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MATHEMATICS
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ON A GENERALIZATION OF THE CONCEPT
OF A BASIS AND OF N. K. BARI' S THEO-
REMS ON BASES

(Presented by Academician A. N. Kolmogorov, June 23, 1961)

In the present paper the concept of a continual basis in a Hilbert space is intro-
duced and its properties are studied. It seems to us that the results obtained
are a natural generalization of the results of N. K. Bari (}?), concerning dis-
crete bases, and of the results of M. M. Dzhrbashyan and R. M. Martirosyan
(3), concerning properties of biorthogonal kernels.

As is known, a sequence of elements {g,,}°2; of a Hilbert space ) is called its
basis if for every x € §) there exists a unique numerical sequence {,,}>2, such

that z = Z:O:l & n-

If for every x € $) the corresponding series ZTO £,9, converges weakly to x,
then it also converges strongly (see (), p. 310). Therefore a basis {g,, }°°; may
be identified with a linear mapping G of the space §) into the space of numerical
sequences: (Gy),, = (¥, g,), possessing the property that for every z € § there
exists a unique sequence {&,}2° | such that

() =S 6. o

for all y € 9.

Let us introduce the following notation: § is a separable Hilbert space; o is
a nonnegative measure given on the Borel sets of the complex plane A (or, in
general, A is a space with nonnegative measure o); M, is the linear manifold of
classes of o-measurable and almost everywhere finite functions, equivalent with
respect to the measure o.

Definition 1. A linear mapping G : $ — M, is called basic if for every element
x € $ there exists a unique element & € M, such that

(2,1) = /A EN TN o(dA) for all y € 5. 1)
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Here and everywhere below, the integral fA -+ o(d\) is understood as

lim < o(dA),

T JN,NA

where A, = {A € A : |\ < r}. This understanding of the integral also
determines the manner of “ordering” the values of the mapping (Gy)()\). We
note that in the case of a classical basis {g, }5°, we deal not simply with a
countable set of elements, but with a set ordered in a definite way, i.e. with a
sequence.

Putting (Fz)(A) = £()\), we obtain a linear mapping F' : $ — M_, by means of
which equality (1) can be given the form

(z,y) = /A(Fir)(/\) (Gy)(A) a(dA). (1)

We shall call the mapping F' conjugate with respect to G.

Definition 2. The mapping G is called integrally bounded if there exists a
o-complete class Q of Borel sets A C A such that

[@oan]| < Kalil, ks <o aco 2
A

for all y € $. Here the class 2 is called o-complete if

/f(/\)cr(d)\) =0

A

for all A € Q only when & = 0*.

If G is an integrally bounded basis mapping, then the conjugate mapping F is a
basis mapping.

In view of (1), it suffices to prove that

[ A TR o(ar) =0

for all z € $ only when 7 = 0. Let A be an arbitrary fixed set in the class (2.
From inequality (2) we conclude that there exists an element z(A) € £ such
that

(x(A),y) = / Goo(dr),  yes. 3)

A

But the mapping G is a basis mapping; hence Fz:(A) = x A, where xo € M, is
the class of functions equivalent to the characteristic function of the set A.
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Now suppose that for some n € M,

[ TR o(ar) =0

for every z € ). Taking x = x(A), A € Q, we obtain

[ notan <o,
A

which is possible only for n = 0, as was required to prove.
Definition 3. A basis mapping G is called orthogonal if F' = G, where F' is
the conjugate mapping.

Every orthogonal mapping E is an isometric mapping of $ onto L2, and, con-

versely, every isometric mapping E of the space $ onto L2 is orthogonal.
From this the following corollary is easily obtained:
An orthogonal mapping is integrally bounded.

In what follows we shall consider only basis mappings G that are integrally
bounded together with their conjugate mappings F'.

Definition 4. The mapping G is called a Bessel mapping if R(F) C L2, i.e.,
for every x € 9, Fr € L2 (R(F) is the range of the mapping F).

Theorem 1. In order that the mapping G be a Bessel mapping, it is necessary
and sufficient that for every orthogonal mapping E there exist a linear bounded
operator S : $ — § such that F = ES. In this case S™! exists and D(S ') =
R(S) =9H.

Sufficiency is obvious, since R(F) = R(ES) C R(E) = L2.

* Definitions 1 and 2 were proposed by V. E. Lyantse.
Necessity. Since R(F) C L2, putting

s(z,y) = /A (Fr) (N By (V) o(dN), (4)

for fixed x we have
sz, y)| < [F| 2 Eylz = 1F2| 2 lylls-

Consequently, s(x,y) is a linear bounded functional in y € $: s(z,y) = (Sz,y),
where S is a linear operator defined on all of $.

Further,
|s(z, B 'xa)| =

[Ea a<cu>‘ < Kalal.
A
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Thus, linear combinations of elements of the form E~1x, belong to the domain
of definition D (S*) of the operator S*. Therefore ©(S5*) is dense in £, and since
D(S) = H, it follows that the operator S is bounded. Since F is an orthogonal
mapping, we have

s(z,y) = (Sz,y) = /A(ESJS)O\)(EZI)(A) a(dA).

