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Abstract
Full Text

B. S. Pavlov
ON A NON-SELF-ADJOINT OPERATOR −𝑦″ +𝑞(𝑥)𝑦 ON
THE HALF-AXIS
(Presented by Academician V. I. Smirnov, 23 VI 1961)

1. Consider the differential operator

𝐺 = −𝑦″ + 𝑔(𝑥)𝑦; 𝑦(0) − ℎ𝑦′(0) = 0, (1)

in the Hilbert space 𝐿2(0, ∞), where the continuous function 𝑞(𝑥) and the num-
ber ℎ are, in general, complex. It is known* that under the condition

∫
∞

0
𝑥|𝑔(𝑥)| 𝑑𝑥 < ∞ (2)

the continuous spectrum of the operator (1) fills the half-axis [0, ∞). The resid-
ual spectrum is absent. In addition, isolated eigenvalues of finite rank may enter
the spectrum of the operator. The set of such eigenvalues is bounded and can
have limit points only on the half-axis [0, ∞). Positive eigenvalues are absent.
Let us also note that in the case of a real potential 𝑞(𝑥) all eigenvalues 𝜆𝑠 satisfy
the condition Imℎ ⋅ Im𝜆𝑠 ⩽ 0.
M. A. Naimark (1) showed that under the conditions

max
0≤𝑥<∞

|𝑔(𝑥)|𝑒𝜀𝑥 < ∞; ∫
∞

0
|𝑔(𝑥)|𝑒𝜀𝑥 𝑑𝑥 < ∞, 𝜀 > 0, (3)

the discrete spectrum of the operator (1) consists of a finite number of eigenval-
ues. Moreover, the number of exceptional points (see the definition in Sec. 2) is
also finite. As was shown in (1,4 ), under condition (2) the expansion theorem
in eigenfunctions of the operator (1) is valid if the total number of exceptional
points is finite. At the same time it is known that in the case of real ℎ and 𝑞(𝑥)
the finiteness of the number of exceptional points is guaranteed by condition
(2).

There was an opinion that the gap in the nature of the conditions for the self-
adjoint and non-self-adjoint cases is not essential and can be eliminated. In ad-
dition, J. Schwartz (see (5)) put forward the hypothesis that under very general
conditions on the growth of the coefficients the spectrum of a singular differen-
tial operator consists of a finite or countable number of analytic arcs and no
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more than a countable set of eigenvalues accumulating at their ends. He also
suggested that, when approaching normally an interior point 𝜆0 of each such
arc, the resolvent 𝑅 of the operator (1) has the estimate** ‖𝑅𝜆‖ ⩽ 𝐶|𝜆 − 𝜆0|−1.
In the present note it is shown that, even for real 𝑞(𝑥) and complex ℎ, the
conditions (3) for finiteness of the number of exceptional points cannot be sub-
stantially weakened. Our results may also be regarded as a refutation of both
parts of Schwartz’s hypothesis.

2. Consider the differential equation

−𝑦″ + 𝑞(𝑥)𝑦 = 𝜆𝑦 (𝜆 = 𝑘2, Im 𝑘 ⩾ 0; 0 ⩽ 𝑥 < ∞). (4)

If condition (2) is fulfilled, then for every non-real 𝑘 this equation has a
unique solution 𝑓(𝑥, 𝑘) belonging to 𝐿2(0, ∞) and satisfying the condition
lim𝑥→+∞ 𝑒−𝑖𝑘𝑥𝑓(𝑥, 𝑘) = 1. In this case 𝑓(𝑥, 𝑘) and 𝑓 ′(𝑥, 𝑘)

* See, for example, (1–4). In these works the more restrictive condition

∫
∞

0
(1 + 𝑥2)|𝑞(𝑥)| 𝑑𝑥 < ∞,

was imposed, but, as is easily seen, everything stated is also valid under condi-
tion (2).

** It can be shown that this condition is equivalent to the fact that 𝜆0 is not an exceptional point.

regular in the upper half-plane Im 𝑘 > 0 and continuous in the closed upper
half-plane Im 𝑘 ≥ 0. The point 𝜆 = 𝑘2

0 will be called a singular point of operator
(1) if 𝑘0 is a root of the function 𝐷(𝑘) ≡ 𝑓(0, 𝑘)−ℎ𝑓 ′(0, ℎ). Let us note that our
definition distinguishes points lying on different shores of the cut [0, ∞). The
multiplicity of a singular point will mean the multiplicity of the root 𝐷(𝑘).
Obviously, all singular points not lying on [0, ∞) are eigenvalues of finite rank
of operator (1). The singular points lying on the shores of the cut [0, ∞) are not
eigenvalues, but, as it turns out, play a special role in the expansion theorem
(see (1)).

