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MATHEMATICS

1°. Let ¥, be the class of all semigroups with left cancellation and without left
identities (3), and let 3, be the class of all semigroups with left cancellation,
with left invertibility (?), and without idempotents. Every semigroup of the
class ¥; is isomorphic to a subsemigroup of the semigroup H, of all one-to-one
mappings of some infinite set €2 into itself, and every semigroup of the class 3,
is isomorphic to a subsemigroup of the semigroup P, of all a € H, whose defect
(6) is equal to the cardinality of 2. Moreover, Hg, belongs to the class ¥, and
P, to the class ¥,. It follows from this that the study of the semigroups H, and
Py, is important not only from the point of view of transformation theory, but
also from the point of view of the general theory of semigroups. In the present
note all stable equivalences and normal complexes of the semigroups H, and
P, are described. Owing to these results, a certain sufficient condition has
been found for the possibility of embedding semigroups with left cancellation
in semigroups that are simple with respect to homomorphisms. A number of
properties of stable equivalences of the semigroups Hg, and P, are considered;
in particular, the dependence of these equivalences on the stable equivalences
of the symmetric groupoid (!) and of the symmetric generalized group (°) is
established.

Terms of semigroup theory that are not defined are used in the usual sense (?).
We shall denote the cardinality of a set A by 7A. Let a and b be mappings of
the set ) into itself, and let A C . Denote by aA the image of A under a, and
by II(a,b) the set of all such a € 2 that aa # b, and let 711(a, b) = w(a,b).

2°. In what follows, by 2 we shall mean an infinite set, and by ¢ an infinite
cardinal number < A, where A is the least cardinal number > 7Q. Let Ag be an
arbitrary semigroup of transformations of the set Q. Denote by o[g] the binary
relation of the semigroup Ag such that elements x,y € A, are in the relation
olq] if and only if w(z,y) < ¢.

It is obvious that in any semigroup A, the relation o[g] is a left-stable equiva-
lence.

Theorem 1. In order that in the semigroup Agq all relations olq] be stable
equivalences, it is necessary and sufficient that, for any a,b,c € Ag, A C Q,
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from cA = « € Il(a,b) it follow that TA < r, where r is the least infinite cardinal
number > w(a,b).

Theorem 2. All relations olq] are stable equivalences of the semigroup P, (1Y),
and these relations exhaust all stable equivalences of the semigroup P distinct
from equality.

3°. Let a € Py, ¢ < A (?°). Denote by M(a,q) the set of all such b € P, that
w(a,b) < q. From Theorem 2 the following theorems are derived:

Theorem 3. Every set M(a,q) is a normal complex of the semigroup P, and
all normal complexes of the semigroup Pg consisting of more than one element
are ezhausted by the sets M(a,q).

Theorem 4. The semigroup F, has no normal subsemigroups distinct from
PQ.

4°. Let R be such a subset of Py, that if a € R, x € Py, a2 D zQ, 7(aQ2\zQ) =
7Q, then x € R.

Theorem 5. Every subset of the form R of the semigroup F, is its right ideal,
and these ideals exhaust all ideals of the semigroup P,.

5. Let £ <79, A C Q, 72 = 7A. Denote by H§ and Hg A, respectively, the
sets of all such z € HQ and z € Hg (1°) that 6( ) =& and zQ C Q, where
o(x) =7(2\ Q).

Theorem 6. The only two-sided and right ideals of the semigroup H, are,
respectively, all the sets Hé and Hq . Moreover, every left ideal of H, is its
two-sided ideal.

6°. Let a,b € H,, af) = b§). Denote by [a,b] such a ¢ € H, that ca = b 'aa for
every a € Q). Let S, be the group of all a € H, for which a2 = Q2 and ¢ < A

(2°).
Denote by R, the set of all such = € S, that w(z,e) < ¢, where e is the identity
in Sg, and by R; the alternating subgroup of the group Sg,.

Definition. Let
0§ <G <L < <6 =A

be such a sequence of cardinal numbers (finite or infinite) that if & is infinite,
then &, = &, and if &, (k > 1) is finite, then &, — &,_; < 1. To each &, assign
such an infinite cardinal number 7, < A that if ¢ < k, then n; < . If &,
(ng > 1) is finite, and &, 1 = Ay, where A is the cardinality of a countable
set, then assign to the number ng a finite natural number m,, > 1. Let R, be
such that ¢ = ny, when n, > A\, and ¢ = 1, A\, when 7y = A,. Denote by U[§ 7]
such a binary relation of the semigroup H that transformations a,b € H,
are in the relation o[¢,n] if and only if one of the conditions is satisfied: 1)
the transformations a and b are equal; 2) aQ) = b, d(a) = &, [a,b] € R,
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w(a,b) < my; 3) &,, < 6(a),d(b) < Ag, w(a,b) < m,, d(a) —36(b) = m, p
(p=0,4£1,42,...);4) & < 6(a),d(b) < &piq, w(a,b) <ny, (k#0, k+# nyg).

