
Soviet-era science, translated into English

V. P. Palamodov
1961

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196101.59825

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196101.59825


Abstract
Full Text

V. P. Palamodov
On the General Form of the Solution of a Homogeneous
Differential Equation with Constant Coefficients
(Presented by Academician P. S. Aleksandrov on 4 XI 1960)

It is well known that the following elementary fact holds: every solution of an
ordinary homogeneous differential equation with constant coefficients is a linear
combination of certain exponentials (exponential polynomials), in other words,
it is the Fourier transform of a linear combination of delta functions (and their
derivatives) concentrated at the roots of the corresponding polynomial. The
natural formulation of the analogous theorem for equations in partial derivatives
is as follows: every solution of the equation

𝑝(𝐷)𝑢 = 0, 𝐷 = (𝑖𝜕/𝜕𝑥1, … , 𝑖𝜕/𝜕𝑥𝑛), (1)

where 𝑝(𝑠) is a polynomial in 𝑛 variables 𝑠 = (𝑠1, … , 𝑠𝑛), is the Fourier transform
of a functional of finite order, concentrated at the zeros of the polynomial 𝑝(𝑠).
We formulate here the main theorem* (Theorem 1), from which it follows, in
particular, that an ordinary solution of (1) is represented in the form of the
desired integral in the following cases: a) it is an entire analytic function; b) it
grows no faster than an exponential of some order; c) it is a derivative of some
order of a function of such growth.

In order to be able to speak of the Fourier transform, it is necessary to consider
solutions of (1) in one or another space of ordinary or generalized functions. We
give the definitions of the functional spaces needed by us.

Following (5), by ℰ1
0 we shall denote the space of all entire analytic functions (of

𝑛 variables) with the topology of uniform convergence on bounded sets. Further,
by ℰ0

1 (𝐶0
1 ) we denote the space of entire (continuous in complex space) functions

of at most first order of growth. Topologically, the space ℰ0
1 (𝐶0

1 ) is defined as the
inductive limit of the normed spaces of entire (continuous) functions, determined
by the norms

‖𝜑‖𝑘 = sup
𝑧

|𝜑(𝑧) exp(−𝑘|𝑧|)|.

The spaces 𝑆𝛽
𝛼 and ℰ𝛽

𝛼, 𝛼+𝛽 ≥ 1, are spaces of infinitely differentiable functions
which are inductive limits of the normed spaces 𝑆𝛽,𝐵

𝛼,𝐴 and ℰ𝛽,𝐵
𝛼,𝐴, given respectively

by the norms
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‖𝜑‖𝐴,𝐵 = sup
𝑥,𝑞

∣exp(±𝐴|𝑥|1/𝛼)𝐷𝑞𝜑(𝑥)
𝐵𝑞𝑞𝑞𝛽 ∣ .

* While the present paper was being prepared for publication, it became known
to the author that Ehrenpreis had announced an analogous theorem.

The spaces 𝑆∞
𝛼 and ℰ∞

𝛼 , 𝛼 > 0, are also spaces of infinitely differentiable func-
tions, which are inductive limits of normed spaces with norms

‖𝜑‖𝐴,𝑞 = sup
𝑥; |𝑖|≤𝑞

∣exp (±𝐴|𝑥|1/𝛼) 𝐷𝑖𝜑(𝑥)∣ .

The spaces ℰ𝛽
0 and 𝑆𝛽

0 are the spaces of all, respectively of all finite, functions
belonging to the Gevrey class of order 𝛽. The spaces 𝑆𝛽

𝛼 have been studied in
detail in (1). Some properties of the spaces ℰ𝛽

𝛼 and the formulas for their Fourier
transforms are given in (5).
Let us formulate the main result.

