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Abstract
Full Text
Mechanics

K. P. STANYUKOVICH

SELF-SIMILAR RELATIVISTIC MOTIONS IN
THE CASE OF POINT SYMMETRY
(Presented by Academician N. N. Bogolyubov on 18 II 1961)

It is of interest, for the solution of certain problems, to consider all possible
self-similar relativistic motions of a gas possessing point symmetry.

The basic system of equations for adiabatic motions can be written in the form

𝑤
𝑐2𝜃2 (𝑢𝑡 + 𝑢𝑢𝑟) + 𝑢

𝑐2 (𝑤𝑡 + 𝑢𝑤𝑟) + 𝜃2𝑉 𝑝𝑟 = 0, (1)

−(𝑉𝑡 + 𝑢𝑉𝑟) + 𝑉
𝜃2 (𝑢𝑟 + 𝑢

𝑐2 𝑢𝑡) + 𝑁𝑉 𝑢
𝑟 = 0, 𝜎𝑡 + 𝑢𝜎𝑟 = 0;

here

𝑤 = 𝑝𝑉 + 𝜌𝑐2; 𝑑𝑤 = 𝑉 𝑑𝑝 + 𝑇 𝑑𝜎; 𝑝𝑉 𝑘 = 𝐴(𝜎);

𝑤 is the heat content; 𝑝 is the pressure; 𝑉 is the specific volume; 𝜌𝑐2 is the inter-
nal volume energy; 𝜎 is the entropy (per unit total mass); 𝑇 is the temperature;
𝑘 is the adiabatic exponent; 𝑢 is the velocity; 𝜃 = √1 − 𝑢2/𝑐2, 𝑁 = 0, 1, 2, re-
spectively for plane, cylindrical, and spherical waves. The last equation should
be written in the form

𝑤𝑡 + 𝑢𝑤𝑟 − 𝑉 (𝑝𝑡 + 𝑢𝑝𝑟) = 0,

and then the first equation takes the form

𝑤
𝑐2𝜃2 (𝑢𝑡 + 𝑢𝑢𝑟) + 𝑉 (𝑝𝑟 + 𝑢

𝑐2 𝑝𝑡) = 0.

In the classical case, for the equation of state 𝑝𝑉 𝑘 = 𝐴(𝜎), we obtained two
classes of self-similar motions (2), when it was assumed that

𝑢 = 𝑡𝑎1−1𝜉1(𝑧); 1
𝑉 = 𝑡𝑎2𝜉2(𝑡); 𝑝 = 𝑡2(𝑎1−1)+𝑎2𝜉3(𝑡); 𝑧 = 𝑟𝑡−𝑎1
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or

𝑢 = 𝑒𝑎1𝑡𝜉1(𝑧); 1
𝑉 = 𝑒𝑎2𝑡𝜉2(𝑧); 𝑝 = 𝑒(2𝑎1+𝑎2)𝑡𝜉3(𝑧); 𝑧 = 𝑟𝑒−𝑎1𝑡.

In the relativistic case, as is easily verified, 𝑎1 = 0 (for both variants), since the
velocity of motion is limited by the speed of light.

Let us consider the case of simply relativistic flows for an equation of state which,
as is known, is valid for them as well, and separately the case of ultrarelativistic
flows, when 𝑝 = (𝑘 − 1)𝜌𝑐2.

In the case of relativistic flows, for the first class of self-similar motions we have

𝑢 = 𝑢(𝑧) = 𝜉1(𝑧); 1
𝑉 = 𝑡𝑎2𝜉2(𝑧); 𝑝 = 𝑡𝑎2𝜉3(𝑧); 𝑧 = 𝑟

𝑡 ,

where

𝑤 = 𝑘
𝑘 − 1𝑝𝑉 + 𝑐2 = 𝑘

𝑘 − 1
𝜉3
𝜉2

+ 𝑐2 = 𝑤(𝑧).

Substitution of these quantities into the basic system of equations leads to new
equations:

(𝑢 − 𝑧) ( 𝑘
𝑘 − 1 + 𝜉2

𝜉3
𝑐2) 𝑢′

𝑐2𝜃2 + 𝜉′
3

𝜉3
(1 − 𝑢𝑧

𝑐2 ) + 𝑎2𝑢
𝑐2 = 0,

𝑎2 + (𝑢 − 𝑧)𝜉′
3

𝜉3
+ 𝑢′

𝜃2 (1 − 𝑢𝑧
𝑐2 ) + 𝑁𝑢

𝑧 = 0,

(𝑢 − 𝑧) [−𝜉′
3

𝜉3
+ 𝑘𝜉′

2
𝜉2

] + (𝑘 − 1)𝑎2 = 0;

here, for example, 𝑢′ = 𝑑𝑢/𝑑𝑧.

