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Let Q,(2) = agz"+a 2" 1 +--+a, be a polynomial of degree n. S. N. Bernstein
(1) proved the following assertion:

If |Q,,(2)] <1 for |z| <1, then the inequality |Q/,(2)| < n holds for |z| = 1.
Let

2m

1/p
1Q, (re)l, = { |Q,, (re™?)|P dw} :

[

It is not difficult to show (for example, see (°)) that for any p > 1 the inequalities

1Qn (Re)], < R™MQ, ()], (R>1); (1)

1Qu(pe™)l, = p" 1@ ()], (p < 1). (2)

hold.

For polynomials @,,(z) having no zeros inside the unit disk |z| < 1, de Bruijn
(#) proved the following assertion:

Theorem A. If the polynomial @, (z) of degree n has no zeros in |z| < 1, then
for any p > 1 the inequality

1/p

1Qu (), (3)

||Q;L(€M)”p < n l\/w

2| T(3p+1)

In relation (3), the equality sign is attained only for polynomials of the form
Q,,(2) = A+ pz", where |\ = |-

In this note we refine inequalities (1) and (2) for polynomials @, (z) of degree
n that have no zeros in |z| < 1.
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Theorem 1. If Q,,(z) has no zeros in |z| < 1, then for p > 1 the inequality
1/p

B LIVAT(gp+1)
|Qn(Re™)], < {2 [ T (5(p+1))

(R" —1) + 1} 1Qn (™), (4)

holds for any R > 1.

Proof. Suppose first that Q,,(z) # A + puz", where |A| = |p|. From the obvious
inequality

Qu(Be) < [ 13 e dr + 1@, (%),
1

where ¢ (0 < ¢ < 27) is any number and R > 1, for any p > 1, the inequality
follows:

R
|Q (Re™)]l,, < / 1@ (re™)l, dr + 1@y, (e")],-
1
Taking (1) into account, the last inequality may be written in the form
|Qn (Re™)], < HQ;(EW’)IIP/ rhdr + @, (e)],-
1

Hence, by Theorem A it follows that

oy [ [V G+ )
o ”“<{2lI%ap+n>

g
. +1}waawh

i.e. (4) is valid.

It remains to verify the validity of (4) for polynomials of the form @, (z) =
A+ pz", where |A| = |p|. This follows from the inequality

H/\ + ueinn||p < (R™— 1)|M|(27T)1/p 4 H)\ + Meiganp _

_{1l\/7r1‘(§p+1)

2| (30 +1))

1/p

(R"—1)+ 1} A+ gz,

In the case p = oo, Theorem 1 was proved by Ankeny and Rivlin (3), and in
the case p = 1, by Rahman (5).

Theorem 2. If Q,(z) has no zeros in |z| < 1, then there exists a positive
number § such that, for (1 —0) < p < 1, the inequality

1/p
’ i _1 ﬁr(lp—i_l) o n P
AT >||,,>{1 2[r<;<§+1>>] g P)}IQn(e )
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holds, where p > 1 is any number.

Proof. The validity of inequality (5) for polynomials Q,,(z) = A + pz", where
|A| = |u|, having no zeros in |z| < 1, is verified directly. Indeed,

X+ ppme ™|, > X+ peten ], — (1 — p")|pl(2m) /P =

:{1_1 [ﬁr(ép+1)

1/p
e | (=) A A e,
2| T(z(p+1) g

i.e. () is valid.

Now we prove the theorems for polynomials Q,,(z) # A+ uz™ of degree n, where

|A| = |u|, having no zeros in |z| < 1. For the proof suppose the contrary, i.e. that
(5) does not hold. This means that there exists a polynomial @,,(z) # A + uz"
(|A] = |u|) of degree n, having no zeros in |z| < 1, and a sequence of values

1-60<p,<1l(m=1,2,..) with lim p,, =1, such that
m—0o0

1/p
" _ LA (p+l)
1Qn (P, < {1 2 [ L'(ip+1))

(1— pl’n)} 1Qn ()], (6)

e (%) — Qulpme™)
’ i _ . Qn ) — n pmeup
”Qn (6 Lp)”p - nlgnoo eigp _ pmeicp =
g
. 1 i g
2 lim (“Qn(e w)”p - ”Qn(pme ¢)||p) .

m—oo | — P

Hence, by virtue of (6), we have

N | =

HQ’:L (ew)Hp > l\/ﬂ—‘ (%P + 1)

T(3(p+1)

1/p
ﬁf (%p—kl) ei‘P
lF(é(pﬂ)) ] I ()],

1/p ) N

P m—oo l—pm

|3

which contradicts Theorem A. Thus, inequality (5) is proved also for all Q,,(z) #
A+ pz", where |A| = |u|. For p = oo, it follows from Theorem 2 that if Q,,(z)
has no zeros in |z| < 1 and max,_; [@,(2)| = 1, then there exists a positive
number J > 0 such that

14 p"
max @, (2)| =
|2l=p 2

forl—d<p<l
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For p = 1, one theorem of Rahman follows from Theorem 2 (°).
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Note: Figure translations are in progress. See original paper for figures.
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