
Soviet-era science, translated into English

MATHEMATICS
A. A. ZYKOV

1961

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196101.55386

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196101.55386


Abstract
Full Text
MATHEMATICS

A. A. ZYKOV

EDGE-VERTEX FUNCTIONS AND DIS-
TRIBUTIVE PROPERTIES OF GRAPHS
(Presented by Academician S. L. Sobolev on 16 III 1961)

1. Here we study an edge-vertex function Φ(𝐿) of a special kind,* closely con-
nected with the distributive (chromatic) properties of graphs.

Let 𝐿 be an arbitrary nonempty graph; 𝑎𝑏 some edge of 𝐿; 𝐿𝛼 the graph obtained
from 𝐿 by deleting the edge 𝑎𝑏 (without deleting vertices); 𝐿𝛽 the graph obtained
from 𝐿 by deleting the edge 𝑎𝑏 and replacing the vertices 𝑎 and 𝑏 by a single
vertex adjacent to those of the remaining vertices of 𝐿 that were adjacent to at
least one of the vertices 𝑎, 𝑏; 𝐿𝛾 the graph obtained from 𝐿 by deleting the edge
𝑎𝑏 and replacing the vertices 𝑎 and 𝑏 by a single vertex adjacent to those of the
remaining vertices of 𝐿 that were adjacent to both vertices 𝑎, 𝑏.
Next, let 𝐾 be a ring (initially free) generated by the elements 𝛼, 𝛽, 𝛾 and 𝑒
(the unit); Φ(𝐿) a function on graphs taking values in 𝐾 and satisfying the
conditions

Φ(𝐿) = 𝛼Φ(𝐿𝛼) + 𝛽Φ(𝐿𝛽) + 𝛾Φ(𝐿𝛾) + 𝑒; (1)

Φ(𝐸𝑛) = 0, 𝑛 = 0, 1, 2, … , (2)

where 𝐸𝑛 is the empty (edgeless) 𝑛-vertex graph.

Finally, let Ω denote the necessary and sufficient condition under which the
function Φ is determined uniquely from (1) and (2) and takes equal values
on almost isomorphic (i.e., isomorphic up to the presence of isolated vertices)
graphs; the ring obtained from 𝐾 by imposing the relations Ω on the generators
𝛼, 𝛽, 𝛾, 𝑒 will still be denoted by 𝐾.

The method for deriving Ω explicitly and for studying the function Φ determined
by (1) and (2) under the condition Ω is the same as in the cases of vertex
functions (2) and edge functions (3). We indicate here only the main stages.

2. The condition Ω can be expressed by the system of relations

(𝛼 − 𝑒)𝛾 = 0; (31)
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𝛾(𝛼 + 𝛽 − 𝑒) = 0; (32)

𝛽𝛾 = 0; (33)

(𝛼𝛽 − 𝛽𝛼)𝛼𝑛(𝛼 + 𝛽) = 0; (34)

(𝛼𝛽 − 𝛽𝛼)𝛽𝑛(𝛼 + 𝛽) = 0; (35)

(𝛼 − 𝑒)𝛼𝑛+1𝛽(𝛼 + 𝛽) = 0; (36)

(𝛼 − 𝑒)𝛼𝛽 𝑛+1(𝛼 + 𝛽) = 0; (37)

𝛾(𝛼 − 𝑒)𝛼𝑛(𝛼 + 𝛽) = 0; (38)

𝛾(𝛼 − 𝑒)𝛽𝑛(𝛼 + 𝛽) = 0; (39)

𝛾𝛼𝑛𝛽(𝛼 + 𝛽) = 0, (310)

𝛾𝛽 𝑛+1(𝛼 + 𝛽) = 0, (311)

where 𝑛 = 0, 1, 2, ….

* A general definition of an edge-vertex function is given in (1), § 9; here we
study the case 𝛿 = 𝜆 = 0.
To derive (31), (32), (33), (35), (37), and (311) under the assumption of unique-
ness of Φ, we compare the results of applying (1) twice to the corresponding
graphs in Fig. 1, where the first result is obtained if (1) is applied first to the
edge 𝑎𝑐, then (where possible) to the edge 𝑏𝑐 (or 𝑏𝑑), and the second if one
begins with 𝑏𝑐 (or 𝑏𝑑); in the process of deriving each of these six relations the
preceding ones are used. The remaining five relations (3) are obtained as purely
algebraic consequences*.