Theorem 1. Every solution of equation (1) belonging: 1) to the space ℰ1
0 of

all entire functions, or 2) to one of the spaces 𝑆1−𝛼′
𝛼 , 0 < 𝛼 < 1, of generalized

functions of infinite order growing at infinity no faster than exp(𝐴|𝑥|1/𝛼), is the
Fourier transform of some functional of finite order concentrated on the set of
roots of the polynomial 𝑝(𝑠).
Thus, among the spaces for which Theorem 1 is valid are all spaces 𝑆𝛽

𝛼 (1 ≤
𝛼 + 𝛽 ≤ ∞), where the index 𝛼 may take any value between zero and one.

We note that, if 𝛼 > 1 (𝛼 = 1), then every solution of equation (1) belonging
to the space 𝑆𝛽

𝛼, as is not difficult to show, is the Fourier transform of a func-
tional concentrated on the set of all real roots of the polynomial 𝑝(𝑠) (in any
neighborhood of this set). It can be shown that any solution of (1) belonging
to the space 𝑆𝛽

0 , ℰ𝛽
0 (1 < 𝛽 ≤ ∞) can be approximated, in the topology of

the dual space, by linear combinations of delta-functions and their derivatives
concentrated at the roots of 𝑝(𝑠) (see also (4)).
The local properties and the behavior at infinity of a solution affect the growth
of the functional which is the Fourier transform of this solution. Let us give an
exact definition. We shall say that 𝑓 is a functional of order not higher than
𝑞, concentrated at the roots of the polynomial 𝑝(𝑠), and growing at infinity
no faster than the positive function 𝐹(𝑧), if it is a functional on the space of
continuous (in the complex space) functions bounded in the norm

‖𝜑‖ = sup
𝑝(𝑧)=0, |𝑖|≤𝑞

∣𝐹 (𝑧)𝐷𝑖𝜑(𝑧)∣ .
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Let 𝑚 be the order of the polynomial 𝑝(𝑠). The following result refines Theorem
1.

Theorem 2. Every solution of equation (1) belonging: 1) to the space ℰ1
0; 2) to

one of the spaces 𝑆𝛽
𝛼, ℰ𝛽

𝛼, 0 < 𝛼 < 1 (1 ≤ 𝛼+𝛽 ≤ ∞), of generalized, respectively
infinitely differentiable functions, growing no faster than some exponential, is the
Fourier transform of some functional of order not higher than 𝑚, concentrated
on the set of roots of the polynomial 𝑝(𝑠). At infinity this functional: 1) decreases
no more slowly than an exponential of the first order; 2) grows no faster than
exp(−𝐴|𝜏|1/(1−𝛼) ± 𝐵|𝜎|1/𝛽), 𝐴 > 0, 𝐵 > 0, for 𝛽 > 0, and no faster than
exp(−𝐴|𝜏|1/(1−𝛼))(|𝜎| + 1)±𝑀 , 𝐴 > 0, 𝑀 > 0, for 𝛽 = 0.

We outline the proofs of Theorems 1 and 2. First consider case 1). From the
results of (1), Ch. 3, § 4, it follows that ℰ1

0 = ℰ0′
1 ; consequently, if 𝑢 is an entire

analytic solution of (1), then 𝑢̂ ∈ ℰ0′
1 .

Let 𝜉 be one of the variables 𝑠1, … , 𝑠𝑛 entering the polynomial 𝑝(𝑠) in degree
equal to its order, and let 𝜂 denote the remaining variables. One can always
ensure the existence of such a variable 𝜉 by making a certain real rotation
((1), Ch. 2, §3). Let

𝑝(𝑠) = 𝑝0
𝑚

∏
𝑖=1

[𝜉 − 𝜉𝑖(𝜂)].

For simplicity we shall assume that, for each 𝜂, all the roots 𝜉1(𝜂), … , 𝜉𝑚(𝜂) are
distinct.

