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Abstract
Full Text
MATHEMATICS

V. Yu. KRYLOV

ON A LIMIT THEOREM
(Presented by Academician M. V. Keldysh, 29 XII 1960)

The purpose of the present note is to prove the following limit theorem.

Theorem 1. Let 𝜉1, 𝜉2, … , 𝜉𝑘, … be a sequence of mutually independent random
variables, given, generally speaking, by nonpositive probability densities 𝑝𝑘(𝑥)
(𝑘 = 1, 2, …), satisfying the conditions:

1) For every 𝑘 (𝑘 = 1, 2, …)

∫ 𝑝𝑘(𝑥) 𝑑𝑥 = 1, ∫ 𝑥𝑝𝑘(𝑥) 𝑑𝑥 = 0, … , ∫ 𝑥2𝑞−1𝑝𝑘(𝑥) 𝑑𝑥 = 0,

∫ 𝑥2𝑞𝑝𝑘(𝑥) 𝑑𝑥 = (−1)𝑞+1𝑏2𝑞
𝑘 .

2) There exists a constant 𝐶 such that for every 𝑛 the inequality

𝑛
∑
𝑘=1

∫ 𝑥2𝑞|𝑝𝑘(𝑥)| 𝑑𝑥 < 𝐶
𝑛

∑
𝑘=1

∣∫ 𝑥2𝑞𝑝𝑘(𝑥) 𝑑𝑥∣ .

is valid.

3) For any 𝜆 > 0 the limit

lim
𝑛→∞

1
𝐵2𝑞

𝑛

𝑛
∑
𝑘=1

∫
|𝑥|>𝜆𝐵𝑛

𝑥2𝑞|𝑝𝑘(𝑥)| 𝑑𝑥 = 0,

where

𝐵2𝑞
𝑛 =

𝑛
∑
𝑘=1

𝑏2𝑞
𝑛 .

4) The limit
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lim
𝜀→0

max
1≤𝑘≤𝑛
1≤𝑛<∞

1
𝐵2𝑞

𝑛
∫

|𝑥|≤𝜀𝐵𝑛

𝑥2𝑞|𝑝𝑘(𝑥)| 𝑑𝑥 = 0.

Then, if 𝑃𝑛(𝑥) is the probability density of the normalized sum

𝜁𝑛 = 1
𝐵𝑛

𝑛
∑
𝑘=1

𝜉𝑘,

then there exists the limit 𝑃(𝑥)

𝑃(𝑥) = lim
𝑛→∞

𝑃𝑛(𝑥) = 1
2𝜋 ∫ 𝑒−𝑡2𝑞/(2𝑞)!+𝑖𝑡𝑥 𝑑𝑡.

The limit is understood in the sense of weak convergence on the space 𝑍.

Before proceeding to the proof, let us note that while condition 1) pertains
rather to the formulation of the problem, conditions 2) and 3) are analogues
of the usual conditions of boundedness of the variance of the sum and of the
Lindeberg condition (see, for example, (1,2 )), condition 4) has no analogue and
is connected with the nonpositivity of the probability densities 𝑝𝑘(𝑥).
We now indicate the proof of Theorem 1. For convenience we introduce new
notation. Let 𝑝𝑛𝑘(𝑥) be the probability density of the random variable

𝜉𝑛𝑘 = 1
𝐵𝑛

𝜉𝑘 (1 ≤ 𝑘 ≤ 𝑛; 𝑛 = 1, 2, …).

Conditions 1)—4) of Theorem 1 in this notation take the form:

1) For all 𝑘 (1 ≤ 𝑘 ≤ 𝑛) and 𝑛 = 1, 2, …,

∫ 𝑝𝑛𝑘(𝑥) 𝑑𝑥 = 1, ∫ 𝑥𝑝𝑛𝑘(𝑥) 𝑑𝑥 = 0, … , ∫ 𝑥2𝑞−1𝑝𝑛𝑘(𝑥) 𝑑𝑥 = 0,

∫ 𝑥2𝑞𝑝𝑛𝑘(𝑥) 𝑑𝑥 = (−1)𝑞+1 𝑏2𝑞
𝑘

𝐵2𝑞
𝑛

.

2) There exists a constant 𝐶 such that, for every 𝑛,
𝑛

∑
𝑘=1

∫ 𝑥2𝑞 |𝑝𝑛𝑘(𝑥)| 𝑑𝑥 < 𝐶.

3) For every 𝜆 > 0 the limit

lim
𝑛→∞

𝑛
∑
𝑘=1

∫
|𝑥|>𝜆

𝑥2𝑞 |𝑝𝑛𝑘(𝑥)| 𝑑𝑥 = 0.
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4) The limit
lim
𝜀→0

max
1≤𝑘≤𝑛
1≤𝑛<∞

∫
|𝑥|≤𝜀

𝑥2𝑞 |𝑝𝑛𝑘(𝑥)| 𝑑𝑥 = 0.