Relations analogous to these were obtained earlier from dimensional-theory con-
siderations (3).
Introduce 𝜂 = 𝜉2/𝜉3 = 1/𝑝𝑉 ; then the last system of equations takes the form:

( 𝑘
𝑘 − 1 + 𝑐2𝜂) 𝑢′

𝑐2𝜃2 (𝑢 − 𝑧) + (𝜉′
2

𝜉2
− 𝜂′

𝜂 ) (1 − 𝑢𝑧
𝑐2 ) + 𝑎2𝑢

𝑐2 = 0,

𝑎2 + (𝑢 − 𝑧)𝜉′
2

𝜉2
+ 𝑢′

𝜃2 (1 − 𝑢𝑧
𝑐2 ) + 𝑁𝑢

𝑧 = 0,
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(𝑢 − 𝑧) [(𝑘 − 1)𝜉′
2

𝜉2
+ 𝜂′

𝜂 ] + (𝑘 − 1)𝑎2 = 0.

Hence it follows that

𝜂′

𝜂 = 𝑘 − 1
𝑢 − 𝑧 [𝑢′

𝜃2 (1 − 𝑢𝑧
𝑐2 ) + 𝑁𝑢

𝑧 ] ,

𝜉′
2

𝜉2
= − 1

𝑢 − 𝑧 [𝑎2 + 𝑢′

𝜃2 (1 − 𝑢𝑧
𝑐2 ) + 𝑁𝑢

𝑧 ] ,

( 𝑘
𝑘 − 1 + 𝑐2𝜂) 𝑢′

𝑐2𝜃2 (𝑢−𝑧)− 1 − 𝑢𝑧/𝑐2

𝑢 − 𝑧 [𝑎2 + 𝑘𝑢′

𝜃2 (1 − 𝑢𝑧
𝑐2 ) + 𝑘𝑁𝑢

𝑧 ]+ 𝑎2𝑢
𝑐2 = 0.

Eliminating 𝜂 from the last two equations, one can arrive at a single second-
order equation for determining 𝑢, after which 𝜉 is found by quadrature, and 𝜂
is determined algebraically. In special cases of motions the problem reduces to
the solution of first-order equations; sometimes exact integrals can be found.

Let us investigate the second class of motions. In this case 𝑢 = 𝑢(𝑟) = 𝜉1(𝑟);
1
𝑉 = 𝑒𝑎2𝑡𝜉2(𝑟); 𝑝 = 𝑒𝑎2𝑡𝜉3(𝑟); 𝑧 = 𝑟. Substituting these quantities into the basic
equations, we arrive at the expressions:

( 𝑘
𝑘 − 1 + 𝑐2 𝜉2

𝜉3
) 𝑢𝑢′

𝑐3𝜃2 + 𝜉′
3

𝜉3
+ 𝑎2𝑢

𝑐2 = 0,

𝑎2 + 𝑢𝜉′
2

𝜉2
+ 𝑢′

𝜃2 + 𝑁𝑢
𝑟 = 0,

𝑢 (−𝜉′
3

𝜉3
+ 𝑘𝜉′

2
𝜉2

) + (𝑘 − 1)𝑎2 = 0

(here, for example, 𝑢′ = 𝑑𝑢/𝑑𝑟).

Introduce 𝜂 = 𝜉2/𝜉3 = 1/𝑝𝑉 ; then this system of equations takes the form

( 𝑘
𝑘 − 1 + 𝑐2𝜂) 𝑢𝑢′

𝑐2𝜃2 + (𝜉′
2

𝜉2
− 𝜂′

𝜂 ) + 𝑎2𝑢
𝑐2 = 0;

𝑎2 + 𝑢𝜉′
2

𝜉2
+ 𝑢′

𝜃2 + 𝑁𝑢
𝑟 = 0;
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𝑢 [(𝑘 − 1)𝜉′
2

𝜉2
+ 𝜂′

𝜂 ] + (𝑘 − 1)𝑎2 = 0.

