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Abstract
Full Text
MATHEMATICS
E. K. FOGELS

ON THE DISTRIBUTION OF PRIME IDEALS
(Presented by Academician A. I. Mal’cev on 23 V 1961)

Yu. V. Linnik (1) proved that the least prime number of the arithmetic pro-
gression 𝐷𝑙 + 𝑙 [(𝐷, 𝑙) = 1, 𝑢 = 0, 1, 2, …] does not exceed 𝐷𝑐, where 𝑐 (and
below 𝑐′) is a suitable absolute positive constant. K. A. Rodosskii (2) gave a
simpler proof, and I (3) proved the existence of a prime number of an arithmetic
progression in the interval (𝑥, 𝑥𝐷𝜀) for any positive 𝜀 ≤ 𝑐, for all 𝐷 ≥ 𝐷0(𝜀)
and all 𝑥 ≥ 𝐷𝑐′ log(𝑐/𝜀). The purpose of the present note is to report that the
following results can be proved by the same method.

Theorem 1. Let 𝐾, 𝔣, ℌ denote respectively any algebraic field of degree 𝑛 ≥ 1,
any ideal in the field 𝐾, and any class of ideals modulo 𝔣. Let 𝐷 = |Δ|𝑁𝔣 > 1,
where Δ is the discriminant of the field and 𝑁𝔣 is the norm of the ideal 𝔣. There
exists a positive constant 𝑐, depending only on 𝑛, such that for any 𝑥 ≥ 1 there
is, in the interval (𝑥, 𝑥𝐷𝑐), a prime number 𝑝 = 𝑁𝔭, with 𝔭 ∈ ℌ.

For 𝔣 = 𝔬 (the unit ideal) it follows that any class (in the ordinary sense) of
ideals contains a prime ideal with norm ≤ |Δ|𝑐.

Theorem 2. There exist absolute constants 𝑐 > 0, 𝑐′ > 0, such that for any
positive 𝜀 ≤ 𝑐, for all discriminants 𝑑 with |𝑑| = 𝐷 ≥ 𝐷0(𝜀), and for all
𝑥 ≥ 𝐷𝑐′ log(𝑐/𝜀), there is, in the interval (𝑥, 𝑥𝐷𝜀), a prime number 𝑝 represented
by the given primitive (and positive, if 𝑑 < 0) binary quadratic form 𝜓 of
discriminant 𝑑.

The proof of Theorem 1 is based on Lemmas 1–3.

Lemma 1. Let 𝜁(𝑠, 𝜒) denote any Hecke function (4) with character modulo 𝔣.
There exists 𝑐1 (depending only on 𝑛) such that in the region

𝜎 ≥ 1 − 𝑐1
log 𝐷(1 + |𝑡|)3/4 , (𝜎 = Re 𝑠, 𝑡 = Im 𝑠, 𝐷 > 𝐷0 > 1) (1)

the function 𝜁(𝑠, 𝜒) has no zeros with complex 𝜒. For at most one real exceptional
character 𝜒 = 𝜒′ in (1) a simple zero 𝛽 of the function 𝜁(𝑠, 𝜒′) is possible;
moreover 𝛽 = 1 − 𝛿 is real and

𝛿 > 𝐷−2𝑛. (2)
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The lemma is proved by the methods of Titchmarsh (5) and Page (6). Here an
important role is played by the estimate

𝐹(𝑠) ≪ 𝛿−𝑛𝐷 1
2 (1−𝜎)(1 + |𝑡|)(1+𝛿−𝜎)𝑛/2

(−𝛿 ≤ 𝜎 ≤ 1 + 𝛿, 0 < 𝛿 ≤ min (1
2, 1

log 𝐷)) (3)

of the functions 𝐹(𝑠) = 𝜁(𝑠, 𝜒) (if 𝜒 is not the principal character 𝜒0) and
𝐹(𝑠) = 𝜁(𝑠, 𝜒0)(𝑠 − 1)/(𝑠 − 2), which is proved by applying function-

equation 𝜁(𝑠, 𝜒), the theorem of Fragmén—Lindelöf and the theorem of Dech (7).
If 𝜒′ = 𝜒0, then (2) is a consequence of the estimate

Res
𝑠=1

𝜁(𝑠, 𝜒0) = 𝐷𝑜(1) (𝐷 → ∞),

which in turn follows from the estimate of the residue of the Dedekind zeta-
function of the field 𝐾 ((8), (16)). For 𝜒′ ≠ 𝜒0, (2) is proved by contour
integration of the function

