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Abstract
Full Text

MATHEMATICS
TAN CHZHEN

ON ROUND-OFF ERRORS IN THE NUMER-
ICAL SOLUTION OF SYSTEMS OF CONSIS-
TENT LINEAR ALGEBRAIC EQUATIONS
BY THE CHOLESKY METHOD AND THE
METHOD OF PIVOTAL ELEMENTS
(Presented by Academician M. V. Keldysh on XI 11, 1960)

1. In the paper of Neumann and Goldstein (1), round-off errors in the method
of pivotal elements for fixed-point machines are investigated in greatest
detail. We have obtained estimates of round-off errors in the Cholesky
method for machines operating in the binary system with 𝜆 binary digits
in floating-point mode. It is assumed here that for any two real numbers
𝑐 and 𝑑 the exact algebraic operations (addition “+”, subtraction “−”,
multiplication “⋅”, division “/”, extraction of the square root “( )1/2”)
and the corresponding pseudo-operations (“+∗”,“−∗”,“×”,“∶”,“√ ”
) satisfy the following conditions:

(𝑐 + 𝑑) − (𝑐 +∗ 𝑑) = (𝑐 + 𝑑)𝜀1,

(𝑐 − 𝑑) − (𝑐 −∗ 𝑑) = (𝑐 − 𝑑)𝜀2,

𝑐 ⋅ 𝑑 − 𝑐 × 𝑑 = (𝑐 ⋅ 𝑑)𝜀3,

𝑐/𝑑 − 𝑐 ∶ 𝑑 = (𝑐/𝑑)𝜀4 (for 𝑑 ≠ 0),

(𝑐)1/2 − √𝑐 = (𝑐)1/2𝜀5 (for 𝑐 ⩾ 0),

where |𝜀𝑖| ⩽ 2−𝜆 (𝑖 = 1, 2, … , 5).
Let 𝑚 systems with one and the same symmetric matrix 𝐴 of order 𝑛 be written
in the form
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𝐴𝑋 = 𝐵,

where 𝐵 is the matrix of the right-hand sides of the systems, of size 𝑛 × 𝑚; 𝑋
is the matrix of unknowns of size 𝑛 × 𝑚. Suppose that 𝐿′𝐿 is an approximate
decomposition of the symmetric matrix 𝐴, where 𝐿 and 𝐿′ are, respectively, an
upper triangular matrix and its transposed matrix. We shall have

𝑀(𝐴 − 𝐿′𝐿) ⩽ [1
2(𝑛2 + 𝑛 + 6)𝑀2(𝐿) + (𝑛 − 2)𝑀(𝐴)] 2−𝜆,

where 𝑀(𝐴) denotes the maximum of the moduli of the elements of the matrix
𝐴. If we denote by 𝑌 the approximate solution of the equation 𝐿′𝑌 = 𝐵, then
we obtain

𝑀(𝐵 − 𝐿′𝑌 ) ⩽ [1
2(𝑛2 + 5𝑛 − 8)𝑀(𝐿)𝑀(𝑌 ) + 2𝑀(𝐵)] 2−𝜆.

Moreover, the inequality

𝑀[𝐿′(𝑌 − 𝐿𝑋)] ⩽ [(1
6𝑛3 + 3

2𝑛2 − 8
3𝑛) 𝑀2(𝐿)𝑀(𝑋) + 2𝑛𝑀(𝐿)𝑀(𝑌 )] 2−𝜆.

Finally, we obtain the estimate

𝑀(𝐵 − 𝐴𝑋̄) ≤ [(3/2𝑛3 + 2𝑛2 + 1/3𝑛) 𝑀2(𝐿̄)𝑀(𝑋̄)+

+ (1/2𝑛2 + 9
2𝑛 − 4) 𝑀(𝐿̄)𝑀( ̄𝑌 ) + (𝑛2 − 2𝑛)𝑀(𝐴)𝑀(𝑋̄) + 2𝑀(𝐵)] 2−𝜆. (1)

As an example, we consider the matrix 𝐴 = 𝑆𝑆′ of order 15, where

𝑆 =
⎡
⎢⎢
⎣

1 2 … 15
15 1 … 14
… … … …
2 3 … 1

⎤
⎥⎥
⎦

.

For 𝜆 = 35, in inverting the matrix 𝐴, the right-hand side of estimate (1) gives
0.95 ⋅ 10−6, which is close to the actual error on the left-hand side, equal to
0.14 ⋅ 10−8.