Comparing this representation with (4), we arrive at the conclusion that F =
ES.

Let us prove that the operator S is invertible and that D(S—!) = R(S) = 9.
Indeed, if Sz = 0, then Fx = 0 and = = 0, since the mapping F' is basic.
Consequently, S~% exists. Next let (Sz,y) = 0 for all . We shall prove that
y = 0. We have

0= (Sa,) = [ (Fa) BRI o(aN).
A

Since the mapping F' is basic, the last equality is possible only when Ey = 0,

whence it follows that y = 0. The theorem is proved.

Definition 5. A mapping G is called Hilbertian if 3(F) D L2: for every
€ € L? there exists an element x € § such that Fr = ¢.

Theorem 2. In order that the mapping G be Hilbertian, it is necessary and
sufficient that for every orthogonal mapping E there exist a linear bounded
operator T : § — $ such that F'T = E. In this case T~! exists and D(T1) =
R(T) =9H.

Sufficiency is obvious, since

R(F) D R(FT) = R(E) = L2.

Necessity. Let x be an arbitrary fixed element of the space §). Since Ex € L2
and R(F) D L2, the equation Fy = Ex is solvable with respect to y € §. It
is easy to see that this solution is unique. Put y = Tz. Then T is a linear
operator defined on the whole space ). Let us prove its boundedness. Let A be
an arbitrary bounded o-measurable set. Then

|(T.’L’, G_1XA)‘ =

/A (FTz)(\) U(d)\)‘ -

[0 o<dx>‘ < KyJlal,
A

since the mapping F is integrally bounded. From the inequality it follows that
D(T*) is dense in $, and since D(T) = H, the operator T is bounded. The
invertibility of the operator T is obvious. Let us prove that R(T") = $. Suppose
for any = € $ that (Tz,y) = 0. Then

0= (Ta,y) = / (FT2)(\){Gy) (Vo (dA) = / (Ex)(\ Gy o (dN).

A A

sovietrxiv.org/items/ru-196101.64449 Machine Translation


https://sovietrxiv.org/items/ru-196101.64449

It follows that Gy = 0, hence also y = 0, as was required to prove.
The following facts are easily established:

Theorem 3. If the mapping G is Besselian (Hilbertian), then the adjoint
mapping F' is Hilbertian (Besselian).

Corollary 1. In order that the mapping G be Besselian, it is necessary and
sufficient that there exist a bounded positive operator A such that F' = GA.

Corollary 2. In order that the mapping G be Hilbertian, it is necessary and
sufficient that there exist a bounded positive operator B such that G = F'B.

Definition 6. A mapping G is called a Fischer—Riesz mapping if it is
simultaneously Besselian and Hilbertian.

From Theorem 3 and its corollaries there follows immediately

Theorem 4. In order that the mapping G be a Fischer—Riesz mapping, it is
necessary and sufficient that there exist a bounded strictly positive operator C
such that F = GC.

Let us consider examples.

1°. Let g1, 9, ... be a basis in §, and let o be the measure concentrated at the
points A = 1,2,...,n, ..., with o({n}) = 1. Put (Gy)(n) = (v,9,). Then the
mapping G is basis and integrally bounded. Indeed, the class €2 of sets each of
which consists of only one point (with a natural affix) is o-complete, and

(Gy)(N) o (dN)| = [(y: 92)] < lgnl Iyl

A={n}

Clearly, the adjoint mapping F' is generated by the adjoint basis f;, fs, ...

In the example under consideration all properties of the mapping G coincide
with the properties of the basis gy, gs, ..., studied by N. K. Bari (1,2).

2°. In the paper (3) M. M. Dzhrbashian and R. M. Martirosian considered
“Integral” operators G mapping the space L?jl (ay,by) into ng (ag,by), defined
by relations of the form

by by
/ y(t)ee(t) doy(t) = / w(0)G(L O doy(t),  y=Gr,

where, for each fixed £ € (ay,b;), the kernel G(t,€) € L2 ; ec(t) = 1, t € [0,€),
and eg(t) = 0,t ¢ [0,€), for £ > 0; ec(t) = —1,t € [£,0), and e.(t) = 0, ¢ £ [£,0),

for £ < 0.

Identify the space $ with L2 | and let ¢ = 0,. Then, as is not difficult to
see, the mapping G generated by the kernel G(¢,€) is integrally bounded. It is
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also easy to show that if the kernel G(¢,&) is Besselian or Hilbertian (for the
definitions see (%)), then the mapping G is Besselian or Hilbertian, respectively.

3°. Let $ = L?(—0o0, 00), and let the measure o be concentrated on the real axis
and coincide there with Lebesgue measure. Define the mapping G by means of
the equality

(Ga)(A) = \/% /_ PNt (1) dt,

where ¢()) is a certain function.

Then

(Fa)(\) = ‘f;(;) / () dt.

It is easy to arrive at the following conclusion: if ¢()) increases monotonically,
with p(—00) = —00, p(c0) = oo, then the mapping G is Besselian when

vraimax ¢’ () < oo,
—0o<A<00

and Hilbertian when

vraimin ¢’ () > 0.

—00<A<0
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