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Abstract
Full Text
MATHEMATICS
I. V. SHRAGIN

ON THE CONTINUITY OF THE NEMYTSKII
OPERATOR IN ORLICZ SPACES
(Presented by Academician A. N. Kolmogorov on 9 V 1961)

In papers (1−6) certain sufficient conditions were established for the continuity
of the Nemytskii operator in Orlicz spaces. However, even the identity transfor-
mation of an arbitrary Orlicz space (such a transformation is a special case of
a Nemytskii operator) does not satisfy these conditions.

Here we establish necessary and sufficient conditions for the continuity of the
Nemytskii operator in Orlicz spaces, as well as a number of other propositions.

1∘. Some information from the theory of Orlicz spaces in the sense
of Zaanen—Luxemburg (7,8). Let a nonnegative function 𝜑(𝑡), 0 ≤ 𝑡 < ∞
(which may assume infinite values, but does not become identically on [0, +∞)
either zero or infinity), be nondecreasing, with 𝜑(𝑡 + 0) = 𝜑(𝑡) for every 𝑡.
The function

Φ(𝑢) = ∫
𝑢

0
𝜑(𝑡) 𝑑𝑡, 𝑢 ⩾ 0,

is called a Young function. Put, for 𝛼 > 0,

𝐿𝛼
Φ = {𝑢(𝑥) ∶ ∫

𝐵
Φ[𝛼|𝑢(𝑥)|] 𝑑𝑥 < ∞} ,

where 𝐵 is some subset of finite-dimensional Euclidean space of positive (finite
or infinite) Lebesgue measure. By definition, the Orlicz space 𝐿Φ is the union
of all classes 𝐿𝛼

Φ. We shall consider it normed by means of the norm

‖𝑢‖Φ = inf {𝜌 > 0 ∶ ∫
𝐵

Φ[𝜌−1|𝑢(𝑥)|] 𝑑𝑥 ⩽ 1} .

By 𝐿𝑓
Φ is denoted the subspace of the space 𝐿Φ that is the intersection of all

classes 𝐿𝛼
Φ. We note that: 1) 𝐿𝑓

Φ consists only of the zero element if and only
if 𝑑Φ = sup{𝑢 ∶ Φ(𝑢) < ∞} < ∞; 2) 𝐿𝑓

Φ = 𝐿Φ if and only if 𝑑Φ = ∞ and Φ(𝑢)
satisfies the Δ2-condition: Φ(2𝑢) ⩽ 𝐶Φ(𝑢) for 𝑢 ⩾ 𝑢0 ⩾ 0 (𝐶 = const), where
𝑢0 = 0 if mes 𝐵 = ∞.

In this note we shall also consider Orlicz spaces whose elements are vector
functions defined on the set 𝐵. Namely, let 𝑀1(𝑢), 𝑀2(𝑢), … , 𝑀𝑠(𝑢) be arbitrary
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Young functions. Denote by 𝐿⃗ 𝛼⃗
𝑀 , where ⃗𝛼 = (𝛼1, 𝛼2, … , 𝛼𝑠), the class of vector

functions u(𝑥) = (𝑢1(𝑥), 𝑢2(𝑥), … , 𝑢𝑠(𝑥)), for which 𝑢𝑘(𝑥) ∈ 𝐿𝛼𝑘
𝑀𝑘

, 𝑘 = 1, 2, … , 𝑠.
Put further,

𝐿𝑀 = {𝑢(𝑥) ∶ 𝑢𝑘(𝑥) ∈ 𝐿𝑀𝑘 , 𝑘 = 1, 2, … , 𝑠}, 𝐿𝑓
𝑀 = {𝑢(𝑥) ∶ 𝑢𝑘(𝑥) ∈ 𝐿𝑓

𝑀𝑘
, 𝑘 = 1, 2, … , 𝑠}.

In the space 𝐿𝑀 we introduce the norm

‖𝑢‖𝑀 = max ‖𝑢𝑘‖𝑀𝑘
, 𝑘 = 1, 2, … , 𝑠.

