑅

𝑟 (𝐹(𝑡) − Δ𝐻0) 𝑟′ 𝑑𝑟′ 𝑑𝜃, (18)

where 𝑅 and 𝜀 are determined empirically. We took 𝑅 = 900 km, 𝜀 = 1.5.

This scheme was programmed by us for BESM-2. Several 24-hour forecasts were
made with 𝛿𝑡 = 30 min., Δ𝑥 = Δ𝑦 = 300 km.

In conclusion I express my deep gratitude to Corresponding Member of the
Academy of Sciences of the USSR I. A. Kibel for the attention he showed to my
work.

Institute of Applied Geophysics
Academy of Sciences of the USSR

Received
26 X 1960
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