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Error estimates in solving, by the method of grids, the interior Dirichlet prob-
lem for the Laplace and Poisson equations, first obtained by S. A. Gershgorin
(12), and then by other authors (see, for example, (37%)), contain quantities
depending on the unknown exact solution, which substantially hinders their
practical application. S. L. Sobolev drew our attention to the fact that suffi-
ciently accurate estimates can be obtained in terms of quantities depending on
the approximate solution.

1°. Let in some n-dimensional domain D with boundary S the Laplace equation
be considered

Au = — =0 (1)

with boundary condition u|g = f.

The application of the method of grids to the solution of equation (1) consists,
as is known, in the following. We construct in the domain D some grid with
step h and replace at the nodes of this grid the Laplace operator A by some
approximate difference operator A, with approximation accuracy, say, R(u),
i.e. we set

Aju= Au+ R(u). (2)

Let u be the exact solution of equation (1), and v, the numerical solution of the
difference equation

Ahl_}h =0, ﬁh|S = f (3)
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Construct in the domain D + S some function v, which is an interpolation
function for vy, i.e. which coincides with v, at the grid nodes of the domain D
and satisfies on the boundary S the condition

vpls = [

The aim of our note is to estimate the error which we admit by solving, instead
of the exact equation (1), the approximate equation (3), in terms of quantities
depending on the interpolation function v;,.

Below we shall rely on the following theorems.

Theorem 1. Let in an n-dimensional domain D with boundary S two functions
u, v be defined, taking on S one and the same value f.

Suppose, moreover, that the function u is continuous in D + S and harmonic
inside D, while the function v is continuous in D+.S together with its derivatives
up to and including second order, and in the domain D

|Av| < E, E = const.

Then inside D the inequality holds

1 "1
|U’_U‘<’7E7 — =2 o
Y =1 ay
where a,, (v = 1,2,...,n) are the semiaxes of the n-dimensional ellipsoid L

containing the domain D.

In proving the theorem we use the auxiliary function

n

xu_fu >
2(1, %9, . x,) = VE (1—Z<a2>> )

v=1 v

where Z, (v = 1,2,...,n) are the coordinates of the center of the ellipsoid L,
and the properties of sub- and superharmonic functions (?).

Corollary of Theorem 1. Suppose that in Theorem 1, instead of a harmonic
function, one considers a function u satisfying in the domain D the Poisson
equation

AU:@(UC17$2>~-~7$n)7 (4)

where the function ¢ is continuous in D+.S. Then inside D the inequality holds
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|U - U| < ’)/Ela

where
E, = — Avl.
| = max lo v

Theorem 2. Suppose that in the domain D two functions u, v are defined,
taking on the boundary S of this domain the values f;, fs, respectively.

Suppose, moreover, that the function u is continuous in D 4+ S and harmonic
inside D, while the function v is continuous in D+.S together with its derivatives
up to and including second order, and

|Av| < E in D, E = const.

Then in the domain D the inequality

. 1 1
v <y E+e, =23
Y P
is valid, where
e" =max|f; — fo;
S
a, (v=1,2,...,n) are the semiaxes of an n-dimensional ellipsoid containing the

domain D.

In proving this theorem we rely on Theorem 1 and use the maximum theorem
for a harmonic function (19).

Corollary of Theorem 2. Suppose that in Theorem 2, instead of a harmonic
function, one considers a function u satisfying in the domain D the Poisson
equation (4).

Then in D the inequality holds

|’U’_U‘ <7E1 +€*>

where

Ey =max|p—Av, & =max|fy — fl
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Let the interpolating function v, constructed in some way, have continuous
derivatives up to second order inclusive in the domain D + S and satisfy in D
the condition

|Av,| < B,

where £}, is some constant.

Then, using Theorem 1, we obtain for the error of the approximate solution of
equation (1) the estimate

lu —vy,| < vE),. (5)

If, instead of Laplace’s equation (1), the Poisson equation is solved in the domain
D

)

Au = (1, Tg, ..., T,), ulg = f,

then the error estimate for the approximate solution, by virtue of the corollary
to Theorem 1, is expressed by the formula

—u | < — Au,|.
|u vh|77%1?_§‘90 vy |

We note that in the case where the function v; does not coincide with u on the
boundary of the domain, to estimate the error of the approximate solution one
should use Theorem 2 or the corollary of this theorem, depending on whether
Laplace’ s equation or Poisson’ s equation is being solved.

If the values of the function v, at the interior nodes of the domain D differ
somewhat from v, then to estimate inside D the difference |u—wv,,| it is necessary
to use the inequality

—o,| < - — ).
|u Uh|_mgx|u ’Uh|+mgx|vh | (6)

Remark 1. The quantity E; in formula (5) can also be determined by using
Theorem 1 of V. S. Ryaben’ kii ([1], p. 158), which gives estimates for the deriva-
tives of the interpolating function v;, in terms of differences of the corresponding
orders of the function prescribed at the grid nodes.

Remark 2. The theorems formulated above make it possible to estimate the
error of an approximate solution of Laplace’ s equation or Poisson’ s equation
obtained by other approximate methods, different from difference methods.

2°. As an example, consider the two-dimensional Dirichlet problem in the do-
main D, which is the ellipse 224-4y? = 1, with the following boundary conditions
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exp {%\/1 — xQ] cos gw, for 0 <y <0.5,

exp [_%m} cos gz, for —0.56 <y <0.

u =

The exact solution of the problem is the function

™ ™
U = exp |:§y:| COSs 5.13

Solving this problem by the grid method with step h = 0.5, using the simplest
difference Laplace operator, we find v;,(0,0) = 1.022446, v,(0.5,0) = 0.720283.
The corresponding exact values are 1 and 0.707107.

To estimate the error by our method, we construct the interpolating function
vy, in the form

vy, (2,y) = e¥(a + bx? + ca?),

where the parameters a and « of the function ae®? are determined by the method
proposed by Aran (}2), and the coefficients b and ¢ are found by the method of
least squares.

As a result of the computations we obtain

vy, (z,y) = e'-524239% (1.010063 — 1.208807x2 + 0.198743z%),

and at the interior nodes of the grid

lvp, — vy, | < 0.012383,

on the boundary of the domain D

lvy, — ull < 0.015841,

and inside D

|Av, | < 0.275744.

Thus, by virtue of Theorem 2 and inequality (6), we obtain the following esti-
mate of the error of the approximate solution:

lu — v, < 0.055799,
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whereas the maximum true error is equal to 0.022446.
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