2°. Let the real-valued function 𝑔(𝑢1, 𝑢2, … , 𝑢𝑠, 𝑥) ≡ 𝑔(u, 𝑥), where 𝑥 ∈ 𝐵,
𝑢𝑘 ∈ (−∞, +∞), 𝑘 = 1, 2, … , 𝑠, be measurable in 𝑥 for each u and continuous
in u for almost every 𝑥 ∈ 𝐵. Such a function generates a Nemytskii operator ℎ,
ℎu(𝑥) = 𝑔(u(𝑥), 𝑥).
In the present section we shall establish several propositions on the action of
the operator ℎ in Orlicz spaces. The proofs of these propositions use the con-
struction applied in (3,4 ).
Theorem 1. In order that the operator ℎ act from 𝐿𝛼⃗

𝑀 to 𝐿𝛽
Φ, it is necessary

and sufficient that there exist a 𝛾 > 0 and an integrable function 𝑓(𝑥) on 𝐵 such
that, for all 𝑥 ∈ 𝐵 and u ∈ 𝑅𝑠,

Φ[𝛽|𝑔(u, 𝑥)|] ≤ 𝛾
𝑠

∑
𝑘=1

𝑀𝑘[𝛼𝑘|𝑢𝑘|] + 𝑓(𝑥).

Put T𝑟 = {u ∈ 𝐿𝑀 ∶ ‖u‖𝑀 ≤ 𝑟}. It is known (6,8 ) that T𝑟 ⊂ 𝐿𝛼⃗
𝑀 , where

⃗𝛼 = (𝑟−1, 𝑟−1, … , 𝑟−1).
Theorem 2. If ℎ maps the ball T𝑟 into the class 𝐿𝛽

Φ (in the space 𝐿Φ), then it
maps 𝐿𝛼⃗

𝑀 , where ⃗𝛼 = (𝑟−1, 𝑟−1, … , 𝑟−1), into 𝐿𝛽
Φ (respectively, into some class

𝐿𝜇
Φ).

Theorem 3. If 𝑑𝑀𝑘
= ∞, 𝑘 = 1, 2, … , 𝑠, and ℎ maps the ball {u ∈ 𝐿𝑓

𝑀 ∶
‖u‖𝑀 ≤ 𝑟} into the class 𝐿𝛽

Φ (in the space 𝐿Φ), then it maps some class 𝐿𝜆⃗
𝑀

into 𝐿𝛽
Φ (respectively, into some class 𝐿𝜇

Φ).

We note that the last two theorems contain assertions close to Theorem 17.2 of
(6).
3°. Criterion for continuity of the Nemytskii operator at a point. In
the present section we assume throughout that ℎu0 ∈ 𝐿Φ, where u0 is a fixed
point of the space 𝐿𝑀 . By continuity of the operator ℎ at the point u0 we shall
mean the following: ℎ maps some neighborhood 𝑈 (in the space 𝐿𝑀) of the
point u0 into the space 𝐿Φ, and lim ‖ℎu − ℎu0‖Φ = 0 when ‖u − u0‖𝑀 → 0,
where u ∈ 𝑈 .
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Lemma 1. For continuity of ℎ at the point u0 it is necessary and sufficient that,
for every 𝜇 > 0, there exist a 𝜆⃗ such that the operator ℎ1, ℎ1v = ℎ(u0 +v)−ℎu0,
maps 𝐿𝜆⃗

𝑀 into 𝐿𝜇
Φ.

Lemma 1′. For continuity of ℎ at the point u0 it is necessary, and if 𝑑𝑀𝑘
= ∞,

𝑘 = 1, 2, … , 𝑠, then also sufficient, that the operator ℎ1 map 𝐿𝑓
𝑀 into 𝐿𝑓

Φ.

Theorem 4. For continuity of ℎ at the point u0 it is necessary and sufficient
that, for every 𝜇 > 0, there exist a 𝜌 > 0 and an integrable function 𝑓(𝑥) on 𝐵
such that

Φ[𝜇 |𝑔(u0(𝑥) + v, 𝑥) − 𝑔(u0(𝑥), 𝑥)|] ≤
𝑠

∑
𝑘=1

𝑀𝑘[𝜌|𝑣𝑘|] + 𝑓(𝑥)

for all 𝑥 ∈ 𝐵 and v ∈ 𝑅𝑠.

