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Abstract
Full Text
PHYSICS

G. I. ZELTSER

ON THE DETERMINATION OF THE TOTAL
ANGULAR MOMENTUM OF A SYSTEM OF
𝑛 PARTICLES FOR THE CONFIGURATION 𝑗𝑛

(Presented by Academician Ya. B. Zel’dovich, December 21, 1960)

1. In the theory of atomic or nuclear shells, the question of the values of the
total angular momentum 𝐽 possible in a system of 𝑛 identical particles, each of
which has the same individual angular momentum 𝑗, and of the number 𝑐𝐽 of
distinct states with a given 𝐽 , is of great interest. The totality of these data is
called the 𝐽 -structure of the shell.

In establishing the 𝐽 -structure, the properties of the permutation symmetry of
the wave function of the system must be taken into account. The most usual
requirement is that of antisymmetry of the state, but one also has to deal with
more complicated types of symmetry (for example, for the coordinate function in
atomic 𝐿𝑆-coupling or for the coordinate-spin function in the theory of isotopic
spin).

One convenient method for determining the 𝐽 -structure is the“chain”method,
proposed by Jahn (1) and systematically applied by Flowers (2). In this method
it proves necessary to calculate jointly the 𝐽 -structures belonging to all possible
types of permutation symmetry (Young diagrams). For the applicability of the
method it is essential that certain different Young diagrams (for one and the
same 𝑗) be equivalent in their 𝐽 -structure. The following equivalence relations
are used: 1) coincidence of the 𝐽 -structures for Young diagrams differing by
the addition of one or several columns of length 𝑘 = 2𝑗 + 1; 2) coincidence of
the 𝐽 -structures for two Young diagrams that complement one another to a
rectangular diagram of height 𝑘.
However, when only these equivalences are used, calculations for large values of
𝑗 prove rather difficult. Meanwhile, there exist further equivalences of Young
diagrams with respect to the 𝐽 -structure, relating certain mutually associated
diagrams for different values of 𝑗. They appreciably simplify the calculations,
making it possible, in particular, to reduce the computation of the antisym-
metric 𝐽 -structure for a certain value of 𝑗 to the computation of a symmetric
𝐽 -structure for a smaller value of 𝑗.
In the present work these equivalences, which, as it seems to us, are also of
independent interest, will be obtained on the basis of explicit formulas defining
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the 𝐽 -structures through the characters of the corresponding representations of
the three-dimensional rotation group 𝑅3.

2. The wave function 𝜓(𝑗𝑚) of one particle with angular momentum 𝑗 may be re-
garded as a vector in a 𝑘 = (2𝑗+1)-dimensional space. Under three-dimensional
rotations it is transformed according to the irreducible representation 𝐷𝑗 of the
group 𝑅3. The wave function of 𝑛 particles, each of which has angular mo-
mentum 𝑗, may be regarded as a tensor of rank 𝑛 in a 𝑘-dimensional space.
We shall assume that this tensor, Ψ{𝜆}, has a definite permutation symmetry
{𝜆} ≡ {𝜆1, 𝜆2, … , 𝜆𝑘}, i.e., is transformed under permutations of the particles
according to the irreducible representation of the symmetric group 𝑆𝑛, corre-
sponding

corresponding partition

𝑛 = 𝜆1 + 𝜆2 + … + 𝜆𝑘 (𝜆1 ⩾ 𝜆2 ⩾ … 𝜆𝑘 ⩾ 0). (1)

The representation 𝐷𝑗 in the space of the functions 𝜓(𝑗𝑚) induces in the space
of tensors Ψ{𝜆} a representation of the rotation group 𝑅3, generally reducible,
which we shall denote by Γ{𝜆}. Its decomposition into irreducible representations

Γ{𝜆} = ∑
𝐽

𝑐{𝜆}
𝐽 𝐷𝑗

(a direct sum) also determines the 𝐽 -structure of the tensor of the given symme-
try {𝜆}. The coefficients 𝑐{𝜆}

