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Abstract
Full Text

Mathematics
I. A. Ibragimov

On the Estimation of the Spectrum of a Station-
ary Gaussian Process
(Presented by Academician A. N. Kolmogorov, 24 VI 1961)

1. Consider a real stationary Gaussian process {𝑥𝑛} with discrete time 𝑛 =
… , −1, 0, 1, … and E𝑥𝑛 = 0. We shall denote by 𝐹(𝜆) and 𝑓(𝜆) the spectral
function (s.f.) and the spectral density (s.d.) of the process. In the present note
we set forth some results concerning estimation of the s.f. of the process {𝑥𝑛}
from a sample 𝑥1, 𝑥2, … , 𝑥𝑁 of the process {𝑥𝑛} (see, for example, (1,2)). In
view of the real-valuedness of the process, in what follows we restrict ourselves
to estimating the spectrum of the process on the interval [0, 𝜋] and call the s.f.
of the process the function 𝐹(𝜆) − 𝐹(0), denoting it also by 𝐹(𝜆).
As an estimate for 𝐹(𝜆) one often uses the statistic

𝐹 ∗
𝑁(𝜆) = 1

2𝜋𝑁 ∫
𝜆

0
∣

𝑁
∑
𝑗=1

𝑒𝑖𝜆𝑗𝑥𝑗∣
2

𝑑𝜆.

Since, for |𝑗| < 𝑁 ,

∫
𝜋

0
𝑒𝑖𝜆𝑗 𝑑𝐹 ∗

𝑁(𝜆) = 1
2𝑁

𝑁−|𝑗|
∑
𝑘=1

𝑥𝑘+|𝑗|𝑥𝑘,

it follows that for any ergodic process∗ {𝑥𝑛}, with probability 1,

∫
𝜋

0
𝑒𝑖𝜆𝑗 𝑑𝐹 ∗

𝑁(𝜆) ⟶
𝑁→∞

∫
𝜋

0
𝑒𝑖𝜆𝑗 𝑑𝐹(𝜆), 𝑗 = … , −1, 0, 1, … ,

and therefore, with probability 1, 𝐿(𝐹 ∗
𝑁 , 𝐹 ) ⟶

𝑁→∞
0, where in general 𝐿(𝐹 , 𝐺)

denotes the Lévy distance between the (unnormalized) distribution functions
𝐹, 𝐺. Unfortunately, as the following Theorem 1 shows (this theorem is an
answer to a question posed to the author by A. N. Kolmogorov), the convergence
to zero of the distance 𝐿(𝐹 ∗

𝑁 , 𝐹 ) is not uniform.

Theorem 1. There exists an absolute constant 𝛽0 > 0 such that, for all
sufficiently small 𝜀,
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supP{𝐿(𝐹 ∗
𝑁 , 𝐹 ) ⩾ 𝜀} ⩾ 𝛽0 − (9

4𝜀)
1/4

, (1)

where the supremum is taken over all absolutely continuous s.f. 𝐹(𝜆) such that
𝐹(𝜋) = 1.

∗ Recall that a stationary Gaussian process is ergodic if and only if the s.f. 𝐹(𝜆)
is continuous.

Remark 1. Theorem 1 remains true if, instead of the d.f. 𝐹(𝜆), one estimates
the function 𝐹(𝜋) − 𝐹(𝜆); the interval [0, 𝜋] may be replaced by the interval
[𝛿, 𝜋], 𝛿 > 0.
Remark 2. The right-hand side of inequality (1) will not change if one takes
the infimum of the left-hand side over all estimates 𝐹 ∗

𝑁 = 𝐹 ∗
𝑁(𝜆; 𝑥1, … , 𝑥𝑁)

having the following properties: 1) for fixed 𝑥1, … , 𝑥𝑁 , 𝐹 ∗
𝑁 is a nondecreasing

function of 𝜆; 2)
𝐹 ∗

𝑁(𝜋; 𝑥1, … , 𝑥𝑁) = 𝑥2
1 + ⋯ + 𝑥2

𝑁
2 .

In the proof of Theorem 1 we choose a sequence of absolutely continuous d.f.’s
converging to a step d.f. If one restricts oneself to classes of d.f.’s that are all
uniformly separated from discontinuous d.f.’s, then, as follows from Theorem 2,
inequality (1) will no longer hold. Denote by 𝔉 some class of equicontinuously
continuous d.f.’s with 𝐹(𝜋) = 1. Let 𝜔𝐹 (𝛿) denote the modulus of continuity
of the function 𝐹(𝜆). Put 𝜔𝔉(𝛿) = sup𝐹∈𝔉 𝜔𝐹 (𝛿). Clearly, 𝜔𝔉(𝛿) ↓ 0, 𝛿 → 0.
Theorem 2. Whatever the number 𝜀 > 0, as 𝑁 → ∞

sup
𝐹∈𝔉

P{𝐿(𝐹 ∗
𝑁 , 𝐹 ) ⩾ 𝜀} → 0, (2)

and the left-hand side in (2) does not exceed

𝐶
min

𝛿
( 1

𝑁𝛿 + 𝜔𝔉(2𝛿))
𝜀3 ,

where 𝐶 is an absolute constant.

