
Soviet-era science, translated into English

V. P. PALAMODOV
1961

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196101.69060

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196101.69060


Abstract
Full Text
V. P. PALAMODOV

ON THE THEORY OF HYPOELLIPTIC AND
PARTIALLY HYPOELLIPTIC OPERATORS
(Presented by Academician P. S. Aleksandrov, May 14, 1961)

In the present note we consider the question of infinite differentiability, in all
or in part of the variables, of solutions in the whole space of equations with
constant coefficients. All the results of this note are obtained from the main
theorem of (7), which describes the general form of solutions of a homogeneous
equation, by applying the apparatus of spaces of type 𝑆 and type ℰ (see (4,6 )).
The formulations of the results will be given in terms of spaces of type 𝑆, of type
ℰ, and of their conjugates, since the class of these spaces is the most natural for
a number of problems, in particular for ours. We shall now give brief definitions
of these spaces.

The spaces 𝑆𝛽
𝛼, introduced and studied in (4), are spaces of functions belonging

to the Gevrey class of order 𝛽 and decreasing at infinity, together with all their
derivatives, no more slowly than an exponential of order 1/𝛼, more precisely:

𝑆𝛽
𝛼 = {𝜑 ∶ sup ∣𝐷

𝑞𝜑(𝑥)
𝐵𝑞𝑞𝑞𝛽 ∣ ≤ 𝐶 exp (−𝐴|𝑥|1/𝛼) , 𝛼 > 0, ∃𝐴, ∃𝐵} .

The spaces ℰ𝛽
𝛼, introduced in (6), are spaces of functions belonging to the Gevrey

class of order 𝛽 and growing, together with all their derivatives, more slowly than
an exponential of order 1/𝛼, namely:

ℰ𝛽(−)
𝛼 = {𝜑 ∶ sup

𝑞
∣𝐷

𝑞𝜑(𝑥)
𝐵𝑞𝑞𝑞𝛽 ∣ ≤ 𝐶 exp (𝐴|𝑥|1/𝛼) ∀𝐴 ∃𝐵 (∀𝐵)} .

The spaces 𝑆𝛽
∞, ℰ𝛽

∞, 𝑆∞
𝛼 , ℰ∞

𝛼 , 𝑆∞
∞ , ℰ∞

∞ are constructed in an analogous way;
here the upper index ∞ means that the requirement of belonging to a Gevrey
class is replaced by the requirement of infinite differentiability; the lower index
∞ means that, for spaces of type 𝑆, the requirement of exponential decrease is
replaced by the requirement of faster-than-polynomial decrease, and, for spaces
of type ℰ, growth not exceeding exponential is replaced by growth not exceeding
polynomial.

We proceed to the formulation of the results. The following theorem comple-
ments the classical result of L. Hörmander, who singled out and gave an alge-
braic characterization of hypoelliptic operators, i.e. such operators for which all
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generalized solutions of the corresponding homogeneous equations are infinitely
differentiable. It turns out that if one imposes a restriction on the growth of
solutions of a hypoelliptic equation, then they acquire additional smoothness;
namely, the following holds:

Theorem 1. Let 𝑝(𝐷) be a hypoelliptic operator of index (order) 𝛾 (see (6,8 ));
then every solution of the equation

𝑝(𝐷)𝑢 = 𝑤, 𝐷 = (𝑖 𝜕
𝜕𝑥1

, … , 𝑖 𝜕
𝜕𝑥𝑛

) , (1)

belonging to the space 𝑆𝛽′
𝛼 , 1 = 𝛼 + 𝛾𝛽, 0 < 𝛼 < 1, is a function belonging

to the Gevrey class of order 1 − 𝛼
𝛾 , more precisely, it belongs to ℰ

1−𝛼
𝛾

𝛼 , if the
right-hand side 𝑤 also belongs to this space.

Thus, if we consider only generalized, even of infinite order, solutions of (1),
growing no faster than an exponential of order 1

𝛼 , then we obtain the Gevrey

class of order 1 − 𝛼
𝛾 , narrower than in Hörmander in (9), where this order is

equal to 1
𝛾 .

Conversely, if for some 𝛼 and 𝛽, 1 < 𝛼 + 𝛾𝛽 ≤ ∞, 0 < 𝛼 < 1, all solutions of
(1) with 𝑤 = 0, belonging to ℰ𝛽

𝛼, also belong to ℰ
1−𝛼

𝛾
𝛼 , then the operator 𝑝(𝐷) is

hypoelliptic of exponent not less than 𝛾.