To prove the sufficiency of conditions (3), we first show that with their aid the
general expression Φ(𝐿) is reduced to the form

Φ(𝐿) = [𝑓𝐿(𝛼) + 𝑔𝐿(𝛽) + 𝛼ℎ𝐿(𝛽)](𝛼 + 𝛽) + 𝑞𝐿(𝛾) + 𝑒, (4)
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Fig. 1

Figure 1: Fig. 1

where 𝑓𝐿, 𝑔𝐿, ℎ𝐿, 𝑞𝐿 are polynomials with nonnegative integer coefficients, and
𝑔𝐿(0) = ℎ𝐿(0) = 𝑞𝐿(0) = 0; we then prove the uniqueness of Φ, considering
three cases of the mutual position of the pair of edges 𝑎𝑐 and 𝑏𝑐 (or 𝑏𝑑) in an
arbitrary graph (Fig. 2), applying induction on the number of edges of the
graph and using the relations (3) once more.

Fig. 1

𝑎𝑐 and 𝑏𝑐 (or 𝑏𝑑) in an arbitrary graph (Fig. 2), applying induction on the
number of edges of the graph and using the relations (3) once more.

3. To clarify the meaning of the coefficients in 𝑓𝐿(𝜓), put 𝛽 = 𝛾 = 0; then
all relations (3) will be satisfied, and the generating element 𝛼 will remain
free. Equality (4) takes the form Φ(𝐿) = 𝛼𝑓𝐿(𝛼) + 𝑒, while equation (1)
takes the form Φ(𝐿) = 𝛼Φ(𝐿𝛼) + 𝑒, whence one obtains:

𝑓𝐿(𝛼) = 𝛼𝑑2(𝐿)−2 + 𝛼𝑑2(𝐿)−3 + ⋯ + 𝛼 + 𝑒,

where 𝑑2(𝐿) is the number of edges of the graph 𝐿.
4. If 𝛼 = 𝛾 = 0, then (3) are satisfied, while 𝛽 remains free; analogously to

the preceding case we obtain:

𝑔𝐿(𝛽) = 𝛽𝐵(𝐿)−2 + 𝛽𝐵(𝐿)−3 + ⋯ + 𝛽,

where 𝐵(𝐿) = 𝑑2(𝐿) − 𝑙(𝐿) = 𝑑1(𝐿) − 𝜒(𝐿) is the number of successive con-
tractions of edges (operations of type 𝐿 → 𝐿𝛽) transforming 𝐿 into the empty
graph; 𝑙(𝐿) is the cyclomatic number; 𝑑1(𝐿) is the number of vertices; 𝜒(𝐿) is
the number of connected components of the graph 𝐿.

5. For 𝛼 = 𝑒, 𝛾 = 0, conditions (3) are satisfied, and 𝛽 remains free. Equa-
tion (1) assumes the form

Φ(𝐿) = Φ(𝐿𝛼) + 𝛽Φ(𝐿𝛽) + 𝑒, (1’)

whence

Φ(𝐿) = ∑
𝑘≥0

𝑏𝑘(𝐿)𝛽𝑘,

where

𝑏𝑘(𝐿) = 𝑏𝑘(𝐿𝛼) + 𝑏𝑘−1(𝐿𝛽), 𝑘 = 1, 2, … ; (5)

sovietrxiv.org/items/ru-196101.55386 Machine Translation

https://sovietrxiv.org/items/ru-196101.55386


𝑏0(𝐿) = 𝑏0(𝐿𝛼) + 1. (6)

To decipher 𝑏𝑘(𝐿), denote by 𝑝𝑗𝑖(𝐿) the number of such edge subgraphs 𝑀 of
the graph 𝐿 (i.e., graphs obtained from 𝐿 by deleting some edges followed by
deleting isolated vertices), for which—

* We have sacrificed the independence of the relations (3) for the sake of technical
convenience of transformations (which are omitted here).

for which 𝑑2(𝑀) = 𝑗, 𝑙(𝑀) = 𝑖. Further, let 𝜏 be the number of triangles of the
graph 𝐿 containing the edge 𝑎𝑏, and let 𝑝 𝑡+

𝑗𝑖 (𝐿𝛽) be the number of those edge
subgraphs (with number of edges 𝑗 and cyclomatic number 𝑖) of the graph 𝐿𝛽
that contain 𝑡 edges from among the 𝜏 edges obtained as a result of contracting
the triangles under the operation 𝐿 → 𝐿𝛽. Then