Remark. Let 𝑑𝑀𝑘
= ∞, 𝑘 = 1, 2, … , 𝑠. Then continuity (in the sense indicated

above) of the operator ℎ at the point u0 follows from continuity in the“narrow”
sense: lim ‖ℎ(u0 + v) − ℎu0‖Φ = 0 as ‖v‖𝑀 → 0, where v ∈ 𝐿𝑓

𝑀 .

4°. With the aid of the criterion for continuity of ℎ at a point established above,
the following propositions are obtained.

Theorem 5. If ℎ is continuous at the point u0 ∈ 𝐿𝑀 , then it is continuous at
every point u = u0 + u1, where u1 ∈ 𝐿𝑓

𝑀 .

Corollary 1. If 𝐿𝑀 = 𝐿𝑓
𝑀 and ℎ is continuous at some point u0 ∈ 𝐿𝑀 , then it

is continuous at every point u ∈ 𝐿𝑀 .

Theorem 6. If ℎ is continuous at every point of the ball 𝑇𝑟, then it is continuous
at every point of the class 𝐿𝛼⃗

𝑀 , where ⃗𝛼 = (𝑟−1, 𝑟−1, … , 𝑟−1).
5°. Criterion for the continuity of the Nemytskii operator on the
subspace 𝐿𝑓

𝑀 .

Theorem 7. Let 𝑔(0, 𝑥) ∈ 𝐿Φ. Then, for ℎ to be continuous at every point
u0 ∈ 𝐿𝑓

𝑀 , it is necessary and sufficient that for every 𝜇 > 0 there exist 𝜌 > 0
and a function 𝑓(𝑥), integrable on 𝐵, such that for all 𝑥 ∈ 𝐵 and v ∈ 𝑅𝑠

Φ [𝜇 |𝑔(v, 𝑥) − 𝑔(0, 𝑥)|] ≥
𝑠

∑
𝑘=1

𝑀𝑘[𝜌 |𝑣𝑘|] + 𝑓(𝑥).

Theorem 7′. Let 𝑔(0, 𝑥) ∈ 𝐿Φ. Then, for ℎ to be continuous at every point
u0 ∈ 𝐿𝑓

𝑀 , it is necessary, and if 𝑑𝑀𝑘
= ∞, 𝑘 = 1, 2, … , 𝑠, also sufficient, that

the operator ℎ̃,

ℎ̃v(𝑥) = 𝑔(v(𝑥), 𝑥) − 𝑔(0, 𝑥),
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act from 𝐿𝑓
𝑀 into 𝐿𝑓

Φ.

6°. Criterion for the continuity of the Nemytskii operator on the class
𝐿𝛼⃗

𝑀 and the space 𝐿𝑀 .

Theorem 8. Let ℎ act from 𝐿𝛼⃗
𝑀 into 𝐿Φ (from 𝐿𝑀 into 𝐿Φ). Then, for ℎ to

be continuous at every point u0 ∈ 𝐿𝛼⃗
𝑀 (respectively, u0 ∈ 𝐿𝑀), it is necessary

and sufficient that for every 𝜇 > 0 (respectively, for any positive 𝛼1, 𝛼2, … , 𝛼𝑠
and 𝜇) there exist 𝛾 > 0, 𝜌 > 0, and a function 𝑓(𝑥), integrable on 𝐵, such that

Φ [𝜇 |𝑔(u + v, 𝑥) − 𝑔(u, 𝑥)|] ≤ 𝛾
𝑠

∑
𝑘=1

𝑀𝑘[𝛼𝑘 |𝑢𝑘|] +
𝑠

∑
𝑘=1

𝑀𝑘[𝜌 |𝑣𝑘|] + 𝑓(𝑥)

for all 𝑥 ∈ 𝐵 and u, v ∈ 𝑅𝑠.
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Note: Figure translations are in progress. See original paper for figures.
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