A special case of the first assertion of the theorem was also obtained by V. V.
Grushin by methods different from ours.

The problem of hypoellipticity can be formulated in a somewhat more general
way, namely: to describe all operators 𝑝(𝐷) such that for each of them there
exist two different spaces Φ and Ψ ⊂ Φ, belonging to the class of spaces of type
𝑆, type ℰ, and their duals, such that from the fact that 𝑢 ∈ Φ is a solution of
(1) with 𝑤 = 0 it follows that 𝑢 ∈ Ψ.

In addition to hypoelliptic operators, operators for which the corresponding
polynomial 𝑝(𝑆) has a bounded set of real zeros also possess such a property. We
shall call such operators quasihypoelliptic. For quasihypoelliptic operators,
as is easy to show, every solution of (1) with 𝑤 = 0, growing no faster than an
exponential of order less than one, is an entire analytic function of order one;
more precisely, every solution belonging to 𝑆𝛽′

𝛼 , 1 < 𝛼 ≤ ∞, 0 ≤ 𝛽 ≤ ∞, also
belongs to ℰ0

𝛼. (For the case of the space 𝑆∞
∞ see (4), Ch. III, § 2, item 4,

p. 164.)

If, however, on the real space 𝑝(𝑠) vanishes only at the origin, then a stronger
assertion is true, namely, every solution belonging to 𝑆𝛽′

𝛼 , 1 < 𝛼 ≤ ∞, 0 ≤ 𝛽 ≤

sovietrxiv.org/items/ru-196101.69060 Machine Translation

https://sovietrxiv.org/items/ru-196101.69060


∞, also belongs to ℰ0−
𝛼 and, consequently, is an entire function of order ≤ 1

𝛼
(see (10)).
It turns out that hypoelliptic and quasihypoelliptic operators exhaust
all solutions of the problem formulated above.

We now pass to the question of hypoellipticity with respect to some of the
variables. We shall take as our basis the definition of operators hypoelliptic with
respect to some of the variables given by Gårding and Malgrange in (1), and
introduce constants characterizing such operators. Let 𝑦, 𝑧 be some partition of
the variables 𝑥 into two groups. We shall call an operator 𝑝(𝐷) hypoelliptic in
the variables 𝑦 if, for every solution 𝑢 of equation (1), we can define sections by
the planes 𝑦 = 𝑐 as certain generalized functions of 𝑧, and 𝑢, as a function of its
sections, is infinitely differentiable. More precisely, let Φ = Φ(𝑥) be some space
of generalized functions (in 𝑥); let Ψ ⊃ Φ and 𝑋 be some spaces of infinitely
differentiable functions, and let Ψ and 𝑋 be reflexive. We shall call an operator
𝑝(𝐷) hypoelliptic in 𝑦 if every solution (1) belonging to Φ also belongs to
Ψ(𝑧)⊗̂𝑋(𝑦) (⊗̂ denotes the sign of the inductive tensor product, see (2)); in
other words, if it extends by continuity to a linear functional on Ψ∗(𝑧) × 𝑋∗(𝑦),
which means precisely that the sections 𝑢 by the planes 𝑦 = 𝑐 are defined as
functionals belonging to Ψ(𝑧), and 𝑢, as a function of its sections, belongs to
𝑋(𝑦).
Let 𝜉 and 𝜂 be groups of variables dual to the groups 𝑦 and 𝑧.

Theorem 2a. If the polynomial 𝑝(𝑠) does not vanish in some region of the form

| Im 𝑠| 1
𝛾 + |𝜂| 1

𝜇 ≤ 𝐶(𝜉) − 𝐵 (2)

with 0 < 𝛾 ≤ 𝜇 ≤ 1, then every solution of (1) belonging to 𝑆𝛽∗
𝛼 , 1 = 𝛼 + 𝛾𝛽,

0 < 𝛼 < 1, also belongs to

𝑆𝜇𝛽∗
𝛼 (𝑧) ⊗̂ ℰ

1−𝛼
𝛾

𝛼 (𝑦).
Conversely, if for some 𝛼 and 𝛽, 1 < 𝛼 + 𝛾𝛽 ≤ ∞, 0 < 𝛼 < 1, 0 < 𝛾 ≤ 𝜇 ≤ 1,
every solution of (1) belonging to ℰ𝛽

𝛼 also belongs to

𝑆
𝜇(1−𝛼)∗

𝛾
𝛼 (𝑧) ⊗̂ ℰ

1−𝛼
𝛾

𝛼 (𝑦)

(1 − 𝛼
𝛾 < 𝛽) ,

then the polynomial 𝑝(𝑠) does not vanish in some region of the form (2).