𝑝𝑗𝑖(𝐿) = 𝑝𝑗𝑖(𝐿𝛼) + ∑
𝑟+𝑠≤𝜏

𝐶𝑟
𝑟+𝑠 ⋅ 2𝑠 ⋅ 𝑝 𝑟+𝑠

𝑗−𝑟−1,𝑖−𝑟(𝐿𝛽),

whence

∑
𝑖≥0

(−1)𝑖𝑝𝑖+𝑘+1,𝑖(𝐿) =

= ∑
𝑖≥0

(−1)𝑖𝑝𝑖+𝑘+1,𝑖(𝐿𝛼) + ∑
𝑖≥0

(−1)𝑖 ∑
𝑟+𝑠≤𝜏

𝐶𝑟
𝑟+𝑠 ⋅ 2𝑠 ⋅ 𝑝 𝑟+𝑠

𝑖+𝑘−𝑟,𝑖−𝑟(𝐿𝛽);

but

∑
𝑖≥0

(−1)𝑖 ∑
𝑟+𝑠≤𝜏

𝐶𝑟
𝑟+𝑠 ⋅ 2𝑠 ⋅ 𝑝 𝑟+𝑠

𝑖+𝑘−𝑟,𝑖−𝑟(𝐿𝛽) =

=
𝜏

∑
𝑡=0

𝑡
∑
𝑠=0

𝐶 𝑡−𝑠
𝑡 ⋅ 2𝑠 ∑

𝑖≥0
(−1)𝑖𝑝 𝑡

𝑖+𝑘−𝑡+𝑠,𝑖−𝑡+𝑠(𝐿𝛽) =

=
𝜏

∑
𝑡=0

𝑡
∑
𝑠=0

𝐶 𝑠
𝑡 ⋅ 2𝑠 ∑

𝑗≥0
(−1)𝑗−𝑠+𝑡𝑝 𝑡

𝑗+𝑘,𝑗(𝐿𝛽) =

=
𝜏

∑
𝑡=0

[
𝑡

∑
𝑠=0

(−1)𝑠−𝑡𝐶 𝑠
𝑡 ⋅ 2𝑠] ∑

𝑗≥0
(−1)𝑗𝑝 𝑡

𝑗+𝑘,𝑗(𝐿𝛽) =

=
𝜏

∑
𝑡=0

∑
𝑗≥0

(−1)𝑗𝑝 𝑡
𝑗+𝑘,𝑗(𝐿𝛽) = ∑

𝑗≥0
(−1)𝑗

𝜏
∑
𝑡=0

𝑝 𝑡
𝑗+𝑘,𝑗(𝐿𝛽) = ∑

𝑗≥0
(−1)𝑗𝑝𝑗+𝑘,𝑗(𝐿𝛽)∗.
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Consequently, if we denote

̃𝑏𝑘(𝐿) = ∑
𝑖≥0

(−1)𝑖𝑝𝑖+𝑘+1,𝑖(𝐿),

then we shall have

̃𝑏𝑘(𝐿) = ̃𝑏𝑘(𝐿𝛼) + ̃𝑏𝑘−1(𝐿𝛽), 𝑘 = 1, 2, … ;

moreover,

̃𝑏0(𝐿) = 𝑝10(𝐿) = 𝑑2(𝐿),

whence

𝑏0(𝐿) = 𝑏0(𝐿𝛼) + 1.

And since relations (5) and (6) determine the quantities 𝑏𝑘(𝐿) uniquely for a
given 𝐿, it follows that 𝑏𝑘(𝐿) = 𝑏̃𝑘(𝐿), i.e.

𝑏𝑘(𝐿) = ∑
𝑖≥0

(−1)𝑖𝑝𝑖+𝑘+1,𝑖(𝐿), 𝑘 = 0, 1, 2, … . (7)

From (7) and from equality (4), for 𝛼 = 𝑒, 𝛾 = 0 we obtain

ℎ𝐿(𝛽) =
∑
𝑘≥0

∑
𝑖≥0

(−1)𝑖𝑝𝑖+𝑘+1,𝑖(𝐿)𝛽𝑘 − 𝑒

𝑒 + 𝛽 − 𝑔𝐿(𝛽) − [𝑑2(𝐿) − 1]𝑒.