𝐷𝑎(𝑠−1)Γ(𝑠 − 1)𝜁(𝑠, 𝜒′)𝜁(𝑠, 𝜒0)′

(where 𝑎 ≥ 2𝑛 + 1), taking into account the fact that the coefficients 𝑎𝑚 of the
expansion

𝜁(𝑠, 𝜒′)𝜁(𝑠, 𝜒0) =
∞

∑
𝑚=1

𝑎𝑚𝑚−𝑠 (𝜎 > 1)

are nonnegative and 𝑎𝑚 ≥ 1 for

𝑚 = 12𝑛, 22𝑛, 32𝑛, … .

Lemma 2. For a suitable 𝐴 > 0 (depending only on 𝑛) and

𝜆0 = 𝐴 log 𝑒𝐴
𝛿0 log 𝐷, 𝛿0 = {𝛿, if 𝛿 ≤ 𝐴/ log 𝐷,

𝐴/ log 𝐷 otherwise,

the rectangle
(1 − 𝜆0/ log 𝐷 ≤ 𝜎 ≤ 1, |𝑡| ≤ 𝐷)

contains no zeros 𝜌 ≠ 1 − 𝛿 of the function ∏𝜒 𝜁(𝑠, 𝜒).
Let

𝜌0 = 1 − 𝜆/ log 𝐷 + 𝑖𝑡0

be any zero of the function 𝜁(𝑠, 𝜒) with 𝜆 ≤ log 𝐷, |𝑡0| ≤ 𝐷. The following cases
are considered separately:

1) 𝜒 = 𝜒0 ≠ 𝜒′; 2) 𝜒 ≠ 𝜒0 ≠ 𝜒′; 3) 𝜒 ≠ 𝜒0 = 𝜒′; 4) 𝜒 = 𝜒0 = 𝜒′.
(4)
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In the first three cases the following functions, respectively, are used:

𝑓(𝑠) = 𝜁(𝑠, 𝜒)𝜁(𝑠 − 𝛿, 𝜒𝜒′), 𝜁(𝑠, 𝜒)𝜁(𝑠 + 𝛿, 𝜒𝜒′), 𝜁(𝑠, 𝜒)

and the constructions of K. A. Rodosskii ((2), Ch. II) are repeated with minor
changes. In the fourth case (4) one may proceed as follows. By the process of
displacement (cf. (2), Ch. I, Lemma 4) a “convenient”zero 𝜌1 = 𝛽1 + 𝑖𝑡1 of
the function 𝜁(𝑠, 𝜒0) is found. If |𝜏1| ≥ 7, then 𝑓(𝑠) = 𝜁(𝑠, 𝜒0) is used and the
arguments of the third case (4) are repeated. For |𝜏1| < 7 the function

𝑓(𝑠) = 𝜁(𝑠, 𝜒0)𝜁1(𝑠 + 𝛿)𝐺(𝑠 − 𝛿)

is used, where

𝜁1(𝑠) = 𝜁(𝑠) ∏
𝑝/𝑁𝔣

(1 − 𝑝−𝑠), 𝐺(𝑠) = 𝜁(𝑠, 𝜒0)/𝜁1(𝑠),

which is regular in the region (𝜎 > 0, |𝑡| < 14) (where 𝜁(𝑠) ≠ 0) and has the
“convenient”zero 𝜌1 + 𝛿; analogous arguments are carried out with it.

Lemma 3. Let 𝑁(𝛼, 𝑇 ) be the number of zeros of the function ∏𝜒 𝜁(𝑠, 𝜒),
belonging to the rectangle (1 − 𝛼 ≤ 𝜎 ≤ 1, |𝑡| ≤ 𝑇 ). For a suitable 𝐶 > 0
(depending only on 𝑛) and all 𝜆 ∈ [0, log 𝐷] we have

𝑁 (𝜆/ log 𝐷, 𝑒𝜆/ log 𝐷) < 𝑒𝐶𝜆.

