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Abstract
Full Text

Mathematics

Academician A. I. MAL’ TSEV

THE UNDECIDABILITY OF THE ELEMEN-
TARY THEORY OF FINITE GROUPS

In connection with the study of elementary theories of various classes of algebras,
the question naturally arose of the algorithmic decidability of the elementary
theory of the class of all finite groups. This question is mentioned as an open
problem in the well-known book by A. Tarski, A. Mostowski, and R. Robinson
(1). In the present note it is proved that the elementary theory of the class of all
finite groups is undecidable. In the course of the proof, and as corollaries, the
undecidability of the elementary theories of some other classes of finite groups,
and also of some classes of rings and semigroups, is established.

No. 1. Let K be an arbitrary fixed field. Denote by R the class of all (nonasso-
ciative) rings that are finite-dimensional algebras over K. By formulas we shall
mean formulas of the narrow predicate calculus whose only nonlogical symbols
are the symbol of equality of elements and the symbol of multiplication. The
formula ax = x & 2% = 2 & x # 0 will be abbreviated by (a,z). The individual
object symbols a,b will play a special role below. A formula 2(a,b) with indi-
vidual object symbols a, b will be called normal if 2 is the conjunction of some
formula 2(; with the same individual object symbols and of the formulas

al) (z)(y)(z#y & (a,2) & (a,y) 2 zy=aVyz=y & ay#0Vyz =0),
22) (2)(9)()((a,2) & (a,9) & (a,2) & oy £ 0 & yz 0 = 22 £ 0),

a3) a?=0& (z)((a,z) = za=0),

ad) ab=0%& (z)(y)((a,z) & (b,y) > zy =0) & ba =a

and the formulas b1, b2, b3, obtained from al, a2, a3 by replacing the symbol
a by the symbol b. A ring R € R will be called an 2-ring if in it there are
distinguished elements a,b for which 2(a,b) is a true sentence in R, i.e., if the
closed formula (Ja)(3b)2A(a,d) is true in R. An element x of an 2A-ring R will
be called an a-element if the formula (a,z) is true.

Modifying the basic definition from (?), we shall say that a formula 2 represents
a function f(m) in the class MR, if the following conditions are satisfied: 1) the
formula 2 is normal; 2) in every 2-ring from the class R that contains m
a-elements, there are exactly f(m) b-elements (m = 0,1,2,...); 3) for every
m =0,1,2, ..., there exists in R an 2A-ring having m a-elements.
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Theorem 1. For every normally given general recursive function f(m), one
can effectively construct a formula A representing this function in the class *R.

By J. Robinson’s theorem (), Theorem 1 will be proved if formulas representing
the functions A\(m) = m + 1, p(m) = m — [\/m]?, are constructed, and if an
effective method is indicated for constructing formulas,

representing the functions g(z) + h(x), g(h(z)), g '(z), under the condition
that formulas representing the functions g(z), h(x) are given. Here we shall
construct only formulas for the functions m + 1 and g~!(z), since the others are
constructed analogously.

Denote by 2((a, b, ¢) the conjunction of formulas al—a4, b1—b3 and the formulas

(@)((a,2) = (b, cx)); (1)

(@)(y)((a,2) & (a,y) & cx = cy = x =y); (2)

(F2)[(b, 2) & (z)((a,7) > cx # 2) & (y)(y # 2z & (by) —
= (3)((a,2) & y = cx))]. 3)

The formula (J¢)?A represents the function m + 1. Indeed, suppose that in
some ring R € R there exist elements a, b, ¢ possessing properties (1), (2), (3).
According to (3), the set of b-elements of R consists of the element z, determined
by requirement (3), and all a-elements multiplied by ¢. Since by virtue of (2) the
multiplication of distinct a-elements by ¢ gives distinct b-elements, the number
of b-elements in R is greater by 1 than the number of a-elements.

To construct an R-ring having a prescribed number m of a-elements, take an
algebra over K with basis a,b,c,zq,...,2,,,¥1, - s Ym,1 and introduce for the
basis elements the relations

ba=a, arv;=z; =m0 cx;=y; by;=y;=y;Jd (<J;i,j=12,..).