6. For 𝛼 = 𝑒, 𝛽 = 0, conditions (3) are satisfied, while 𝛾 remains free.
Equation (1) takes the form

Φ(𝐿) = Φ(𝐿𝛼) + 𝛾Φ(𝐿𝛾) + 𝑒, (1’)

whence, taking (4) into account,

𝑞𝐿(𝛾) = ∑
𝑘≥1

𝑞𝑘(𝐿)𝛾𝑘, (8)

where 𝑞𝑘(𝐿) is the number of those edge subgraphs 𝑀 of the graph 𝐿 for which
all connected components are complete graphs and for which 𝐵(𝑀) =

sovietrxiv.org/items/ru-196101.55386 Machine Translation

https://sovietrxiv.org/items/ru-196101.55386


Fig. 2

Figure 2: Fig. 2

* In replacing the summation index 𝑖 by 𝑗 we used the fact that 𝑝𝑗+𝑘,𝑗 = 0 for
𝑗 < 0.
= 𝑘+1. This is verified by substituting (8) into (1′) and counting the subgraphs
𝑀 of the indicated type in 𝐿, 𝐿𝛼, and 𝐿𝛾.

7. Let 𝑟𝑘(𝐿) be the number of 𝑘-partitions of the graph 𝐿 (𝑘 = 1, 2, …). As is
known ((1), Ch. 2, §§ 3–4 and (4), § 9), the partition polynomial

𝑅(𝐿) = ∑
𝑘⩾1

𝑟𝑘(𝐿)𝑧𝑘 (9)

satisfies the conditions

𝑅(𝐿) = 𝑅(𝐿𝛼) − 𝑅(𝐿𝛽), (10)

𝑅(𝐸𝑛) = ∑
𝑘⩾0

Δ𝑘0𝑛

𝑘! 𝑧𝑘, 𝑛 = 0, 1, 2, … , (11)

Δ𝑘0𝑛/𝑘! being the coefficient of 𝑧(𝑘) = 𝑧(𝑧 − 1) ⋯ (𝑧 − 𝑘 + 1) in the expansion
of 𝑧𝑛 in generalized powers of 𝑧. If we put

Fig. 2

𝑅(𝐿) = ∑
𝑘⩾1

𝑟𝑘(𝐿)𝑦(𝑘), (12)

then 𝑅(𝐿) will satisfy equation (10) and the initial conditions

𝑅(𝐸𝑛) = 𝑦𝑛 (= ∑
𝑘⩾0

Δ𝑘0𝑛

𝑘! 𝑦(𝑘)) . (11’)

Using (5) and (6), one can verify directly that the function

Φ(𝐿) = ∑
𝑘⩾0

(−1)𝑘𝑏𝑘−1(𝐿)𝑦𝑑1(𝐿)−𝑘

(where 𝑏−1(𝐿) = 1) satisfies equation (10) and the initial conditions (11′); con-
sequently,
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𝑅(𝐿) = Φ(𝐿) = ∑
𝑘⩾0

(−1)𝑘𝑏𝑘−1(𝐿)𝑦𝑑1(𝐿)−𝑘,

and we obtain an explicit expression for the number of 𝑚-partitions of the graph
𝐿:

𝑟𝑚(𝐿) = ∑
𝑘⩾0

(−1)𝑘 Δ𝑚0𝑑1(𝐿)−𝑘

𝑚! 𝑏𝑘−1(𝐿) = ∑
𝑗⩾0

∑
𝑘⩾0

(−1)𝑗+𝑘 Δ𝑚0𝑑1(𝐿)−𝑘

𝑚! 𝑝𝑗+𝑘,𝑗(𝐿).

The polynomial

𝑅(𝐿) = ∑
𝑘⩾0

(−1)𝑘𝑏𝑘−1(𝐿)𝑦𝑑1(𝐿)−𝑘 = ∑
𝑗⩾0

∑
𝑘⩾0

(−1)𝑗+𝑘𝑝𝑗+𝑘,𝑗(𝐿)𝑦𝑑1(𝐿)−𝑘.

can be transformed into the form

𝑅(𝐿) = ∑
𝑀

(−1)𝑑2(𝑀)𝑦𝜒(𝑀), (13)

where the summation is over all graphs 𝑀 obtained from 𝐿 by deleting some
edges (without deleting vertices). For 𝑦 = 𝑚, the quantity 𝑅(𝐿), as follows
from (12), expresses the number 𝑃(𝐿, 𝑚) of such 𝑚-colorings of 𝐿 in which not
necessarily all 𝑚 colors are used and colorings differing by a permutation of the
colors are counted as distinct; hence, from (13) as well, there follows the formula

𝑃(𝐿, 𝑚) = ∑
𝑀

(−1)𝑑2(𝑀)𝑚𝜒(𝑀),

derived in (5) by another method (see also (6)).
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