We shall need the following simple assertions:

Lemma 1. Let 𝑞(𝑥) be a continuous complex function satisfying condition
(2). Then the set of accumulation points of the eigenvalues of operator (1) is
bounded, closed, and consists of singular points. The set of all real singular
points is bounded, closed, and has linear measure zero.
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Lemma 2. If Im 𝑞(𝑥) ≡ 0, Imℎ ≠ 0, then, under condition (2), 𝜆 = 0 is not
a singular point of operator (1). The eigenvalues 𝜆𝑠 of the operator satisfy the
condition ∞

∑
𝑠=0

(− Im𝜆𝑠 ⋅ Imℎ) < ∞

(counting rank). The real singular points lie only on the upper shore of the cut
if Imℎ < 0, and only on the lower one if Imℎ > 0.

Let us note a criterion for the finiteness of the number of singular points of
operator (1):

Theorem 1. Let 𝑞(𝑥) be a continuous complex function such that

𝑏𝑙 = ∫
∞

0
|𝑞(𝑥)| 𝑥𝑙+1 𝑑𝑥 < ∞, 𝑙 = 0, 1, 2, … , (5)

and, for some 𝑐 > 0, 𝑀 > 0, the numbers 𝑚𝑙 = 𝑐𝑏𝑙(𝑙 + 1)−1𝑀−𝑙 satisfy the
condition

∫
∞

1
𝑟−2 ln𝑇 (𝑟) 𝑑𝑟 = ∞, where 𝑇 (𝑟) ≡ sup

𝑙≥0
𝑟𝑙𝑚−1

𝑙 . (6)

Then the number of singular points of operator (1) and their total multiplicity
are finite.∗

Let us note that the conditions of Theorem 1 guarantee the quasi-analyticity
of the function 𝐷(𝑘) on the real axis, whereas condition (3) guarantees its
analyticity in the half-plane Im 𝑘 > −𝜀.
3. The assertion of Theorem 1 may become false if condition (5) is retained but
condition (6) is dropped. Namely:

Theorem 2. For every number 𝑘2
0 > 0 there exists a continuous real function

𝑞(𝑥), satisfying conditions (5), such that the corresponding operator of the form
(1), for some non-real ℎ, has an infinite sequence of eigenvalues accumulating at
the point 𝑘2

0. The point 𝑘2
0 is a singular point of infinite multiplicity for operator

(1).

Let 𝜑𝛼(𝑥, 𝜆) and 𝜓𝛼(𝑥, 𝜆) be solutions of the differential equation

−𝑦″ + 𝑞(𝑥)𝑦 = 𝜆𝑦, Im 𝑞(𝑥) ≡ 0, (4’)

satisfying the initial conditions

𝜑𝛼(0, 𝜆) = sin𝛼, 𝜑′
𝛼(0, 𝜆) = − cos𝛼, 𝜓𝛼(0, 𝜆) = cos𝛼, 𝜓′

𝛼(0, 𝜆) = sin𝛼; 0 ≤ 𝛼 < 2𝜋.

Every other solution of equation (4′) can be represented as a linear combination
of 𝜑𝛼(𝑥, 𝜆) and 𝜓𝛼(𝑥, 𝜆). If 𝑞(𝑥) satisfies condition (2), then to each non-real
𝜆 there corresponds a unique, up to normalization, solution of equation (4′)
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belonging to 𝐿2(0, ∞). In view of what was said above, it is represented in the
form

𝜓𝛼(𝑥, 𝜆) + 𝑚𝛼(𝜆)𝜑𝛼(𝑥, 𝜆).
Here 𝑚𝛼(𝜆) is a regular function in each of the half-planes Im𝜆 > 0, Im𝜆 < 0,
having negative imaginary part in the upper half-plane and positive
∗ An analogous assertion is valid in the three-dimensional case.

in the lower half-plane, taking continuous boundary values on the cut [0, ∞) and
having a finite number of simple poles on the half-axis (−∞, 0). The spectral
measure of the operator (1) for ℎ = − tg𝛼 is determined by 𝑚𝛼(𝜆):

𝜌𝛼(𝜆) = lim
𝛿→0, 𝛿>0

∫
𝜆

0
{− Im𝑚𝛼(𝑢 + 𝑖𝛿)} 𝑑𝑢.