Theorem 2b. If the polynomial 𝑝(𝑠) does not vanish in some region of the
form (2) with 0 < 𝛾 ≤ 1 ≤ 𝜇 ≤ ∞, then every solution of (1) belonging to 𝑆𝛽∗

𝛼 ,
𝜇 = 𝛼𝜇 + 𝛽𝛾, 0 < 𝛼 < 1, also belongs to

𝑆𝛽∗
𝛼 (𝑧) ⊗̂ ℰ

1−𝛼
𝛾

𝛼 (𝑦).
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Conversely, if for some 𝛼 and 𝛽, 𝜇 < 𝛼𝜇 + 𝛽𝛾, 0 < 𝛼 < 1, 0 < 𝛾 ≤ 1 ≤ 𝜇 ≤ ∞,
every solution of (1) belonging to ℰ

𝛽
𝜇
𝛼 also belongs to

𝑆
𝜇(1−𝛼)∗

𝛾
𝛼 (𝑧) ⊗̂ ℰ

1−𝛼
𝛾

𝛼

(1 − 𝛼
𝛾 < 𝛽

𝜇) ,

then the polynomial 𝑝(𝑠) does not vanish in some region of the form (2).

An operator 𝑝(𝐷) for which the corresponding polynomial 𝑝(𝑠) does not vanish
in a region of the form (2) will be called hypoelliptic with respect to 𝑦 of
order 𝛾 and width 𝜇.

Corollary 1. In order that the operator 𝑝(𝐷) be hypoelliptic with respect to 𝑦
of order 1 and width 1 (width greater than 1), it is necessary and sufficient that
the principal part of the polynomial 𝑝(𝑠) not vanish on the plane 𝜂 = 0, except
at the origin (vanish only on the plane 𝜉 = 0).

It is possible to construct exact formulas for computing 𝛾 and 𝜇, analogous to
formula (6) for computing the order of a hypoelliptic operator.

The union of operators each of which is hypoelliptic with respect to 𝑦, in the
sense of our definition, with some order and width, is the class of operators
hypoelliptic in the sense of Hörmander and Malgrange 1. The union, over all
𝛾, of operators hypoelliptic with respect to 𝑦 and of width ∞ is the class of
operators elliptic with respect to 𝑦 in the sense of Ehrenpreis 3 and hypoelliptic
with respect to Gorin 5. Finally, “entirely elliptic”operators in the sense of
Ehrenpreis 3 correspond to 𝛾 = 1 and 𝜇 = ∞.

A further generalization of the notion of operators hypoelliptic in part of the
variables can be obtained by assigning independent roles to all four quantities

| Im 𝜉|, | Im 𝜂|, | Re 𝜉|, | Re 𝜂|

in (2). Thus, for example, if one requires that the polynomial 𝑝(𝑠) have no
roots in the region (2) with 𝜇 = ∞ and Im 𝜂 = 0, then one obtains the class of
operators hypoelliptic with respect to 𝑦 in the sense of 11.

It seems natural to the author to call hypoelliptic with respect to 𝑦 of
order 𝛾 the operators satisfying Theorem 2 with 𝜇 = 1.

Corollary 2. If the operator 𝑝(𝐷) remains hypoelliptic with respect to 𝑦 of
order 𝛾 after every real rotation, then it is hypoelliptic of order 𝛾 (in the sense
of 6,8).

If an operator that is hypoelliptic with respect to 𝑦 after every rotation with
some 𝛾 and width 𝜇 < 1 is considered, then it is not necessarily hypoelliptic.
Indeed, for example, the operator

𝑖𝜕/𝜕𝑥1 + 𝜕2/𝜕𝑥2
2,
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while not hypoelliptic, is hypoelliptic with respect to any of the variables after
every real rotation with 𝛾 = 1/2 and 𝜇 = 1/2.

Let us note one more consequence of Theorem 2: if 𝑦 is a variable with respect
to which the operator 𝑝(𝐷) is hypoelliptic, then one may consider the Cauchy
problem with 𝑦 as the time axis for solutions of (1) that are generalized functions
in all variables.

In conclusion, the author expresses deep gratitude to Prof. G. E. Shilov for
guidance and support.

Moscow State University
named after M. V. Lomonosov

Received
25 IV 1961
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