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OF A LINEAR DIFFERENTIAL OPERATOR
OF SECOND ORDER

(Presented by Academician A. N. Kolmogorov on 21 I 1961)

Consider on the half-axis [0,00) the operator Ly, defined by the differential
expression

—y" +q(z)y (1)

and the boundary condition

cosa-y(0) +sina -y’ (0) = 0. (2)

We shall assume the function g(x) to be real and summable on every finite
interval belonging to [0, 00). It is known ((}, pp. 103—109)) that this operator is
either self-adjoint (the defect indices in this case are (0,0)) or has defect indices
(1,1). One of the strongest sufficient conditions for self-adjointness of Ly was
indicated by Sears (3): if there exists a positive nonincreasing function Q(x)
such that

a(2) > —Qx) and / N -~

then Ly is a self-adjoint operator.

Some new results in this direction were obtained by Brink (°). M. A. Naimark
(3, p. 270) and V. B. Lidskii (*) indicated sufficient conditions for non-self-
adjointness of Ly:

1°. M. A. Naimark’ s criterion. If ¢(z) and ¢’ (z) are absolutely continuous
on [0,00), ¢'(z) <0, ¢"(x) <0, lim,_, , g(x) = —o0, |¢'(z)| =

dx

V()|

< 00,

= O(|g(z)|*) <0<oz<g) and /000
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then Ly has defect indices (1,1).

2°. V. B. Lidskii’ s criterion*. The operator Ly is non-self-adjoint if g(x) is
negative and absolutely continuous on [0, 00), and

< 2+¢

q'(x) < q(z)

T

for some € > 0.

In the present note new sufficient conditions for non-self-adjointness of Ly are
established.

Let s(z) > 0 and ¢(x) be arbitrary functions absolutely continuous on [0, c0).
Then for any solution of the differential equation

Yy —q(z)y=0

*V. B. Lidskii’s criterion was established for systems of the form &, = Z;;l 4% -
Here a particular criterion is formulated for n = 1.

the estimate is valid

’ < ’ s’ 2 1 / 2 2
y*(z) < meXp{/o \/(25—2<p> +;(<P — @2 +q+s) dg},
where
“- 51(0) [(22(0) + 5(0))y2(0) + 22(0)y(0)y/ (0) +3*(0)]

Hence it follows:

Theorem 1. If there exist functions s(z) > 0 and ¢(x), absolutely continuous
on [0,00), such that

[ S TR PR

then the operator Ly has deficiency indices (1,1).

Unfortunately, this criterion is not sufficiently effective, since it is not clear how
s(z) and ¢(x) should be chosen. In this respect the following criterion is more
convenient:
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Theorem 2. Let Q(x) be an arbitrary positive function on [0, 00), absolutely
continuous together with Q' (z). If there exists a negative, absolutely continuous
function ¢(z) on [0,00), possessing the properties (z, is an arbitrary positive
number):

) Q@) |
i@ ~ Q) T @
[l g, 5
Vi) |

€ 5Q7(¢)

Qll -
Q) 4 Q)

df} dz < oo, (6)

1 1 /z 1
———e€xp |~ —

/zo VQ() [4 o V()]

then the operator Ly has deficiency indices (1,1).

For the proof it is sufficient to use Theorem 1, putting s(z) = —¢(x) and ¢(x) =
Q' (z)/4Q(z). Then

T 2
’ 1
/ \/(25—&9) + (@ —@?+q+5)2dE <
'z S S

|7 Q) 17 1 Qe 5Q%
</% 24() 2@(5)‘d§+4/% 0| e© 1ong | “T

T e e - bn|T®)| 1, Q@

+/% Vg 1@ —a@lde =31 ‘q<o> 2ot

11 @ 50709 " Jg(&) — (&)l
+4/zo |q<§)‘Q(£) 4@2(§>‘d5+/% o] ©

Now, relying on the conditions of Theorem 2, it is easy to establish the validity
of relation (3). From Theorem 2 it is not difficult to obtain the above-mentioned
criteria of V. B. Lidskii and M. A. Naimark. In the first case it is sufficient to
put Q(z) = 2™ and ¢(z) = ¢(z). To derive M. A. Naimark’ s criterion, put
Q(x) = —¢q(x) and ¢(x) = g(x). Then conditions (4)

and (5) will be satisfied. Let us proceed to verify condition (6):
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2

T 1 x . . 5 x ,
W=/ = de < [l irde+ S [l e
x Zo Lo

0

/ — / — 11 ‘ — /2
=~/ @lal@)| ¥ + ¢ wlateg)| V2 + [l de <
To

1M [* ,
< Mlg(o)l* 7 + 255 [l dg =
Zo

11M

= Mlq(z)|*3% + 1G2—a) [lg(zo)

|oz73/2 |a73/2]

—lg(=)

)
where

e @)

zo<xr<oo ‘Q<m)|a .

Taking into account the relation a < 3/2, we easily obtain I(x) < M;, where
M, does not depend on z. Consequently,

/ ! eil@) dg < e M / du < 00.
o Q(x) Tq lg()]

Theorem 3. Let Q(x) be an arbitrary positive, nondecreasing, absolutely
continuous function on [0,00). Suppose, further, that Q’(z) is absolutely con-
tinuous and that Q~?(z) is convex on [0, 00) for some 3 € (0,1/2).

Finally, suppose

If there exists a negative absolutely continuous function g(x) on [0, c0), possess-
ing the following properties (z, is an arbitrary positive number):

76 QW |

T = Q@ T o
/Oo lat@) — a(@)] da < 00 (8)
V) |

then Ly has deficiency indices (1, 1).
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Proof. It is enough to verify that condition (6) is fulfilled for Q(«). From (7)
it follows that

q(z)] = CQ(a), (9)
where C' > 0 and does not depend on z. Put Q”(x) = v(z). From the

properties of Q(z) it follows that v'(z) < 0 on [0,00) and 7" (x) > 0 almost
everywhere on [0, 00). Then, taking (9) into account, we may write

& 1
= | 7o)

"(x a*(z
77((z>)+(1 )7 (z)

Q// 5 Ql2

Q@ 4@

<G / YRy de + Gy / 722y de,
0 0

where C; and C, do not depend on z.

Taking into account the inequality 8 < 1/2, we integrate by parts (Cj is a
constant independent of x):

o0 1 00
K(z) <Oy (Y21 — (— - 1) / A128-2007% 4z | +
203 b
0
oo 1 00
+C, |21y _7/ ,yl/zﬁﬂ,y// dz| < C..
: 0 (1/26 - 1) 0 3

The theorem is proved.

It follows from the work of E. Shnol' (°) that in the formulation of Theorem 3
one cannot omit the convexity of the function @ #(x). From the same work it
follows that the differential inequality (7) cannot be replaced by the inequality

a(z) < —Q(z).
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