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Abstract
Full Text
HYDROMECHANICS
V. A. SKRIPKIN

ON AN EXACT SOLUTION OF THE EQUA-
TIONS OF ONE-DIMENSIONAL RELATIVIS-
TIC HYDRODYNAMICS WITH A JUMP IN
THE TRANSFORMATION OF THE REST
MASS OF MATTER
(Presented by Academician L. I. Sedov on 1 XI 1960)

In paper (¹) we established algebraic integrals of the relativistic equations of
motion of an ideal continuous medium

𝜕
𝜕𝑥𝑘 [(𝜀 + 𝑝)𝑢𝑖𝑢𝑘 − 𝛿𝑖𝑘𝑝] = 0,

𝜕
𝜕𝑥𝑘 (𝜌𝑢𝑘) = 0 (𝑖, 𝑘 = 0, 1, 2, 3),

where 𝜀 is the internal rest energy of a unit volume of the medium; 𝑝 is the
pressure; 𝜌 is the rest density; 𝑢𝑖 is the 4-velocity of a particle.

Let us consider the case of plane one-dimensional motion, when among the
constants defining the problem, in addition to the speed of light in vacuum 𝑐,
there is one more constant 𝑎 with dimension [𝑎] = 𝑀𝐿−2. We put, in accordance
with the general theory of dimensions (²),

𝜌 = 𝑎𝑟−1𝑅(𝜆), 𝑝 = 𝑎𝑐2𝑟−1𝑃(𝜆),

𝑑𝑟
𝑑𝑡 = 𝑣 = 𝑐𝑉 (𝜆), 𝜆 = 𝑟

𝑐𝑡 , (1)

where 𝑅, 𝑃 , 𝑉 are dimensionless functions; 𝑟 is the distance from the origin of
coordinates; 𝑡 is time. In the case under consideration there exist three integrals
that give the general solution of the plane self-similar problem. If the equation
of state of the medium has the form

𝜀 = 𝜌𝑐2 + 𝑝
𝛾 − 1, 𝛾 = 𝑐𝑝

𝑐𝑣
,
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then the above-mentioned integrals can be written in the form:

mass integral *

𝑅(𝑉 − 𝜆)/𝜆
√

1 − 𝑉 2 = 𝑎1; (2)

energy integral

𝑃 {(𝑅
𝑃 + 𝛾

𝛾 − 1) (𝜆 − 𝑉 ) − 𝜆(1 − 𝑉 2)} /𝜆(1 − 𝑉 2) = 𝑎2; (3)

momentum integral

𝑃 {(𝑅
𝑃 + 𝛾

𝛾 − 1) 𝑉 (𝜆 − 𝑉 ) − 1 + 𝑉 2} /𝜆(1 − 𝑉 2) = 𝑎3, (4)

• The mass integral in (¹), formula (2, 3), is written with an error. The
correct form is

𝜆𝜈−𝑘−3 [(𝜈 − 𝑘 − 3 − 𝑠)𝑀 + 𝜎𝑣𝑅(𝑉 − 𝜆)
𝜆𝑠+1√1 − 𝛽2𝑉 2

] = const.

where 𝑎1, 𝑎2, 𝑎3 are dimensionless constants. From relations (2)—(4) we obtain

𝑅 = 𝑎1𝜆
√

1 − 𝑉 2/(𝑉 − 𝜆); (5)

𝑃 = 𝑎1(𝛾 − 1)
𝜆

√
1 − 𝑉 2 (1 + 𝑏2

√
1 − 𝑉 2)

𝜆(𝛾 − 1)𝑉 2 − 𝛾𝑉 + 𝜆 ; (6)

𝜆 = (1 − 𝛾)
√

1 − 𝑉 2 + 𝑏2(1 − 𝛾 − 𝑉 2) + 𝑏3𝛾𝑉
(1 − 𝛾)𝑉

√
1 − 𝑉 2 + 𝑏3[(𝛾 − 1)𝑉 2 + 1] − 𝑏2𝛾𝑉

, (7)

where 𝑏2 = 𝑎2/𝑎1, 𝑏3 = 𝑎3/𝑎1. If the initial conditions are taken as

𝜆 = ∞ (𝑡 = 0), 𝑉 = 0, 𝑅 = 1, 𝑃 = 1, (8)

then 𝑏3 = 0, 𝑎1 = −1, 𝑏2 = −𝛾/(𝛾 − 1), 𝑎2 = 𝛾/(𝛾 − 1), 𝑎3 = 0, and the
solution in the neighborhood of 𝜆 = ∞ (region 1) has the form

𝑅 = 𝜆
√

1 − 𝑉 2/(𝜆 − 𝑉 ); (9)
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𝑃 = (𝛾 − 1)
𝜆

√
1 − 𝑉 2 ( 𝛾

𝛾 − 1
√

1 − 𝑉 2 − 1)
𝜆(𝛾 − 1)𝑉 2 − 𝛾𝑉 + 𝜆 ; (10)

𝜆 = 𝛾(𝛾 − 1) + 𝛾𝑉 2 − (𝛾 − 1)2√
1 − 𝑉 2

𝛾2𝑉 − (𝛾 − 1)2𝑉
√

1 − 𝑉 2 . (11)

This solution does not continue continuously to the center of symmetry. To
extract from the general solution the curve 𝑉 = 𝑉 (𝜆) passing through the point
𝜆 = 0, 𝑉 = 0, it is necessary in (7) to put 𝑏2 = −1. The other particular
solution obtained as a result must be joined to the solution (9)—(11), satisfying
the conditions at the discontinuity. It is easy to see, however, that the constants
𝑎1, 𝑎2, 𝑎3 of the integrals (2)—(4) coincide exactly with the values of the fluxes
of rest mass, energy, and momentum through the surface of discontinuity.