Hence it follows that

𝜉′
2

𝜉2
= − [𝑎2

𝑢 + 𝑢′

𝑢𝜃2 + 𝑁
𝑟 ] ,

𝜂′

𝜂 = (𝑘 − 1) [ 𝑢′

𝑢𝜃2 + 𝑁
𝑟 ] ,

( 𝑘
𝑘 − 1 + 𝜂𝑐2) 𝑢𝑢′

𝑐2𝜃2 − (𝑎2
𝑢 + 𝑘𝑢′

𝑢𝜃2 + 𝑘𝑁
𝑟 ) + 𝑎2𝑢

𝑐2 = 0.

It is convenient to write the last equation in the form

( 𝑘
𝑘 − 1 + 𝑐2𝜂) 𝑢𝑢′

𝑐2𝜃2 − 𝑘 ( 𝑢′

𝑢𝜃2 + 𝑁
𝑟 ) − 𝑎2𝜃2

𝑢 = 0. (1)

The second equation of this system admits the obvious integral

𝜂 = 𝐴1
𝑐2

(𝑢𝑟𝑁)𝑘−1

(1 − 𝑢2/𝑐2) 𝑘−1
2

= 𝐴1
𝑐2 (𝑢𝑟𝑁

𝜃 )
𝑘−1

,

where 𝐴1 is a constant of integration, after which equation (1) can be written
in the form

𝑘
𝑘 − 1 + 𝐴1 (𝑢𝑟𝑁

𝜃 )
𝑘−1 𝑢𝑢′

𝑐2𝜃2 − 𝑘 ( 𝑢′

𝑢𝜃2 + 𝑁
𝑟 ) + 𝑎2𝜃2

𝑢 = 0.

Thus, the problem has been reduced to the solution of one first-order equation
and two quadratures, one of which is immediately taken in finite form (the law
of conservation of mass flux).

In special cases of motions one can seek exact systems. It should be noted that
the first class of solutions is obtained as depending on 5 constants: 𝑎2, 𝐴1, 𝐴2, 𝐴3
(constants of integration) and 𝜏 , since the time 𝑡 is determined up to an arbitrary
constant 𝜏 . In the classical case we obtained solutions depending on 6 constants,
since in that case 𝑎1 ≠ 0, which formally gave a complete integral (we note that
the use of the constant 𝜏 has practically no great meaning).

The second class of solutions contains only 4 constants, since the constant 𝜏
introduces only constant multipliers for 𝑝 and 𝑉 , which cancel in the determi-
nation of 𝑝𝑉 and 𝑤.
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Let us pass to the case of ultrarelativistic motions. In this case

𝑤 = 𝑘
𝑘 − 1𝑝𝑉 .

The basic system of equations can then be written in the form

𝑘
(𝑘 − 1)𝑐2𝜃2 (𝑢𝑡 + 𝑢𝑢𝑟) + (ln 𝑝)𝑟 + 𝑢

𝑐2 (ln 𝑝)𝑡 = 0,

− [(ln 𝑉 )𝑡 + 𝑢(ln 𝑉 )𝑟] + 1
𝜃2 (𝑢𝑟 + 𝑢

𝑐2 𝑢𝑡) + 𝑁𝑢
𝑟 = 0,

(ln 𝑝)𝑡 + 𝑢(ln 𝑝)𝑟 + 𝑘 [(ln 𝑉 )𝑡 + 𝑢(ln 𝑉 )𝑟] = 0.

which makes it possible to eliminate (ln 𝑉 )𝑡 +𝑢(ln 𝑉 )𝑟 from the second equation
of this system and write it in the form

1
𝑐2𝜃2 (𝑢𝑡 + 𝑢𝑢𝑟) + 𝑝∗

𝑟 + 𝑢
𝑐2 𝑝∗

𝑡 = 0,

𝑝∗
𝑡 + 𝑢𝑝∗

𝑟 + 𝑘 − 1
𝜃2 (𝑢𝑟 + 𝑢

𝑐2 𝑢𝑡) + (𝑘 − 1)𝑁𝑢
𝑟 = 0, (2)

(ln 𝑉 )𝑡 + 𝑢(ln 𝑉 )𝑟 + 1
𝑘 − 1(𝑝∗

𝑡 + 𝑢𝑝∗
𝑟) = 0, 𝑝∗ = 𝑘 − 1

𝑘 ln 𝑝.