In practice, for large 𝑛, one may consider only the principal term in estimate (1),
namely 2/3𝑛3𝑀2(𝐿̄)𝑀(𝑋̄)2−𝜆. Then in the present case, instead of 0.95 ⋅ 10−6

we obtain 0.72 ⋅ 10−6, a result differing only slightly from the preceding one.
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For large 𝑛, the principal part of the error 𝑁(𝐵 − 𝐴𝑋̄) does not exceed
0.58 𝑛3𝑁2(𝐿̄)𝑁(𝑋̄)2−𝜆, where 𝑁(𝐴) = (Sp 𝐴′𝐴)1/2, and the principal part of
the error |𝐼 − 𝐴𝑋̄| does not exceed 0.58 𝑛3|𝐿̄|2|𝑋̄|2−𝜆, or 0.58 𝑛3|𝐴𝑋̄|𝑃 (𝐴)2−𝜆.
Here

|𝐴| = max
𝑧≠0

∣𝐴𝑧
𝑧 ∣ ,

where 𝑧 denotes an 𝑛-dimensional vector, and

𝑃(𝐴) = 𝜆1
𝜆𝑛

,

where 𝜆1, 𝜆𝑛 are, respectively, the largest and smallest eigenvalues of the sym-
metric matrix 𝐴.

2. It is generally accepted (2,3) that, in application to the solution of sys-
tems of compatible linear algebraic equations with symmetric matrices,
Cholesky’s method is more accurate than other methods. The question
arises whether it can be proved that Cholesky’s method is more accurate
than the method of principal elements. Our theoretical investigations and
attempts to solve this problem led to an example for which Cholesky’s
method gives a less accurate result than the method of principal elements.

We consider a system of equations in the form

𝐴𝑥 = 𝑏,

where

𝐴 =
⎡
⎢
⎢
⎢
⎣

200 −100 400 −310 100
−100 1 2 1 3
400 2 3 3 −1

−300 1 3 2 4
100 3 −1 4 4

⎤
⎥
⎥
⎥
⎦

, 𝑏 =
⎡
⎢
⎢
⎢
⎣

11
14
4
16
18

⎤
⎥
⎥
⎥
⎦

,

and 𝑥 is the column vector of unknowns. For this system, by Cholesky’s method,
the Strela machine gave the solution

𝑥 =
⎡
⎢
⎢
⎢
⎣

−0.773529482 ⋅ 10−1

0.282058854 ⋅ 10−2

0.100000004 ⋅ 10
−0.973529539 ⋅ 10
−0.473529496 ⋅ 10

⎤
⎥
⎥
⎥
⎦

,

where
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𝑟 = 𝐴𝑥 − 𝑏 =
⎡
⎢
⎢
⎢
⎣

0.72 ⋅ 10−5

0
0.43 ⋅ 10−6

−0.70 ⋅ 10−6

−0.10 ⋅ 10−6

⎤
⎥
⎥
⎥
⎦

.

so that

‖𝑟‖1 = 0.72 ⋅ 10−5, ‖𝑟‖2 = 0.84 ⋅ 10−5, ‖𝑟‖3 = 0.72 ⋅ 10−5,

while by the method of principal elements the solution is

𝑥 =
⎡
⎢
⎢
⎢
⎣

−0.773529411 ⋅ 10−1

0.282058823 ⋅ 10−2

0.100000000 ⋅ 10
−0.973529411 ⋅ 10
−0.473529411 ⋅ 10

⎤
⎥
⎥
⎥
⎦

,

where

𝑟 =
⎡
⎢
⎢
⎢
⎣

0.35 ⋅ 10−5

−0.10 ⋅ 10−6

−0.60 ⋅ 10−7

−0.10 ⋅ 10−6

−0.80 ⋅ 10−6

⎤
⎥
⎥
⎥
⎦

,

so that

‖𝑟‖1 = 0.35 ⋅ 10−5, ‖𝑟‖2 = 0.46 ⋅ 10−5, ‖𝑟‖3 = 0.34 ⋅ 10−5,

where ‖𝑟‖𝑖 (𝑖 = 1, 2, 3) are the norms of the vectors (4).

These results mean that the Cholesky method is not in all cases more accurate
than the method of principal elements, as is commonly assumed. Thus, the loss
of accuracy in solving systems of equations by either method is approximately
the same.

In conclusion, I express my sincere gratitude to M. R. Shura-Bura for assistance
in carrying out this work.

Moscow State University
named after M. V. Lomonosov
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