Let 𝜈(𝑥, ℌ) denote the number of ideals 𝔞 ∈ ℌ with norm 𝑁𝔞 ≤ 𝑥. Using (3)
and contour integration, we prove the estimate

𝜈(𝑥, ℌ) = 𝛾𝑥+𝑂 (𝐷2/3𝑥1−1/𝑘) , where 𝑥 ≥ 1, 𝑘 = 1
2(𝑛+3), 𝛾 = ℎ−1 Res

𝑠=1
𝜁(𝑠, 𝜒0),

(5)
ℎ denotes the number of classes ℌ (ℎ ≤ 𝐷 according to (4), p. 66, and (9), § 3).
Let

𝑎𝑚 (𝑚 = 1, 2, … , 𝑋); (6)

such a collection of ideals of the field 𝐾, for which

∑
𝑎𝑚

𝔟0/𝑎𝑚

1 = 𝑋/𝑓(𝔟) + 𝑅𝔟

(where 𝔟 is any ideal and 𝑓(𝔟) is a multiplicative function > 0), and let 𝑁𝑧
(𝑧 > 1) denote the number of those ideals 𝔟 which are not divisible by any
prime ideal 𝔭 with norm ≤ 𝑧, except for prime ideals 𝔮 of some set 𝑄 (by which
the ideals 𝑎𝑚 may be divisible). Further, let 𝜇(𝔞) be the Möbius function of
ideals and
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𝐹(𝔟) = ∑
𝔡/𝔟

𝜇(𝔡)𝑓 (𝔟
𝔡) , 𝑆𝑧 = ∑

𝔟
𝑁𝔟≤𝑧

𝔮∤𝔟

𝜇2(𝔟)
𝐹(𝔟) , 𝑆𝑧(𝔦) = ∑

𝔟
(𝔟,𝔦)=𝔬

𝑁𝔟≤𝑧/𝑁𝔦, 𝔮∤𝔟 𝑖

𝜇2(𝔟)
𝐹(𝔟) ,

𝜆𝔦 =
⎧{
⎨{⎩

𝜇(𝔦) ∏
𝔭/𝔦

(1 − 1/𝑓(𝔭))−1𝑆𝑧(𝔦)/𝑆𝑧, if 𝔮 ∤ 𝔦, 𝑁𝔦 ≤ 𝑧,

0, otherwise.

(𝔮 ∤ 𝔟 means that 𝔮 does not divide 𝔟.)

By Selberg’s method (10) one proves the estimate

𝑁𝑧 ≤ 𝑋/𝑆𝑧 + ∑
𝔦1,𝔦2𝑁𝔦1≤𝑧, 𝑁𝔦2≤𝑧

𝔮∤𝔦1𝔦2

∣𝜆𝔦1
𝜆𝔦2

𝑅𝔦1𝔦2/(𝔦1,𝔦2)∣ . (7)

If in the special case (6) is the collection of all ideals 𝔞 of the class ℌ with
𝑁𝔞 ≤ 𝑥, then, on the basis of (5),

𝑓(𝔟) = 𝑁𝔟, 𝑅𝔟 ≪ 𝐷3/2(𝑥/𝑁𝔟)1−1/𝑘, 𝑆𝑧 = ∑
∈(𝑧)

1/𝑁𝔟,

where (𝑧) denotes the set of those ideals of the field 𝐾 the product of the norms
of all distinct prime ideals of which is ≤ 𝑧. Let 𝔤 run through all ideals of the
field 𝐾 divisible only by prime ideals 𝔮 ∈ 𝑄, and let 𝑉 = ∑𝔤 1/𝑁𝔤; then

𝑆𝑧 ⋅ 𝑉 ≥ ∑
𝔟∈(𝑧)

1/𝑁𝔟 ≥ ∑
𝔟

𝑁𝔟≤𝑧
(𝔟,𝔣)=𝔬

1/𝑁𝔟.

For 𝑥 ≥ 𝐷5𝑘 and 𝑧 ≥ max(𝑥1/4, 𝐷3𝑘), the last sum is > 𝑐2ℎ𝛾 log 𝑧 > 𝑐3ℎ𝛾 log 𝑥.
If ∑𝔮 1/𝑁𝔮 ≪ 1, then 𝑉 ≪ 1 and 𝑆𝑧 > 𝑐4ℎ𝛾 log 𝑥, whence follows the estimate
≪ 𝑥/ℎ log 𝑥 for the main term in (7). Under the additional restriction 𝑧2/𝑘 =
𝑥1/𝑘/𝐷1/3(ℎ𝛾)2ℎ log 𝑥 ≥ 𝐷6, the same estimate can be proved for the remainder
term in (7) (cf. (11), § 7), and under these conditions

𝑁𝑧 ≪ 𝑥/ℎ log 𝑥. (8)