We shall need the following simple inequality:

∣𝜉𝑖(𝜂)∣ ≤ 𝑐|𝜂|, 𝑖 = 1, … , 𝑚. (2)

Let 𝐻 be the operator of taking the interpolation polynomial with respect to
the variable 𝜉 at the points 𝜉1(𝜂), … , 𝜉𝑚(𝜂). By virtue of (2), the operator 𝐻 is
a bounded operator in the space 𝐶0

1 . Moreover, the equality

𝐻𝑝𝜑 = 0, 𝜑 ∈ 𝐶0
1 (3)

is obvious.

The action of the operator 𝐻 on analytic functions can be represented as follows
(4):

𝐻𝜑 = 1
2𝜋𝑖 ∫

Γ

𝑝(𝑧, 𝜂)𝜑(𝜉, 𝜂) − 𝑝(𝜉, 𝜂)𝜑(𝑧, 𝜂)
(𝑧 − 𝜉)𝑝(𝑧, 𝜂) 𝑑𝑧,

where Γ is a contour containing inside it the points 𝜉1(𝜂), … , 𝜉𝑚(𝜂). From this
equality one can see that 𝐻𝜑 is an analytic function; moreover, 𝐻 is a bounded
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operator in ℰ0
1, and 𝜑 − 𝐻𝜑 = 𝑝𝜓, where 𝜓 is some function of the space ℰ0

1.
Hence (𝑢̃, 𝜑) = (𝑢̃, 𝐻𝜑), 𝜑 ∈ ℰ0

1.

Taking this equality as a definition, we extend the functional 𝑢̃ to the space
ℰ0

1 + 𝑝𝐶0
1 ⊂ 𝐶0

1 . The resulting functional is continuous in the topology induced
from the space 𝐶0

1 . This follows from the fact that 𝐻 is a bounded operator in
𝐶0

1 , and from (3): if 𝜑 ∈ ℰ0
1 + 𝑝𝐶0

1 , then 𝐻𝜑 ∈ ℰ0
1. And finally, again from (3)

it follows that, for any function 𝜑 ∈ 𝐶0
1 ,

(𝑢̃, 𝑝𝜑) = 0. (4)

Extending, by means of the Hahn—Banach theorem, the functional 𝑢̃ to the
whole space 𝐶0

1 , we obtain a functional of order not exceeding 𝑚, concentrated,
by virtue of (4), on the set of roots of the polynomial 𝑝(𝑠). Thus we have
established the validity of Theorems 1 and 2 for entire analytic solutions of (1).

We indicate the path of proof of these theorems for the spaces 𝑆𝛽′
𝛼 , 0 < 𝛼 < 1

(1 ≤ 𝛼 + 𝛽 < ∞). In (1) the formula for the Fourier transform 𝑆𝛼
𝛽 = 𝑆𝛼

𝛽 was
obtained.

Let all variables 𝑠1, … , 𝑠𝑛 enter the polynomial 𝑝(𝑠) in degree 𝑚 (this can also
be achieved by means of a real rotation); 𝜂1, … , 𝜂𝑚 are the corresponding groups
of the remaining variables. Let

𝑝(𝑠) = 𝑝𝑖
𝑚

∏
𝑗=1

[𝑠𝑖 − 𝑠𝑗
𝑖(𝜂𝑖)]

and let 𝜓(𝜉) ∈ 𝑆𝛼,𝐴
𝛽,𝐵 be such a function that 𝜓(0) = 1. We construct the operator

𝐻𝑖𝜑 = 𝐻𝑖𝜑(𝜉, 𝜂𝑖) of taking the interpolation polynomial with respect to the
variable 𝑠𝑖 from the function 𝜑(𝑠𝑖, 𝜂𝑖)𝜓(𝜉 − 𝑠𝑖) at the points 𝑠1

𝑖 (𝜂𝑖), … , 𝑠𝑚
𝑖 (𝜂𝑖).