Conversely, {𝑚𝛼(𝜆)} is uniquely determined by 𝜌𝛼(𝜆). For example,

𝑚𝛼(𝜆) = − ctg𝛼 + 1
𝜋 ∫

∞

−∞
(𝜆 − 𝜉)−1 𝑑𝜌𝛼(𝜉),

if 𝛼 ≠ 0; 𝑚𝛼(𝜆) is called the Weyl function of the differential operator (1).

In the proof of Theorem 2 the following is used.

Lemma 3. Let 𝑚(𝑘) be a function regular in the upper half-plane Im 𝑘 > 0
and in neighborhoods of the points 𝑘 = 0 and 𝑘 = ∞, satisfying the conditions:
1) Im𝑚(𝑘) = 0, when 𝑖𝑘 ≤ 0; Im𝑚(𝑘) = − Im𝑚(−𝑘) < 0, when 𝑘 > 0; 2)
𝑖𝑚′(0) > 0; 𝑚(𝑘) = −𝑖𝑘−1 + 𝑂(𝑘−2) as 𝑘 → ∞; 3) 𝑚(𝑘) is continuous in
the closed upper half-plane together with the first 𝑛 derivatives (𝑛 ≤ ∞). Then
there exists a differential operator of the form (1) with continuous potential 𝑞(𝑥),
satisfying the conditions

Im 𝑞(𝑥) ≡ 0, ∫
∞

0
𝑥𝑙|𝑞(𝑥)| 𝑑𝑥 < ∞, 𝑙 = 0, 1, 2, … , 𝑛 − 2, (5’)

such that 𝑚(
√

𝜆) is the Weyl function of this operator for 𝛼 = 𝜋/2.

The existence of a differential operator with continuous potential is easily ob-
tained from 1) and 2) using the theory of the inverse spectral problem (8). To
verify fulfillment of the condition (5′) on the decrease of the potential, some
results of V. A. Marchenko on the inverse problem of scattering theory (6) are
used. If 𝜆 does not lie on the half-axis [0, ∞), then 𝑚𝜋/2(𝜆) = 𝑓(0, 𝑘)/𝑓 ′(0, 𝑘),
where 𝑓(𝑥, 𝑘) is the same solution as in item 2; 𝑘 =

√
𝜆. Therefore the eigen-

values of the operator (1) coincide with the roots of the difference 𝑚𝜋/2(𝜆) − ℎ
and have rank equal to the multiplicity of the corresponding root. Hence it
is clear that the proof of Theorem 2 reduces to the construction of a function
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𝑚(𝑘) satisfying all the conditions of Lemma 3 (with 𝑛 = ∞) and taking some
complex value ℎ at an infinite set of points accumulating at the point 𝑘2

0. The
Weyl function 𝑚𝜋/2(𝜆) can be constructed so that the roots of the difference
𝑚𝜋/2(𝜆)−ℎ are simple and ℎ ≠ ±𝑖. We shall show that in this case also the series
in eigenfunctions of the operator (1) diverges for an arbitrary finite function.

Let 𝑢(𝑥) and 𝑣(𝑥) be arbitrary finite functions; 𝜑ℎ(𝑥, 𝜆) is the solution of equa-
tion (4′), satisfying the initial conditions:

𝜑ℎ(0, 𝜆) = −ℎ(1 + ℎ2)−1/2, 𝜑′
ℎ(0, 𝜆) = (1 + ℎ2)−1/2.

Further, let

𝑚ℎ(𝜆) = (1 + 𝑚𝜋/2(𝜆)ℎ)(ℎ − 𝑚𝜋/2(𝜆))−1, 𝑢̃(𝜆) = ∫
∞

0
𝑢(𝑥)𝜑ℎ(𝑥, 𝜆) 𝑑𝑥,

̃𝑣(𝜆) = ∫
∞

0
𝑣(𝑥) 𝜑ℎ(𝑥, 𝜆) 𝑑𝑥.