All remaining pairwise products of basis elements are set equal to 0. It is
clear that the algebra obtained will be an R-ring in which the a-elements are
Tyy ey Tppy-
No. 2. Let some function g(m) be represented by the formula 2(a,b), and
suppose that the equation g(xz) = m is solvable for every m = 0,1,2,.... By
definition, the symbol g~!(m) denotes the least solution of the indicated equa-
tion. Introduce a formula 2(a,b; p), expressing the following requirements: a)
the totality R, of elements x satisfying the condition pz = z is a subring; b) the
elements a,b belong to R; c¢) in R, the formula 2(a, b) is true. In other words,
A(a, b;p) is the conjunction of the formula
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(@)Y (pr =2 & py=y = play) =2y) &pa=a & pb=>

and the relativization of the formula 2((a,b) to the set of elements x satisfying
the condition px = x.

Denote by B(a,b,a’,b’,p) the conjunction of the formula 2A(a’,d’;p) and the

formula

(x){pxr =2 & (a’,x) — (Fuvde)[A(u, v;d) & (4)

&),y &py=y&yr=y&y#z—d-ey=ey & (u,ey)) & (5)

& (y))((a,y) &py=y&pr=2& (d,2) &y#z—ey#ez) & (6)

& (Y)(u,y) &dy=y— (F2)(pz=z& (a',2) & 2z2=0& y=e2)) & (7)

&ENHWW ) py=y& O, ) &, y) &py =y &fy=fy —y=y & (8)

&d-fy=fy& (v, fy) & 3F2)(dz=2& (v,2) & fy-z# fy) v

VEHWW)dy=y & (v,y) & (v,y) & dy =y & fy=fy my=y" &

Lp-fy=fy& ¥, fy) & F2)(pz=2& (V. 2) & fy-2# fy) &

& (2)((0',2) & pr=a & (V,z) & (2)((b,z) & pr =z & (&, 1)} (9)

The formula B (a,b,a’,b’; p), together with the formulas al—a4, b1—b3, defines
the function g~!(m). Indeed, suppose that in the ring R € R there are elements
a,b,a’,b’,p such that in R the formula B is true and the number of a-elements
in R is equal to m. The formula 2(a’,b") is true in R, and R, is

subring, the set of b’-elements of which coincides with the set of a-elements of
the ring R, while the set of a’-elements of R, by virtue of (9), coincides with the
set of b-elements of R. Therefore m = g(n), where n is the number of b-elements
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in R. By al—a3, the a’-elements of R, can be denoted by the symbols z, ..., z,,
so that the relations z,7; = »;x; = z;, z;,i = 0 (i < j) will hold for them.
According to (4), for each z;, 1 < i < n, there will be found in R elements
u,v,d, e such that the aggregate R; will be an A-subring with distinguished
elements u,v. Conditions (5)—(8) guarantee that the number of u-elements in
R, is equal to ¢ — 1, while the number of v-elements in R, is different from m,

ie g(i—1)#m.

Thus, if in some B-ring R the number of a-elements is equal to m and the
number of b-elements is equal to n, then g(n) = m and, simultaneously, g(i) # m
for 0 <i<n,ie n=g(m).

It remains to check 3). Let m be given. Put n = g~(m). By assumption, for
each ¢ = 0,1, ..., n there exists an A-ring R, with distinguished elements a,, b,

71 Vi
having i a;-elements z;;, ..., x;; and g(i) b;-elements y,q, ..., Y;4(;), connected by
the relations a;z,, = TiaTig = TiaTia = Tins Tiglin = 0, b;y;,, = YiaYig =

YiaVia = Yiar YigYia = 0, a;b; = af = b} = 0, ba; = a; (o < f). From
these relations it follows that the a;-elements, the b;-elements and a,,b; are
linearly independent in their aggregate. Therefore they can be supplemented by
suitable elements z;;, ..., z;, to a basis of R,. Assuming the algebras R, to have
no common elements, we formally construct a new algebra R. The basis of R
is formed by the basis elements of all R; and by new elements d,, e;, f;,a,b (i =
1,...,n). Multiplication of basis elements belonging to R, is performed according
to the rules of R;, and we put d;v = z (z € R)), e;z,,; = z;; (i > j), fa =
A, ATp; = Tpy, bynl = Yni> fixnj - yij for g(’L) > m, flylj = ﬂcnj for g<l> < m.
The remaining products are regarded as equal to 0. The algebra R satisfies the
requirements al—a4, b1—-b3 and B(a,b,a’,b’,p) with a’ =a,,, b’ =0, p=4d,.
Thus theorem 1 is proved.