2. Suppose here that the d.f. 𝐹(𝜆) is absolutely continuous and

∫
𝜋

−𝜋
𝑓2(𝜆) 𝑑𝜆 < ∞.

Let 𝑃𝑁 denote the probability measure in the space 𝐶[0, 𝜋] generated by the
random process

√
𝑁 [𝐹 ∗

𝑁(𝜆) − 𝐹(𝜆)]; let 𝑃 denote the probability measure in
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𝐶[0, 𝜋] generated by the Gaussian process 𝜉(𝜆) with 𝜉(0) = 0, E𝜉(𝜆) = 0,

E𝜉(𝜆)𝜉(𝜇) = 2𝜋 ∫
min(𝜆,𝜇)

0
𝑓2(𝜆) 𝑑𝜆.

It is not hard to show that

P { max
0≤𝜆≤𝜋

|𝜉(𝜆)| ≤ 𝑧} =
∞

∑
𝑘=−∞

(−1)𝑘 [Φ ((2𝑘 + 1)𝑧√
2𝜋𝐺

) − Φ ((2𝑘 − 1)𝑧√
2𝜋𝐺

)] = Δ ( 𝑧√
2𝜋𝐺

) ,

where
𝐺 = ∫

𝜋

0
𝑓2(𝜆) 𝑑𝜆,

and Φ(𝑧) is the normal distribution function.

Theorem 3 (cf. (1,3)). Suppose the following conditions are satisfied:

1) The d.f. 𝐹(𝜆) has no intervals of constancy.

2)

∫
𝜋

−𝜋
(𝑓(𝜆))2+𝛿 𝑑𝜆 < ∞

for some 𝛿 > 0.
Then the sequence of measures 𝑃𝑁 converges weakly, as 𝑁 → ∞, to the measure
𝑃 . In particular,

P { max
0≤𝜆≤𝜋

√
𝑁 |𝐹 ∗

𝑁(𝜆) − 𝐹(𝜆)| ≤ 𝑧} ⟶
𝑁→∞

Δ ( 𝑧√
2𝜋𝐺

) .

For weak convergence of measures, see, for example, the work (4), the methods
of which are substantially used in the proof of Theorem 3.

Corollary (cf. (13)). Under the conditions of Theorem 2 the relation

𝐹 ∗
𝑁(𝜆) − 𝑧√2𝜋𝐺∗

𝑁 ≤ 𝐹(𝜆) ≤ 𝐹 ∗
𝑁(𝜆) + 𝑧√2𝜋𝐺∗

𝑁 ,

𝐺∗ = 1
4𝜋𝑁2

[𝐾𝑁𝛼]
∑
𝜈=0

(
𝑁−𝜈
∑
𝑗=1

𝑥𝑗𝑥𝑗+𝜈
)

2

, 0 < 𝛼 < 1, 𝐾 > 0,

holds with probability tending to Δ(𝑧) as 𝑁 → ∞.

Remark 1. Theorem 2 remains valid if the measures 𝑃𝑁 are replaced by the
measures 𝑃𝑁(𝑊𝑁), generated by the processes

√
𝑁 [𝐹 ∗

𝑁(𝜆, 𝑊𝑁) − 𝐹(𝜆, 𝑊𝑁)],
where
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𝐹 ∗
𝑁(𝜆, 𝑊𝑁) = 1

2𝜋𝑁 ∫
𝜋

0
∣

𝑁
∑
𝑗=1

𝑥𝑗𝑒𝑖𝑙𝑗∣
2

𝑊𝑁(𝜆 − 𝑙) 𝑑𝑙,

𝐹 (𝜆, 𝑊𝑁) = ∫
𝜋

0
𝑓(𝑙)𝑊𝑁(𝜆 − 𝑙) 𝑑𝑙,

𝑊𝑁(𝜆) = ∫
𝜆

−𝜋
𝑤𝑁(𝜆) 𝑑𝜆, 𝑤𝑁(𝜆) ≥ 0, 𝑊𝑁(𝜋) = 1,

lim𝑊𝑁(𝜆) = {0, 𝜆 < 0,
1, 𝜆 > 0.