The functions 𝑢̃(𝜆) and ̃𝑣(𝜆) are entire. Let 𝛾 be some contour enclosing the
spectrum of the operator (1). Then (7) gives the “Parseval equality”

(𝑢, 𝑣) = ∫
∞

0
𝑢(𝑥)𝑣(𝑥) 𝑑𝑥 = 1

2𝜋 ∮
𝛾

𝑢̃ ̃𝑣 𝑚ℎ(𝜆) 𝑑𝜆.

Contracting the contour to the real axis and extracting the residues at the poles,
we obtain

(𝑢, 𝑣) = 1
2𝜋 ∫

𝛾𝑁

𝑢̃(𝜆) ̃𝑣(𝜆)𝑚ℎ(𝜆) 𝑑𝜆 −
𝑁

∑
1

(1 + ℎ2)[𝑚′
𝜋/2(𝜆𝑖)]−1𝑢̃(𝜆𝑖) ̃𝑣(𝜆𝑖).

Here 𝛾𝑁 is a contour enclosing the continuous spectrum and all eigenvalues
beginning with 𝜆𝑁+1. The second term is a partial sum of the series in eigen-
functions. In our case there is no finite limit of the partial sums, since the
general term of the series tends to infinity.

Indeed, 𝑢̃(𝜆) ̃𝑣(𝜆) can have at the point 𝜆 = 𝑘2
0 a zero of no more than finite

order, while 𝑚𝜋/2(𝜆) − ℎ → 0 as 𝜆 → 𝑘2
0 faster than any power, since 𝜆 = 𝑘2

0 is
a singular point of infinite order of the operator (1).

4. By the same method one proves:

Theorem 3. There exists a differential operator of the form (1), with a contin-
uous real potential 𝑞(𝑥) satisfying the conditions (5), which, for some complex ℎ,
has an infinite set of eigenvalues accumulating to a certain perfect set of linear
measure zero and of the cardinality of the continuum, situated on the positive
half-axis.

Let us note that the corresponding construction makes it possible, under the
conditions of Theorem 3, to obtain eigenvalues of arbitrarily high rank.
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5. If condition (2) is abandoned, then the assertion of Lemma 1 becomes,
generally speaking, false.

Let the potential 𝑞(𝑥) be such that the operator (1) is semibounded for real
ℎ, and the continuous spectrum fills the half-axis [0, ∞). The Weyl function
of such an operator 𝑚𝜋/2(𝜆) is regular in the 𝜆-plane cut along [0, ∞), with
the exception of at most a finite number of poles on the half-axis (−∞, 0), and
satisfies the condition

Im𝑚𝜋/2(𝜆) × Imℎ ≤ 0.
If 𝑚𝜋/2(𝜆) is bounded for all 𝜆 belonging to the half-plane Re𝜆 > 0, then
𝑚𝜋/2(𝜆) has definite angular boundary values almost everywhere on the edges
of the cut [0, ∞); moreover the set {𝜆0}, where the angular boundary values are
equal to ℎ, has linear measure zero (9).

We shall call a point 𝜆0 > 0, lying on the upper edge of the cut [0, ∞), a singular
point if 𝑚𝜋/2 − ℎ → 0 when 𝜆 → 𝜆0 in some angle with vertex at 𝜆0, situated
entirely in the upper half-plane. If the point 𝜆0 lies on the lower edge of the cut,
one should take an angle situated entirely in the lower half-plane.

If condition (2) is fulfilled, then the new definition of a singular point introduced
by us coincides with the former one (see § 2).

Obviously, if 𝑚𝜋/2(𝜆) is bounded in the half-plane Re𝜆 > 0, then the singular
points still form a set of linear measure zero on the half-axis. But it can no
longer be said of this set that it consists of accumulation points of eigenvalues.

Theorem 4. There exists a differential operator of the form (1), semibounded
for real ℎ, with a continuous real potential such that, for some complex ℎ,
Imℎ < 0, the continuous spectrum fills the positive half-axis, the eigenvalues
form a bounded set whose limit points fill an interval lying on the upper edge of
the cut [0, ∞), while the singular points lying on the upper edge of the cut [0, ∞)
form a bounded set of linear measure zero.

The author expresses deep gratitude to M. Sh. Birman for posing the problem
and for constant attention to the work, and also to V. P. Khavin for useful
discussions of the results.
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