For the first class of self-similar motions one must again set 𝑎1 = 0; in this case
𝑢 = 𝑢(𝑧) = 𝜉1(𝑧), but it is then possible to introduce two arbitrary constants
by assuming that 1/𝑉 = 𝑡𝑎2𝜉2(𝑧), 𝑝 = 𝑡𝑎3𝜉3(𝑧); then 𝑝∗ = ln(𝑡𝑎3𝜉3) 𝑘−1

𝑘 . In this
case system (2) takes the form

𝑘
𝑘 − 1

𝑢′

𝑐2𝜃2 (𝑢 − 𝑧) + 𝜉′
3

𝜉3
(1 − 𝑢𝑧

𝑐2 ) + 𝑢𝑎3
𝑐2 = 0,

𝑎3 + (𝑢 − 𝑧)𝜉′
3

𝜉3
+ 𝑘

𝜃2 (1 − 𝑢𝑧
𝑐2 ) + 𝑘𝑁𝑢

𝑧 = 0,

𝑘 [𝑎2 + (𝑢 − 𝑧)𝜉′
2

𝜉2
] + 𝑎3 + (𝑢 − 𝑧)𝜉′

3
𝜉3

= 0.

Eliminating from the first two equations the quantity 𝜉′
3/𝜉3, we arrive at a first-

order equation determining 𝑢 = 𝑢(𝑧):
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𝑘
𝑘 − 1

𝑢′

𝑐2𝜃2 (𝑢 − 𝑧) − (1 − 𝑢𝑧
𝑐2 ) 1

(𝑢 − 𝑧) [𝑎3 + 𝑘𝑢′

𝜃2 (1 − 𝑢𝑧
𝑐2 ) + 𝑘𝑁𝑢

𝑧 ] + 𝑎3𝑢
𝑧 = 0,

after which 𝜉2 and 𝜉3 are determined by quadratures.

In the case of the second class of self-similar motions we assume that 𝑢 = 𝑢(𝑟) =
𝜉1(𝑟), 1/𝑉 = 𝑒𝑎2𝑡𝜉2(𝑟), 𝑝 = 𝑒𝑎3𝑡𝜉3(𝑟); then

𝑝∗ = ln(𝑒𝑎3𝑡𝜉3) 𝑘−1
𝑘 = 𝑘 − 1

𝑘 (𝑎3𝑡 + ln 𝜉3).

Equations (2) then take the form:

𝑘
𝑘 − 1

𝑢′𝑢
𝑐2𝜃2 + 𝜉′

3
𝜉3

+ 𝑎3𝑢
𝑐2 = 0, 𝑎3 + 𝑢𝜉′

3
𝜉3

+ 𝑘𝑢′

𝜃2 + 𝑘𝑁𝑢
𝑟 = 0,

𝑘 (𝑎2 + 𝑢𝜉′
2

𝜉2
) + 𝑎3 + 𝑢𝜉′

3
𝜉3

= 0.

Eliminating from the first two equations the quantity 𝜉′
3/𝜉3, we arrive at the

first-order equation determining 𝑢 = 𝑢(𝑧):

𝑘
𝑘 − 1

𝑢𝑢′

𝑐2𝜃2 − (𝑎3
𝑢 + 𝑘𝑢′

𝑢𝜃2 + 𝑘𝑁
𝑟 ) + 𝑎3𝑢

𝑐2 = 0.

Further, 𝜉2 and 𝜉3 are determined by quadratures. For the first class of self-
similar motions we formally obtain solutions of the complete-integral type, since
this solution contains 6 arbitrary constants: 𝑎2, 𝑎3, 𝐴1, 𝐴2, 𝐴3, 𝜏 .

The second class contains only 5 constants: 𝑎2, 𝑎3, 𝐴1, 𝐴2, 𝐴3; the constant 𝜏
has a trivial meaning—it introduces only constant factors for 𝑝 and 𝑉 ; since 𝑝
and 𝑉 enter the equation logarithmically, these factors cancel.

In the case of motion of a relativistic gas with velocity close to the speed of light,
one can find asymptotic general solutions which, in a certain sense, will also be
self-similar. Let 𝑢/𝑐 = 1 − 2Δ; then 𝜃2 = 4Δ(1 − Δ), and the basic system of
equations can be written in the following form:

− 𝑤
2Δ(1 − Δ)𝑉 [Δ𝜏 + (1 − 2Δ)Δ𝑟] + 𝑝𝜏 + (1 − 2Δ)𝑝𝑟 = 0,

(ln 𝑉 )𝜏 + (1 − 2Δ)(ln 𝑉 )𝑟 + 1
2Δ(1 − Δ) [Δ𝑟 + (1 − 2Δ)Δ𝜏 ] − 𝑁

𝑟 (1 − 2Δ) = 0,
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𝜎𝜏 + (1 − 2Δ)𝜎𝑟 = 0, 𝜏 = 𝑐𝑡.