No. 3. From theorem 1 it is easy to obtain the

Corollary. For each normally given general recursive function f(m), one can
effectively construct a formula B(a,b) representing this function in the class R,
of finite-dimensional algebras over K possessing a unit.

Let 2(a,b) be a formula representing f(m) in R, and let R be an A-ring from R
having m a-elements. Denote by B(a’,b’, a, b, p) the conjunction of the formulas
a’l—a’4, b'1-b'3, the formula A(a, b; p), and the formula

(z)((a/,z) & pr =2 & (a,2)) & (z)((b',z) <> pr =z & (b,x)).

The formula B(a’,b’,a,b,p) with distinguished elements a’,b" represents the
function f(m) in the class ;. Indeed, B obviously possesses properties 1),
2). On the other hand, adjoining to the basis of R new elements a’,b’, p, e and
putting eu = ue = pu = u, up = 0 foru € R, a’z = z, b’y = y, if x is an
a-element and y is a b-element of R, and b’a’ = a’, > =v? = 0, we obtain a
%B-ring having m a’-elements and possessing a unit e.
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No. 4. From theorem 1 and the indicated corollary, in the usual way one obtains:

Theorem 2. The class R of all rings that are finite-dimensional algebras over
an arbitrary fized field K, and the class R, of all R-rings having a unit, have
undecidable elementary theories.

For the proof it is enough to take a general recursive function f(m) with a
nonrecursive set of values and to construct, representing it in 2:;, a formula
A(a,b). Then the falsity of the formula

A(a,b) & (zy ... w,) (/\(mz #x; & (b,x;)) & (y) ((57?/) - \/?J = xz))

i#] i

in every RR;-ring will be equivalent to the unsolvability of the equation f(z) = n.

Corollary. The elementary theories of the class of all finite rings with the
identity px = 0 (p fized prime) and of the class of all finite rings are undecidable.

The first assertion is obtained from Theorem 2 in the case where K is a prime
field of characteristic p, and the second follows from the first, since R is a
finitely axiomatizable subclass in fR.

No. 5. In paper (%) a correspondence was established between rings with identity
and metabelian groups of a special finitely axiomatizable class. Under this
correspondence, to the class of rings with identity of prime odd characteristic p
there corresponds a finitely axiomatizable subclass of the class of all metabelian
groups with the identity P = 1. There an effective method is also indicated
which makes it possible, for each closed formula concerning rings with identity,
to obtain a formula for groups such that the truth of the first formula on a ring is
equivalent to the truth of the second formula on the corresponding group. Since
finite rings are thereby transformed into finite groups, it follows immediately
from the corollary to Theorem 2 that:

Theorem 3. The elementary theory of the class of all finite metabelian groups
with the identity P = 1 (p odd prime) is undecidable.

The class of groups indicated in this theorem is a finitely axiomatizable subclass
of the class of all finite groups, of the class of all finite metabelian groups, of
the class of all finite semigroups, etc. Therefore the elementary theories of all
the classes mentioned are undecidable.

Let £ be a metabelian Lie ring of odd prime characteristic p. Defining in £
a new multiplication operation by the formula xy = = + y + %[xy], we turn £
into a metabelian p-group, and we have [zy] = xyz 'y~ !, = +y = xy[yx]'/>.
Conversely, introducing into an arbitrary metabelian p-group the operations
[zy] and = + y by means of the indicated formulas, we obtain a metabelian Lie
ring of characteristic p. Therefore the elementary theory of finite metabelian
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Lie rings of odd prime characteristic p is equivalent to the elementary theory of
finite metabelian p-groups and, together with the latter, is undecidable.

A metabelian Lie ring is also associative. Hence it follows that the elementary
theories of the class of finite two-step nilpotent rings and of the class of all finite
associative rings are undecidable.
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