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Abstract
Full Text

MATHEMATICS
V. A. SOLONNIKOV

ON A PRIORI ESTIMATES FOR SOME
BOUNDARY-VALUE PROBLEMS

(Presented by Academician V. I. Smirnov, January 28, 1961)

No. 1. Let € be a rectangular parallelepiped in the space E,, : a; < x; < b,
(the case of infinite a; and b, is not excluded). In (1) the concept of the spaces
Sﬁ}"'l" (©) and Qﬂzl,l"'l" (©) was introduced and their properties were investigated.
We shall now introduce the spaces L;l,}'“l"‘(Q) and Wll,l"'l’” (). Let

Df = 8’“/8:}:?, A=1— (1]

and
b= (L] 0] p dh
/dm/ ‘le(aclajl—&—hmn)—le(m)‘ RE for A; >0,
P —JJ% N '
Iy =%
/ |D;" f(x)|P d, for \; = 0.
Q

We define the spaces L;l,}“'l" (Q) and Wzl,l‘“l" (Q) as the closure of the set of smooth
functions equal to zero for large |z|, in the norms

Wlagpteor = 2o Mt o Whagotoey = W0 + Iy o

For nonintegral [, these spaces coincide with 2;,1”1" (©) and Qﬁll,l"'l"(ﬂ).

Theorem 1. Let f € W,l)l“'l" (), 0 < s < n, and suppose that there exist
integers v; such that

Then

v v, Lyp.dy v v,
Dll Dn f c Qﬂplﬂ “(98)7 HDll Dn f”gﬂpllﬂ--vls#(g‘) < Cl Hf”W‘l]lln(Q),

where €2, is the section of € by the hyperplane z,,; = const, x,, = const.
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This theorem is a generalization of the well-known results of Aronszajn, Babich,
Slobodetskii, and Gagliardo on the boundary properties of functions from WZQ
for integral [. It admits a converse.

Theorem 2. Let ¢(x) be an infinitely differentiable function of one variable,
defined on the positive half-axis and vanishing together with all its derivatives
at © = 0, and also for sufficiently large x, and let ¢*(z) be its extension to the
whole axis, with ¢*(z) = 0 for x < 0. Then, for all I > 0, except I = k+ 1/p,
where k£ > 0 is an integer, the inequality

||W*||QPZ(E1) < CQHSDHQPL(QOO)

holds.
For | = k + 1/p this inequality is false.
No. 2. Consider, in the half-space z,, > 0, the boundary-value problems:

Au = f(17>7 u|wn:O = (p(xl "xn—l)a (1)
0
A’sz(l'), 87{;; » :7/}<JL'1..-SC.,L_1);

ov

v, — Av = f(z,1), U|t:0 = vp(x), oz,

x,, =0

and in the half-space x5 > 0 of three-dimensional space E5 the problem

Au = gradp + f, divu = p(z), u‘xa:O =a(zy,x,y). (3)
Introduce the following notation: D,, is the half-space x,, > 0 of the space E,,;
ﬁn is the half-space ¢ > 0 of the space E, of the variables x,,...,2, 1,t A,
is the domain x,, > 0, ¢ > 0 of the space E,,, ;. Thus, the function f(z) is given
in D,,, p(zy...2¢,_1) and ¥(zy...2,_1) in E,_;, f(z,t) in A, ,, uy and v, in
D,, o(x,...x, 1,t) and ¥(x, ...z, ,,t) in D, etc. It is well known that, by
extending in the proper way the functions f(z), f(z,t), uy(z), ve(x), and others
to the whole space E,, or E, |, one can write the solutions of problems (1) and
(2) explicitly in terms of electrostatic or heat potentials.

As for problem (3), it is a generalization of the first boundary-value problem for
the stationary linear Navier-Stokes system and is easily reduced to the latter
by introducing the new unknown vector
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v =u— grad ¢(z),

where ¢(x) is the solution of the problem

dq
Ag(x) = p, Dz = az(zy,Ty).
3

x3=0

Since v can be expressed in terms of Odqvist hydrodynamic potentials (2), the
vector u is expressed as a sum of hydrodynamic and electrostatic potentials.
All these potentials can be estimated in the norms SL and Li, (the heat potentials

: 2 2 . . .
in the norms Ep;”lt and Lpi;ft)* in terms of the corresponding norms of their

densities. With the help of these estimates (which we do not write out), as well
as Theorems 1 and 2 and some results of the work (1), the following propositions
are proved:

Theorem 3. For the solutions of problems (1) the following inequalities hold:

HUHQg;Z(Dn) < Cs(”f”):g,(Dn) + |\<,0\|21g+2—1/p(En71))7

Hu||L§j2(Dn) < C4(||f||L;,(Dn) + H‘PH%M*I/F(E" 1))7

||U||£§,+2(D,,) < C5(||f||2;(Dn) + 2})“*1/?([3‘”71))’

oly20,) < CollFluy i,y + [Wlgi 1, )
Theorem 4. For the solution of problem (3) the following inequalities hold:
3

Z luill ez py) + Pl et (p,) <
=1

* By ,Qf)i;ft one should understand the space £2--2"', regarding ¢ as the last

coordinate, and by 227 ’%’H"l'