If in some frame of reference Δ ≪ 1, then this system of equations takes the
form:

1
2Δ(Δ𝜏 + Δ𝑟) = 𝑉

𝑤 (𝑝𝜏 + 𝑝𝑟),

ln (Δ1/2𝑉 𝑟−𝑁)𝜏 + ln (Δ1/2𝑉 𝑟−𝑁)𝑟 = 0,

𝜎𝜏 + 𝜎𝑟 = 0.

It follows hence that 𝜎 = 𝜎(𝑟 − 𝜏), therefore

𝑝𝑉 𝑘 = 𝐴(𝜎) =

= 𝑓1(𝑟 − 𝜏). The first equation of the system can now be written in the form:

1
2Δ(Δ𝜏+Δ𝑟) = 1

𝑤(𝑤𝑟+𝑤𝑡),
𝑤

2𝑉
√

Δ
= 𝑤

𝜃 = 𝑓2(𝑟−𝜏), 𝐵𝑟𝑁𝑐
𝑉 𝜃 = 𝐵𝑟𝑁𝑎

𝑉 𝜃 = 𝑓3(𝑟−𝜏),

where 𝐵 = 1, 2𝜋, 4𝜋 for 𝑁 = 0, 1, 2. The solutions of these equations express the
conservation laws for entropy (energy), the integral of the quantity of motion
(energy flux), and mass.

In the case of the corresponding stationary motions we have (6):

𝑝𝑉 𝑘 = 𝑓10 = const, 𝑤/𝜃 = 𝑓20 = const, 𝐵𝑟𝑁𝑎/𝑉 𝜃 = 𝑓30 = const.

In the general case 𝑤 = 𝑘
𝑘 − 1𝑝𝑉 + 𝑎𝑐2, where 𝛼 = 1 in the relativistic case

and 𝛼 = 0 in the ultrarelativistic case. Eliminating 𝑤, 𝑉 , and 𝜃 from these
equations, we arrive at the equation determining 𝑝 = 𝑝(𝑟 − 𝜏):

( 𝑘
𝑘 − 1𝑓

1
𝑘

1 𝑝 𝑘−1
𝑘 + 𝛼𝑐2) = 𝐵𝑐𝑓2

𝑓3𝑓
1
𝑘

1
𝑝 1

𝑘 𝑟𝑁 .

Next one can determine 𝑉 = 𝑉 (𝑟 − 𝜏) and 𝑎 = 𝑎(𝑟 − 𝜏).
In the case of an ultrarelativistic gas 𝛼 = 0, and we shall have
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𝑝 = 𝐹1(𝑟 − 𝜏)𝑟− 𝑘𝑁
2−𝑘 , 𝑉 = 𝐹2(𝑟 − 𝜏)𝑟 𝑁

2−𝑘 , 𝜃 = 𝐹3(𝑟 − 𝜏)𝑟− 𝑁(𝑘−1)
2−𝑘 .

In the study of ultrarelativistic flows, the value 𝑘 = 4/3 is meaningful. For
1 < 𝑘 < 4/3 the equation approximately describes the motion of a relativistic
gas, since the equation 𝑤 = 𝑘

𝑘 − 1𝑝𝑉 + 𝑐2 can be approximately approximated

by the equation 𝑤 = 𝑘∗

𝑘∗ − 1 , where 𝑘∗ is the“effective”adiabatic exponent, with
𝑘∗ < 𝑘. For 𝑘 = 4/3 we have 𝑝 = 𝐹1𝑟−2𝑁 , 𝑉 = 𝐹2𝑟3/2𝑁 , 𝜃 = 𝐹3𝑟−𝑁/𝑟. For
example, for 𝑁 = 2, 𝑝 = 𝐹1𝑟−4, 𝑉 = 𝐹2𝑟3, 𝜃 = 𝐹3𝑟−1.

The relations obtained may be used in the theory of propagation of ultrarela-
tivistic waves and, in particular, shock waves.
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