Denote by 𝑓𝑛𝑘(𝑡) the characteristic function of 𝜉𝑛𝑘, and by

𝜑𝑛(𝑡) =
𝑛

∏
𝑘=1

𝑓𝑛𝑘(𝑡)

the characteristic function of the sum

𝜁𝑛 = 1
𝐵𝑛

𝑛
∑
𝑘=1

𝜉𝑘 =
𝑛

∑
𝑘=1

𝜉𝑛𝑘.

We shall show that for |𝑡| ≤ 𝑇 , uniformly in 𝑘 (1 ≤ 𝑘 ≤ 𝑛), the limit

lim
𝑛→∞

𝑓𝑛𝑘(𝑡) = 1.

Indeed, by condition 1),

𝑓𝑛𝑘(𝑡) − 1 = ∫ (𝑒𝑖𝑡𝑥 − 1 − 𝑖𝑡𝑥 − ⋯ − (𝑖𝑡𝑥)2𝑞−1

(2𝑞 − 1)! ) 𝑝𝑛𝑘(𝑥) 𝑑𝑥,

therefore
|𝑓𝑛𝑘(𝑡) − 1| ≤ 𝑡2𝑞

(2𝑞)! ∫ 𝑥2𝑞 |𝑝𝑛𝑘(𝑥)| 𝑑𝑥.

Splitting the domain of integration into |𝑥| ≤ 𝜀 and |𝑥| > 𝜀, we note that the
integral over |𝑥| ≤ 𝜀 can be made, by condition 4), arbitrarily small by choosing
𝜀 > 0 (uniformly in 𝑛), while the integrals over |𝑥| > 𝜀 tend to zero as 𝑛 → ∞
by condition 3).

Consequently, 𝑓𝑛𝑘(𝑡) → 1 for |𝑡| ≤ 𝑇 and as 𝑛 → ∞, uniformly in 𝑘 (1 ≤ 𝑘 ≤ 𝑛).
In particular, for |𝑡| ≤ 𝑇 and sufficiently large 𝑛 the inequality

max
1≤𝑘≤𝑛

|𝑓𝑛𝑘(𝑡) − 1| < 1
2

will hold.

Let
ln 𝜑𝑛(𝑡) =

𝑛
∑
𝑘=1

(𝑓𝑛𝑘(𝑡) − 1) + 𝑅𝑛,

where
𝑅𝑛 =

𝑛
∑
𝑘=1

∞
∑
𝑠=2

(−1)𝑠

𝑠 (𝑓𝑛𝑘(𝑡) − 1)𝑠.

For sufficiently large 𝑛, by virtue of the last inequality, the estimate is valid⋯
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|𝑅𝑛| ≤
𝑛

∑
𝑘=1

∞
∑
𝑠=2

1
2 |𝑓𝑛𝑘(𝑡) − 1|𝑠 = 1

2
𝑛

∑
𝑘=1

|𝑓𝑛𝑘(𝑡) − 1|2
1 − |𝑓𝑛𝑘(𝑡) − 1| <

<
𝑛

∑
𝑘=1

|𝑓𝑛𝑘(𝑡) − 1|2 ≤ max
1≤𝑘≤𝑛

|𝑓𝑛𝑘(𝑡) − 1|
𝑛

∑
𝑘=1

|𝑓𝑛𝑘(𝑡) − 1|.

But since, by condition 2),

𝑛
∑
𝑘=1

|𝑓𝑛𝑘(𝑡) − 1| ≤ 𝑡2𝑞

(2𝑞)!
𝑛

∑
𝑘=1

∫ 𝑥2𝑞|𝑝𝑛𝑘(𝑥)| 𝑑𝑥 < 𝐶 𝑡2𝑞

(2𝑞)! ,

we have 𝑅𝑛 → 0 (𝑛 → ∞) uniformly with respect to 𝑘 (1 ≤ 𝑘 ≤ 𝑛) for |𝑡| ≤ 𝑇 .
Let now

𝑛
∑
𝑘=1

(𝑓𝑛𝑘(𝑡) − 1) = − 𝑡2𝑞

(2𝑞)! + 𝜌𝑛,

where

𝜌𝑛 = 𝑡2𝑞

(2𝑞)! +
𝑛

∑
𝑘=1

∫ (𝑒𝑖𝑡𝑥 − 1 − 𝑖𝑡𝑥 − ⋯ − (𝑖𝑡𝑥)2𝑞−1

(2𝑞 − 1)! ) 𝑝𝑛𝑘(𝑥) 𝑑𝑥.