Next construct a set of entire analytic functions 𝜒𝑖(𝑠), 𝑖 = 1, … , 𝑚, satis-
fying the following conditions: 1) |𝜒𝑖(𝑠)| ≤ 𝑐 exp(𝐵|𝜏|1/(1−𝛼)); 2) |𝜒𝑖(𝑠)| ≤
𝑐 exp (− 1

𝐴 |𝜎|1/(1−𝛼) + 𝐵|𝜏|1/(1−𝛼)) if |𝑠| ≥ 3|𝑠𝑖|; 3) ∑𝑚
𝑖=1 𝜒𝑖(𝑠) = 1. Such a

set of functions can be constructed, for example, as follows: first construct con-
tinuous functions satisfying these conditions, and then convolve them with any
function 𝜒0 ∈ 𝑆𝛼,𝐴1

1−𝛼,𝐵1
whose integral over the whole space is equal to 1.

It is not difficult to verify that the operator 𝐻 = ∑𝑚
𝑖=1 𝜒𝑖(𝑠)𝐻𝑖 satisfies the

following conditions: 1) 𝐻 is a bounded operator in 𝑆𝛼,𝐴0
𝛽,𝐵0

for some 𝐴0, 𝐵0; 2)

if 𝜑 ∈ 𝑆𝛼,𝐴0
𝛽,𝐵0

, then 𝜑 − 𝐻𝜑
𝑝 ∈ 𝑆𝛼

𝛽 ; 3) 𝐻 is a bounded operator in the normed

space of continuous functions endowed with the same norm as 𝑆𝛼,𝐴0
𝛽,𝐵0

; 4) if 𝜑
belongs to this space, then 𝐻𝑝𝜑 = 0. Moreover, the smaller the constants 𝐴
and 𝐵, the broader the space 𝑆𝛼,𝐴0

𝛽,𝐵0
may be taken.
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The further arguments are carried out in complete analogy with what was done
for the space ℰ1

0. In the same way the proof of Theorem 2 for the spaces ℰ𝛽
𝛼

follows, thanks to the duality formula

ℰ̃𝛽
𝛼 = ℰ𝛼′

𝛽′ , 0 < 𝛼 < 1, 1 ≤ 𝛼 + 𝛽 ≤ ∞,

which follows from the results of 5.

In conclusion we note two classes of equations (1) for which the results obtained
can be strengthened. These are, first, elliptic equations, for which Theorems 1
and 2 give the general form of any generalized solution, since, as was proved
in 6 (see also 7), every generalized solution of an elliptic equation is an entire
analytic function.

Theorem 3. If the roots of the polynomial 𝑝(𝑠) satisfy the condition

| Im 𝜉𝑖(𝜂)| ≤ 𝑐| Im 𝜂| + 𝐵,

then every solution of (1) belonging to one of the spaces 𝑆𝛼′
𝛽′ and ℰ𝛽

𝛼 (1 <
𝛽 ≤ ∞) is the Fourier transform of a functional of order not exceeding 𝑚,
concentrated at the roots of the polynomial 𝑝(𝑠), growing at infinity no faster
than exp(−𝐴|𝜏| + 𝐵|𝜎|1/𝛽) for 𝛽 > 0 and no faster than exp(−𝐴|𝜏|)(|𝜎| + 1)±𝑀

for 𝛽 = 0.

Thus, if the polynomial 𝑝(𝑠) satisfies the condition of Theorem 3, then Theorems
1, 2, and 3 give the general form of a solution of (1) belonging to any of the
spaces 𝑆𝛽′

𝛼′ , ℰ𝛽
𝛼 (if 𝑆𝛽

𝛼 is nontrivial, see 1).

The condition of Theorem 3 is satisfied, in particular, by polynomials which are
hyperbolic on both sides with respect to the variable 𝜉 (in the sense of 2) and
have positive genus. The proof of Theorem 3 can be obtained by the methods
described above.

Theorems 1, 2, and 3, together with the duality formulas for spaces of type 𝑆
and type ℰ, make it possible to obtain a number of new results for equations
with constant coefficients.

Moscow State University
named after M. V. Lomonosov

Received
11 X 1960
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