Let 𝜋(𝑥, ℌ) denote the number of prime ideals of the class ℌ with norm ≤ 𝑥, and
𝑉 (𝑥; ℌ, 𝑦) the number of those ideals 𝔞 of the class ℌ with 𝑁𝔞 ≤ 𝑥, all prime
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divisors 𝔮 of which have norms in [𝑦, 𝑦2] (1 ≤ 𝑦 ≤ √𝑥). Simple consequences of
(8) are the estimates

𝜋(𝑥, ℌ) ≪ 𝑥/ℎ log 𝑥, 𝑉 (𝑥; ℌ, 𝑦) ≪ 𝑥/ℎ log 𝑥 (𝑥 ≥ 𝐷5𝑘, 1 ≤ 𝑦 ≤ √𝑥). (9)

In the proof of the first of them the empty set 𝑄 is used (cf. (11), § 8).

Using the estimates (9), the lemma is proved by arguments similar to those
carried out by K. A. Rodosskii ((2), Ch. I), with only the important difference
that the numbers 𝑚, 𝑢, 𝑣 ((2), p. 339) are replaced by the norms of such ideals 𝔞,
all prime factors of which have norms belonging to some interval [𝑦, 𝑦2], where
𝐷log(1+𝜆)/(2+2𝜆) ⩽ 𝑦 < 𝐷6𝑘.

Theorem 1 is proved by the method set forth in (12) for the special case 𝑛 = 1.
Let 𝑞 be a natural number > 1, and let 𝜒𝑞 be a Dirichlet character mod𝑞. It
can be shown that

𝜁(𝑠, 𝜒𝑞, 𝜒) = ∑
𝔞

𝜒𝑞(𝑁𝔞)𝜒(𝔞)
𝑁𝔞𝑠 (𝜎 > 1) (10)

coincides with a certain Hecke function with character modulo 𝔣[𝑞]. Using the
functions (10), it is proved that if there exists an ideal 𝔞 ∈ ℌ with 𝑁𝔞 ≡
𝑙(mod𝑞), (𝑙, 𝑞) = 1, then the assertion of Theorem 1 with 𝐷 = |Δ|𝑞𝑛𝑁 𝔣 holds
for primes 𝑝 ≡ 𝑙(mod𝑞).
Let henceforth 𝐾 be a quadratic field generated by the square root

√
Δ, where

Δ is the fundamental discriminant, and let 𝔣 = [𝑘] with a natural number 𝑘 > 1.
Ideals 𝔞, 𝔟 (having no common divisor with 𝑘) are, by definition, in one and
the same class ℭ if there exist integers 𝛼, 𝛽 ∈ 𝐾, congruent modulo [𝑘] to
rational numbers having no common divisor with 𝑘, such that 𝑁𝛼𝛽 > 0 and
𝔞[𝛼] = 𝔟[𝛽]. It can be shown that each class ℭ is a sum of one and the same
number 𝑗 ⩾ 1 of classes ℌ. To each class ℭ there corresponds uniquely a class
𝔉 of primitive binary quadratic forms with discriminant 𝑑 = Δ𝑘2 (if 𝑑 < 0,
considering only positive forms), and every form 𝜓 ∈ 𝔉 represents norms of
ideals of the class ℭ ((13), pp. 123–124). Let 𝑋(ℭ) be the characters of the
classes ℭ. The corresponding function 𝜁(𝑠, 𝑋) is represented by the finite sum

𝜁(𝑠, 𝑋) = ℎ−1 ∑
ℭ

𝑋(ℭ) ∑
ℌ⊂ℭ

∑
𝜒

𝜒(ℌ) 𝜁(𝑠, 𝜒).

Using (3), we obtain estimates of |𝜁(𝑠, 𝑋)|, which make it possible to prove
Lemmas 1–3 in an analogous way with 𝑋 in place of 𝜒. For real 𝑋 the function

∏
𝔭

𝑁𝔭/Δ, 𝑁𝔭∤𝑘

(1 − 𝑋(𝔭)𝑁𝔭−𝑠)𝜁(𝑠, 𝑋)
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is represented as the product of two Dirichlet 𝐿-functions with characters mod
𝐷 ((14), p. 67). This fact, together with Siegel’s theorem, permits replacing in
(2) the exponent by an arbitrarily small positive constant 𝜀 > 0 (if 𝐷 > 𝐷0(𝜀)).
Using this circumstance, Theorem 2 is proved according to the scheme set forth
in (3).

Latvian State University
named after Pēteris Stučka

Received
21 III 1961
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