By condition 1),

𝜌𝑛 =
𝑛

∑
𝑘=1

∫ (𝑒𝑖𝑡𝑥 − 1 − 𝑖𝑡𝑥 − ⋯ − (𝑖𝑡𝑥)2𝑞

(2𝑞)! ) 𝑝𝑛𝑘(𝑥) 𝑑𝑥 = Σ1 + Σ2,

where in Σ1 the integration is carried out over the region |𝑥| ≤ 𝜀, and in Σ2,
over |𝑥| > 𝜀. Since |𝜌𝑛| ≤ |Σ1| + |Σ2|, we estimate Σ1 and Σ2 in modulus. The
following estimates are valid:

|Σ1| ≤ 𝑡2𝑞+1

(2𝑞 + 1)! 𝜀
𝑛

∑
𝑘=1

∫
|𝑥|≤𝜀

𝑥2𝑞|𝑝𝑛𝑘(𝑥)| 𝑑𝑥 ≤ 𝑡2𝑞+1

(2𝑞 + 1)! 𝜀𝐶 by condition 2);

|Σ2| ≤ 2 𝑡2𝑞

(2𝑞)!
𝑛

∑
𝑘=1

∫
|𝑥|>𝜀

𝑥2𝑞|𝑝𝑛𝑘(𝑥)| 𝑑𝑥 → 0 (𝑛 → ∞) by condition 3).

Consequently, for any |𝑡| ≤ 𝑇 , lim
𝑛→∞

𝜌𝑛 = 0, and hence
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lim
𝑛→∞

ln 𝜑𝑛(𝑡) = − 𝑡2𝑞

(2𝑞)! .

And since

𝑃𝑛(𝑥) = 1
2𝜋 ∫ 𝑒𝑖𝑡𝑥𝜑𝑛(𝑡) 𝑑𝑡,

it follows from what has been proved that 𝑃𝑛(𝑥) → 𝑃(𝑥) (𝑛 → ∞) in the sense
of weak convergence over 𝑍 (see (3,4 )).
To obtain stronger convergence of the functions 𝑃𝑛(𝑥), it is necessary, in addition
to conditions 1)—4) of Theorem 1, to impose conditions analogous to sufficient
conditions for the stability of difference schemes (see, for example, (5)). Thus,
for example, the following is true.

Theorem 2. Let, for 𝑝𝑘(𝑥) (𝑘 = 1, 2, …), conditions 1)—4) of Theorem 1 be
satisfied and suppose, in addition, that the inequality

5) |𝑓𝑛𝑘(𝑡)| ≤ (1 + 𝐴
𝑛 ) ( 𝑛

𝑛 + |𝑡|)
𝛼

(𝑘 = 1, … , 𝑛)

holds for all 𝑘, 𝑡 (−∞ < 𝑡 < ∞) and for some 𝛼 > 0. Then 𝑃𝑛(𝑥) → 𝑃(𝑥)
(𝑛 → ∞) in the mean.

Indeed, in this case there exists, for all 𝑡, the limit lim
𝑛→∞

𝜑𝑛(𝑡), since

𝜑𝑛(𝑡) =
𝑛

∏
𝑘=1

𝑓𝑛𝑘(𝑡),

and moreover this limit belongs to 𝐿2. In addition, since the assertion of Theo-
rem 1 remains in force, we have

lim
𝑛→∞

𝜑𝑛(𝑡) = exp {− 𝑡2𝑞

(2𝑞)!} .

From this, by virtue of the isometry in 𝐿2 of the Fourier transform operator,
the assertion of Theorem 2 follows.

Let us note some obvious properties of the limiting probability density 𝑃(𝑥).
Property 1. Just as the fundamental solution of the heat-conduction equation
for any 𝑡 is the Gaussian law, the solution of the equation

𝜕𝑢
𝜕𝑡 = (−1)𝑞+1 𝜕2𝑞𝑢

𝜕𝑥2𝑞
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for any 𝑡 has the form of the limiting probability density 𝑃(𝑥) considered above.

Property 2. The limiting law determined by the probability density 𝑃(𝑥) is
infinitely divisible.

Property 3. The limiting law determined by the probability density 𝑃(𝑥) is
stable.

The theorems formulated establish a connection between the central limit the-
orem of probability theory and the limiting behavior of difference schemes ap-
proximating differential equations (see also (6)).
In conclusion I express my sincere gratitude to I. M. Gelfand and M. A. Evgrafov
for their attention to this work.

Received
27 XII 1960

REFERENCES
1 B. V. Gnedenko, Course in Probability Theory, Moscow, 1954.
2 B. V. Gnedenko, A. N. Kolmogorov, Limit Distributions for Sums of Indepen-
dent Random Variables, Moscow–Leningrad, 1949.
3 I. M. Gelfand, G. E. Shilov, Generalized Functions and Operations on Them,
Moscow, 1958.
4 I. M. Gelfand, G. E. Shilov, Fourier Transforms of Generalized Functions,
Moscow, 1958.
5 R. D. Richtmyer, Difference Methods for Initial-Value Problems, Moscow,
1960.
6 A. I. Zhukov, Uspekhi Matematicheskikh Nauk, 14, no. 3 (87) (1959).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196101.63048 Machine Translation

https://sovietrxiv.org/items/ru-196101.63048

	Abstract
	Full Text
	ON A LIMIT THEOREM
	REFERENCES