3 3
<C; (Z ”fi”Llp(D3) + Hp||Llp+1(D3) + Z ||ai||£;3+21/p(E2>> )
i=1 =1

3

Z; luill L2 py) + Pl Ly 0y <
-
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~ l+2—-1 .
£y “’<E2>>

Theorem 5. For the solutions of problem (2) the following inequalities hold

3 3
< Cs (Z; ||fi||L;(D3) + HP”L;JH(DS) + Z; la;

lul gzt a, Ly < O (I lgzusa, ) ol giaamp ) + el s )

Jul 003,y < oo (M2t a, ) + Btolgziioan ) + el gzizimiaaimngs )

provided only that [ +1—1/2p # m + 1/p, where m > 0 is an integer, and

[ollgazienia, ) < O (gt a, ol gzia-mp ) Wz vmiamn, ) )

n+1

) + HUOH251+272/p<Dn> + Hsz}:iTl’rz—l/p,l+1/2—1/2p<’5 >) ,

n+1 n

HUHLigf,Hl(An“) < 012 (Hf”L;l;,lt(A

provided only that I +1/2—1/2p #m+ 1/p. 1 +1—1/2p = m+ 1/p or
14+1/2—1/2p =m+ 1/p, the corresponding inequalities do not hold.

The indicated exceptional cases disappear if, instead of (2), one considers prob-
lems without initial data for —oo < t < 0.

No. 3. Let Q2 be a bounded domain with sufficiently smooth boundary. Introduce
the following notation:

1/p
Nl(f,Q):</Qda:/QWdy> for 0 << 1;

p 1/p
(g [ V@ =275+ W)
= </n ! /A(w) |z —y|mtp dy> 7

r+y

where A(x) is the set of those y € Q such that € Q, and

N(f,Q) = > Ny (DY Dirf(z),Q)  forl=1+
Y=l
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where [ > 0 is an integer and 0 < A < 1.

Now one can define the spaces 205 (€2) and Wé(Q) as the closures of the set of
smooth functions in the norms

1l () = 111z, ) + Nu(f €2),

”f“mé}(g), for nonintegral [,

I lg70) = 1£le o)+ D 1DV D fly (), for integral I
Zl/i:Z

Theorem 6. If Q is a rectangular parallelepiped, then the norms | f||fmé )
and Hf”Wé(Q) are equivalent to the norms ”f“w})...l(ﬂ) and ||fHW}§,...z(Q), introduced
above.

Theorem 7. Every function in QAI/T;(Q) or WPZ(Q) can be extended to the whole
space E, with preservation of equivalence of norms.

For the spaces W(€2) this theorem has been proved (see (*4)), so that what is
essentially new here is the case when f € 53;,(9) with integral .

In the usual way (by means of parametrization) the spaces QU;, and WPZ are
defined if the functions are given on some smooth manifold, for example the
boundary S of a domain. The preceding theorems generalize to the spaces of

functions QI]ll l)"f@ )(Q) and W;(lmll)m@ >(Q), whose elements are given in the
cylinder Q) = Ql - x .., where the €, are smooth manifolds and =, € ©,.
For example, if the €2, are domains, then Qﬁll l " (@ )(Q) is the closure of the

m?

set of smooth functions in the norm

Hf“p i zmT :Z/ day - / 1dxi71 /Q.+1 dmiﬂ“'é ||f||pQIT (@, Ly

No. 4. Consider in a bounded n-dimensional domain €2 the following boundary-
value problems:

Llajw=f,  uls=¢,

ov

L(x)v=f, an |

= 9 (4)

ut—ﬁ(a:,t)u:f, u|t:0 = U, u|S =¥
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ov

— = <t<
an | Y,  0<t<T, (5)

v, — L(x, tyv=f, V4o = vy,

where £(z) and £(z,t) are second-order elliptic operators with coefficients de-
pending respectively on = and on (z,t). Also consider, for n = 3, the problem

Au = gradp + f, divu = p, ulg = a(z), (6)

assuming that the necessary condition is satisfied

/pdx:/andS.
Q s

Following the arguments of Schauder (%), one can, with the aid of Theorems 3-
5, obtain estimates for solutions of problems (4)-(6). Their difference from the
inequalities of Theorems 3-5 consists in the fact that instead of the norms Lzl,

and L’Il,, the norms ?Zﬂpf and VAVPZ occur everywhere. In addition, the right-hand

side of the estimates for the solutions of problem (4) will contain the norms of
these solutions in the space L,,(€2).

It is necessary to note that some of the results presented above are known.
Estimates for elliptic equations in the norms WPZ for integral [ and in W2l for
arbitrary [ have been obtained by a number of authors (°=). In the works
(10-8) estimates were also obtained in ngfﬁ for solutions of parabolic equations.
An analogous theorem for problems with zero initial and boundary conditions
was announced by L. N. Slobodetskii also for the case p # 2 (®); however, as
the author has communicated, his proof is inaccurate. As for problem (6), an
estimate of its solutions for p = 0 in the space WPQ(Q) was published by the

author of the present article in (11).
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