Remark 2. As the following example shows, the results of Theorem 2 cannot be
substantially strengthened. Consider the Gaussian process {𝑥𝑛} with spectral
density 𝑓𝑎(𝜆) = 1

|𝜆|𝑎 ,
1
2 < 𝑎 < 1, and denote by 𝑃 (ℎ)

𝑁 the measures in 𝐶[0, 𝜋]
generated by the processes 𝑁1−ℎ[𝐹 ∗

𝑁(𝜆) − 𝐹(𝜆)]. It turns out that for ℎ < 𝑎
the sequence 𝑃 (ℎ)

𝑁 is not compact; for ℎ > 𝑎 the sequence 𝑃 (ℎ)
𝑁 converges to the

zero element of the space 𝐶[0, 𝜋]; for ℎ = 𝑎 the measure limiting for 𝑃 (ℎ)
𝑁 is in

any case non-Gaussian.

3. At present little is known about the quality of the estimates 𝐹 ∗
𝑁(𝜆). The

theorem given in this section suggests that, for a sufficiently broad class
of processes, the estimates 𝐹 ∗

𝑁(𝜆) already for small 𝑁 give a good approx-
imation to 𝐹(𝜆).

Theorem 4. If 0 < 𝑚 ≤ 𝑓(𝜆) ≤ 𝑀 < ∞, then for any 𝛿 > 0

P { max
𝛿≤𝜆≤𝜋

√
𝑁 |𝐹 ∗

𝑁(𝜆) − 𝐹(𝜆)| > 3𝑀𝑧 +
√

𝐺} ≤ 𝐶1𝑀5/2𝑒−𝜀𝑧2/2,

where 𝜀 < 1,

1 ≤ 𝑧 ≤ 𝐶2
𝑚
𝑀

√
𝑁 max(√𝛿 − 2

𝑁 , sin 𝛿) ,

and the constants 𝐶1 and 𝐶2 depend only on 𝜀.
4. The theorems stated above remain true for processes with continuous time

and for random fields. We shall not give the formulations of the corre-
sponding theorems, since in essence they do not differ from their discrete
analogues with one-dimensional time*. ��-
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* For processes with continuous time, the convergence of the measures from
Theorem 3 is considered not in 𝐶[0, ∞], but in 𝐶[0, 𝑎], 𝑎 < ∞.

let us note only that the estimates will now have the following form:

𝐹 ∗
𝑇 (𝜆) = 1

2𝜋𝑇 ∫
𝜆

0
∣∫

𝑇

0
𝑥𝑡𝑒𝑖𝑡𝜆 𝑑𝑡∣

2

𝑑𝜆

in the case of continuous time;

𝐹 ∗
𝑁1…𝑁𝑘

(𝜆1, … , 𝜆𝑘) =

= 1
(2𝜋)𝑘𝑁1 … 𝑁𝑘

∫
𝜆1

−𝜋
⋯ ∫

𝜆𝑘

−𝜋
∣

𝑁1,…,𝑁𝑘

∑
𝑗1,…,𝑗𝑘=1

𝑒𝑖(𝑗1𝜆1+⋯+𝑗𝑘𝜆𝑘)𝑥𝑗1…𝑗𝑘
∣
2

𝑑𝜆1, … , 𝑑𝜆𝑘

in the case of a discrete field with 𝑘-dimensional time.

5. In this paragraph we shall indicate methods of estimating the s.f. of
generalized Gaussian stationary processes 𝑋(𝜑), where 𝜑 ∈ 𝒟, and by
𝒟 is denoted the class of infinitely differentiable complex-valued functions
with compact support (5–7). In what follows we use the following notation:
𝜏𝑠𝜑(𝑡) = 𝜑(𝑡+𝑠), 𝔉𝜑(𝜆) = ∫ 𝑒−𝑖𝑡𝜆𝜑(𝑡) 𝑑𝑡. Let 𝜑 = 𝜑(𝑡) be a fixed function
from 𝒟. Then 𝑌 (𝑠) = 𝑋(𝜏−𝑠𝜑) is an ordinary stationary Gaussian process
with s.f.

𝐹𝑌 (𝜆) = ∫
𝜆

−∞
|𝔉𝜑(𝜆)|2 𝑑𝐹(𝜆)

and s.d. 𝑓𝑌 (𝜆) = |𝔉𝜑(𝜆)|2𝑓(𝜆). Consequently, if 𝐹 ∗
𝑌 (𝜆) and 𝑓∗

𝑌 (𝜆) are any
estimates for the s.f. and s.d. of the process 𝑌 (𝑠), then they are simultaneously
estimates for

∫
𝜆

−∞
|𝔉𝜑(𝜆)|2 𝑑𝐹(𝜆), |𝔉𝜑(𝜆)|2𝑓(𝜆).
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