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1. Usually the topology in groups with a partial ordering is generated by it
(1). Here a topology introduced “from outside”is considered. In the groups
constructed, certain methods of two-sided estimation of the solution of a
functional equation are studied.

2. In what follows X is an additive commutative group with zero 6. We first
introduce an object in which the connection between convergence and
inequality is expressed weakly, but is sufficient for the study of certain
processes in which countable monotone sequences participate.

Definition 1. Let in the topological group (?) X, for some of its elements, the
inequality relation x > 6 be defined, with the following properties:

1) if x > 6, then x +£ 0;

2)ifx>0,y>0 then x+y > 6;

3)ifx, >z, ; —0, thenz, >0.

Then X will be called an almost ordered group (a Q-group). As usual, z > y,
y < x means ¥ —y > 0. Unlike a K-group (!), here the existence of the least
upper bound of a bounded set is not required. An example of a Q-group in
which not every set has a least upper bound is the space C, if the relation x > 6
is defined as “inequality on the average”

/bx(t)dt>0

or as z(t;) 2% 0 (t; fixed).

Schemes for constructing certain methods of two-sided approximations in an
almost ordered Banach space are indicated in (3).

If X is a Q-group and Y is a topological subgroup (closed) (2) of the topological
group X, then Y itself is a Q-group.

3. A closer connection between inequality and convergence can be obtained
by generalizing the notion of a K B-lineal (!). A group differing from a
K-group only in that the existence of a least upper bound is postulated
only for finite sets will be called a K,-group. We shall call a neighborhood
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G of zero monotone if from the relations |z| < |y|, y € G, it follows that
x € G. If all neighborhoods constituting a basis are monotone, then we
shall call it monotone. For the monotonicity of G it is sufficient that it
be symmetric (—G = G) and that the following conditions hold:

1) if —y<z<uy,y€G, then z € G,

2) if z,y € G, then z Vy € G.
Here 2 V y = sup{z,y} (1).

Definition 2. A K-group that is a topological group with a monotone basis
will be called a semi-ordered topological group (a KT-group). A KT-group
is a @-group, but in a KT-group other usual connections between convergence
and inequality are also preserved, except for convergence of a monotone bounded
sequence.

Definition 3. If a KT-group X is a K-group, and if from (o)-convergence (1)
of a countable sequence there follows topological convergence (in the sense of
the KT-group), then X will be called an (0)-complete KT-group.

Topological convergence follows from (o)-convergence if, from the relations z,, >
T, .1, inf{z,} = 6, there follows the existence, for any G, of some z,, € G. In
an (o)-complete KT-group every monotonically increasing countable sequence
bounded above has a limit.

Definition 4. A topological subgroup Y of a topological group X will be called
a KT-subgroup Y C X if, for z,y € Y, the bound (zVy) x is the bound (zVy)y .
A KT-subgroup is itself a KT-group.

Definition 5. Q- (or KT-) groups X and Z will be called Q- (or K'T-) equiva-
lent if a one-to-one correspondence x = z is established between their elements,
with ¢ and ¢! additive, continuous, and positive (}).

4. In the @Q-group X one can carry out a combination of Chaplygin-type
linearization methods ((*), theorem4) and replacement of a linear equation
((%),Ch.14).

The set of all elements x € X for which y < = < z will be called the interval
[y, z]. Let the following conditions be satisfied:

a) the operator P maps [zy,Z,] C X into the Q-group Y; [0,Z, — z;] is
included in the domain of definition of an additive operator I', having a
positive inverse on Y

b) P(z,) <0< P(z,), AP = P(z + Ax) — P(x) < 'Az for Az > 0;

c¢) the processes
Upp1 = Up — FilP(un% (1)

where u, = z, (or u, = Z,), converge to a solution x* of the equation

P(x) = 0;

0
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d) there are topological subgroups XcC X, Y C Y and certain Q -groups X,
Y, for which a Q-equivalence is established: gaX X, 1/1Y

e) the operator L maps Y into X, Y into X; TL< T onY (Iy = y).
Define L = @Lt~!. The symbol \/ will denote one of the relations <, >.

Theorem 1. If conditions a)—e) are fulfilled, the corrections Az, = x, —x,
can be computed by the rule

Az, = p Az, Az, =Lz, (2)
where z, = vz, z, €Y, 0\/z,\/ P(z,). If z, = z, (or = Iy), then x,, <
Ty ST (01T, > 2,0, > ).

The process of the theorem can be accelerated if one uses the operators T',,, T,
of theorem 4 (*) instead of T.

5. A similar combination is possible for the method of alternating approxi-
mations ((%),§2).

Let:
f) AP > TAx for Az > 0; I'(zy — z,) = P(zg), I'(zg —
g) I maps X onto Y, X onto Y.

Take L =T'1

Theorem 2. If conditions a), c), d), f), g) are fulfilled, as the elements z, one
may take elements of Y satisfying, in Y, the inequalities

1) \/ z, v P(z,) (n=0,..,00),

where x_y = % (or xy), if ¥y = z, (or Ty). Then the x,,, determined by the
corrections (2), satisfy the inequalities

*
Tn—2 \/ Ly \/ T \/xn+1 \/ Tn—-1-

6. In some cases the uniqueness of the solution and the convergence of the
iterative processes (1) are established by topological methods. We give one
sufficient criterion for convergence of these processes in an almost ordered
group X.

Theorem 3. For convergence to the solution x* of the processes (1) under
conditions a), b) or a), f), it is sufficient that X be a topological subgroup of an
(0)-complete

of a KT-group, and that there exist an additive operator A such that on
[g, Zo] C X the conditions are satisfied: AAz < AP (if b) is satisfied) or
AAz > AP (if f) is satisfied) for Az > 6, the iteration (I —T"'A)" — 0 as
n — 0o, and the operator I'"'A is continuous.
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7. In conclusion we consider one method of constructing a two-sided estimate of
a solution that does not require the use of topology. Let relations > be defined
in the (algebraic) groups X,Y. The operators I and P take X into Y. Let M
be a subgroup of the group X; let K be the class of elements equivalent modulo
M,ie., if x,2’ € K, then x — 2’ € M. Let A be an additive operator taking M
into Y.

Theorem 4. If it is known that the solution x* of the equation P(x) =0 in the
class K is positive, if T > P (orT < P) in K, I'(x) —T'(z') = Az —2’), AL
is positive on the image A(M), and z is a solution of the equation T'(z) = 6 in
K, then x* > z (or z* < z).

Here I' > P means, as usual, I'(z) > P(x) for x > 6. As T and P one may take,
for example, the operations Ax — y, Bx — y, where A, B are linear differential
expressions, and A~! is known. In this case M and K are sets of functions
satisfying the given linear (homogeneous for M and, in general, nonhomogeneous
for K) initial or boundary conditions.
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