Theorem 7. Every relation o[, 7] is a stable equivalence of the semigroup Hy,,
and these equivalences exhaust all stable equivalences of the semigroup H,.

7°. Let & < &, < A be arbitrary cardinal numbers, nn < A infinite, a € Hg,
& < d(a) < &. Denote by M, (a,&;,&,n) the set of all such x € H that
& <d(x) < &, wla,z) <n. Let n >0, m > 1 be finite, n < d(a) < A\y. Denote
by M,(a,n,m,n) the set of all such z € Hg that n < §(x) < Ay, w(a,z) < n,
§(a)—d(x) =mp (p = 0,+£1,+2,...). Further, let §(a) = n, R, (6°) be such that
qg=mnif n> Xy, and ¢ = 1,7 if n = Ay. Denote by Mjz(a,n, R ,n) the set of all
x € Hg for which 2Q = a2, [a,7] € R, w(a,x) <.

Theorem 8. Every set M;(a,{;,85,1), My(a,n,m,n), M3(a,n, R,,n) is a nor-
mal complex of the semigroup H,, and these sets exhaust all normal complexes
of the semigroup H, containing more than one element.

8°. Let &,m < A be infinite. Denote by R(£,n) the set of all such a € H, that
0(a) < & wla,e) < n, and if &€ =n > 0 is finite, then by R;(n,n) the set of all
b € Hg, for which §(b) = kn, w(b,e) < n, where k =0, +1,42, ....

Theorem 9. The only normal subsemigroups of the semigroup H, are the unit
subsemigroup, the alternating subgroup of the group Sg, and all subsets of the
form R(&,n) and R, (n,n).

From Theorem 9 there follows the following known (®) corollary:

Corollary. The only normal divisors of the group S, are the unit subgroup
and all R, where § =1, {; <{ <A

9°. A semigroup is called simple if each of its stable equivalences is either
equality or contains all pairs of elements of this semigroup. In (4, 7) three
examples were first constructed of simple semigroups containing elements of
infinite order and distinct from groups. The following theorem gives one more
example of such semigroups.

Theorem 10. The factor semigroup of the semigroup Pqo by the equivalence
o[rQ] (2°) is a simple semigroup with left reversibility and without idempotents.

10°. Let A be an infinite semigroup with left cancellation, let a,b € A, and let
A be the set of all such x € A that ax # bx. If for any a and b one always
has 7A = 7(A\ aA), then the semigroup A will be called an I-semigroup. From
Theorem 10 the following theorem is derived:

Theorem 11. FEvery l-semigroup is a subsemigroup of some simple semigroup
with left reversibility and without idempotents.

Let F' be the semigroup of such continuous strictly monotone functions f(x),
defined on the interval [a,b], a < b, that f[a,b] # [a,b]. From Theorem 11 the
following corollary follows:
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Corollary. Each of the semigroups P, F is a subsemigroup of some simple
semigroup with left reversibility and without idempotents.

Since every semigroup of class 3, is isomorphic to a subsemigroup of some
semigroup P, it follows from this:

Corollary. Every semigroup with left reversibility, with left cancellation and
without idempotents, is a subsemigroup of some simple semigroup with left re-
versibility and without idempotents.

11°. Let A; be a subsemigroup of the semigroup A,. An equivalence o; of the
semigroup A, is called the restriction of an equivalence o, of the semigroup A,
if elements a and b of the semigroup A, are in the relation o, if and only if they
are in A, in the relation oy. Let C, be the symmetric groupoid (1) and W, the
symmetric generalized group (°). From (!, %), thanks to Theorems 2 and 7, the
following theorems are derived:

Theorem 12. Every stable equivalence of the semigroup Pg is the restriction
of some stable equivalence of each of the semigroups Cq, Wq, and Hg,.

Theorem 13. All stable equivalences of the semigroup Hg, that are restrictions
of stable equivalences of each of the semigroups Cq, W, are exhausted by all
equivalences of the form olq] (2°).
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