Instead of the condition of conservation of rest mass, consider the relation

𝜌1(𝑣1 − 𝐷)
√1 − 𝑣2

1/𝑐2 = 𝜌2(𝑣2 − 𝐷)
√1 − 𝑣2

2/𝑐2 + 𝑞, 𝑣 = 𝑐𝑉 (𝜆), (12)

where 𝐷 is the velocity of the surface of discontinuity, and 𝑞 is a physical char-
acteristic of the process. To preserve self-similarity we must put

𝑞 = 𝜌1𝑐𝑓 ( 𝑝1
𝜌1𝑐2 ) /√1 − 𝑣2

1/𝑐2,

where 𝑓 is a dimensionless function. In dimensionless variables (12) is written
as

𝑎1𝜆∗ = 𝑅1(𝑉1 − 𝜆∗)
√1 − 𝑉 2

1
= 𝑅2(𝑉2 − 𝜆∗)

√1 − 𝑉 2
2

+ 𝑄(𝜆∗)𝜆∗, (13)

where 𝜆∗ is the value of 𝜆 at the jump, and

𝜆∗𝑄(𝜆∗) = 𝑅1𝑓(𝑃1/𝑅1)
√1 − 𝑉 2

1
. (14)

Then, if on both sides of the jump the motion is adiabatic, then

𝑅2(𝑉2 − 𝜆∗) = 𝛼1𝜆∗√1 − 𝑉 2
2 ,

where 𝛼1 is an integration constant. Replacing in (5)—(7) the constants 𝑎1, 𝑏2, 𝑏3,
respectively, by 𝛼1, 𝛽2 = 𝑎2/𝛼1, 𝛽3 = 𝑎3/𝛼1, we obtain, on the basis of (13)
and the fact that for the curve 𝑉 = 𝑉 (𝜆) passing through the point 𝜆 = 0, 𝑉 =
0, 𝛽2 = −1,
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𝛼1 = −𝑎2 = 𝑎1 − 𝑄(𝜆∗),

whence

𝑄(𝜆∗) = 𝑎1 + 𝑎2 = 1
𝛾 − 1, 𝛼1 = − 𝛾

𝛾 − 1, 𝛽3 = 0. (15)

The properties of the gas after the discontinuity has passed may change. There-
fore in (7) 𝛾 should, generally speaking, be replaced by 𝛾1 ≠ 𝛾. Then, on the
other side of the jump (region 2), we shall have

𝑅 = 𝛾𝜆
√

1 − 𝑉 2

(𝛾 − 1)(𝜆 − 𝑉 ) ; (16)

𝑃 = 𝛾(𝛾1 − 1)𝜆
√

1 − 𝑉 2 (
√

1 − 𝑉 2 − 1)
(𝛾 − 1)[𝜆(𝛾1 − 1)𝑉 2 − 𝛾1𝑉 + 𝜆] ; (17)

𝜆 = (𝛾1 − 1)(1 −
√

1 − 𝑉 2) + 𝑉 2

𝑉 [𝛾1 − (𝛾1 − 1)
√

1 − 𝑉 2]
. (18)

Relation (14), with (15) taken into account, serves to determine the velocity of
motion of the discontinuity surface 𝜆∗:

𝜆∗ = 𝑉1 + (𝛾 − 1)𝑓 ( 𝑃1
𝑅1

) .

Figures 1 and 2 present graphs of the functions 𝑉 , 𝑃 , 𝑅 as functions of 𝜆 for the
values 𝛾 = 7/5, 𝛾1 = 5/3, calculated from formulas (9)—(11)

Fig. 1: Graphs of functions V, P, R as functions of lambda.

Fig. 1

Fig. 2: Graphs of functions V, P, R as functions of lambda.

Fig. 2

and (16)—(18). If 𝑓(𝑃1/𝑅1) = 5/4, 𝜆∗ = 0.9. The solution obtained corresponds,
in nonrelativistic hydrodynamics, to the following exact solution of the Euler
equations:

in region 1,

𝑣 = 𝑏
𝛾 + 1 [𝜆 − √𝜆2 − 2(𝛾 + 1)] , 𝜌 = 𝑎𝜆(𝛾 + 1)

𝑟[𝛾𝜆 + √𝜆2 − 2(𝛾 + 1)]
, 𝑝 = 𝑎𝑣

𝑡 ;
(19)
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in region 2,

𝑣 = 2
𝛾1 + 1

𝑟
𝑡 , 𝜌 = 𝑎(𝛾1 + 1)

(𝛾1 − 1)𝑟 , 𝑝 = 2𝑎𝑟
(𝛾1 + 1)𝑡2 , (20)

where 𝑎 and 𝑏 are constants with dimensions [𝑎] = 𝑀𝐿−2, [𝑏] = 𝐿𝑇 −1, 𝜆 = 𝑟/𝑏𝑡.
Solutions (19) and (20) arise from (9)—(11) and (16)—(18), respectively, in the
limit as 𝑏/𝑐 → 0. At the jump, the conservation conditions for the fluxes
of mass and momentum are then satisfied. The energy-conservation condition
shows that, when a particle passes through the jump from region 1 into region
2, the sum of the kinetic energy of relative motion and the heat content of the
particle decreases by the amount 𝑏2/(𝛾 − 1) per unit mass of matter.
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