𝐽 are determined by the characters 𝜒{𝜆}(𝜑) of the
representation Γ{𝜆} from the formula

𝑐{𝜆}
𝐽 = ∫ 𝜒{𝜆}(𝜑)𝜒𝐽(𝜑) 𝑑𝜏, (2)

where 𝜑 is the rotation angle specifying a class of the group 𝑅3; 𝜒𝐽(𝜑) =
sin(𝐽 + 1/2)𝜑

sin𝜑/2 is the character of an irreducible representation of this group; 𝑑𝜏
is the invariant element of its volume, normalized to the group volume, equal to 1
(𝑑𝜏 = 2

𝜋 sin2 𝜑
2 𝑑𝜑, 0 ⩽ 𝜑 ⩽ 𝜋). To determine the 𝐽 -structure it is necessary to

know the characters 𝜒{𝜆}(𝜑), and the coincidence of these characters is sufficient
for the coincidence of the 𝐽 -structures.
The character 𝜒{𝜆}(𝜑) is the trace of the matrix transforming the tensor Ψ{𝜆},
when the basic 𝑘-dimensional space is transformed according to the representa-
tion 𝐷𝑗. This representation is a subgroup of the 𝑘-dimensional unitary group
𝑈(𝑘). It is known, however, that for this latter group tensors of a definite per-
mutation symmetry {𝜆} are objects of its irreducible representation. Thus, if
we subject the one-particle functions to a general unitary transformation of the

sovietrxiv.org/items/ru-196101.54988 Machine Translation

https://sovietrxiv.org/items/ru-196101.54988


group 𝑈(𝑘), then the tensors Ψ{𝜆} will transform according to an irreducible
representation of this group, whose character is equal to [3]

𝜒{𝜆}(𝜑1, 𝜑2, … , 𝜑𝑘) = ∣𝑧𝑙1 , … , 𝑧𝑙𝑘 ∣
|𝑧𝑘−1, … , 𝑧0| , (3)

where ∣𝑧𝑙1 , … , 𝑧𝑙𝑘 ∣ is a determinant of order 𝑘, in the 𝑝-th row of which stand
𝑧𝑙1𝑝 , … , 𝑧𝑙𝑘𝑝 ,

𝑧𝑝 = 𝑒𝑖𝜑𝑝 (𝑝 = 1, … , 𝑘) (4)

are the characteristic numbers of the matrices of the group 𝑈(𝑘);

𝑙𝑝 = 𝜆𝑝 + 𝑘 − 𝑝 (𝑝 = 1, … , 𝑘). (5)

The dimension 𝑁{𝜆} of an irreducible representation of the unitary group is

𝑁{𝜆} = 𝐷(𝑙1, … , 𝑙𝑘)
𝐷(𝑘 − 1, … , 0) , (6)

where

𝐷(𝑙1, … , 𝑙𝑘) ≡ ∣
𝑙𝑘−1
1 … 𝑙𝑘−1

𝑘
⋅ ⋅ ⋅ ⋅ ⋅

1 … 1
∣ =

𝑘
∏

𝑝′>𝑝=1
(𝑙𝑝 − 𝑙𝑝′) (7)

is the Vandermonde determinant.

Returning from the general 𝑘-dimensional unitary group to the irreducible rep-
resentation 𝐷𝑗 of the group 𝑅3, we obtain the required character 𝜒{𝜆}(𝜑) by
putting in (3)

𝑧𝑝 = 𝑒𝑖(𝑗+1−𝑝)𝜑 = 𝑒𝑖𝑚𝜑 (𝑝 = 1, … , 𝑘; 𝑚 = 𝑗, … , −𝑗), (8)

i.e., choosing the characteristic numbers corresponding to the irreducible repre-
sentation 𝐷𝑗.* After substituting (8), the right-hand side of formula (3) is easily
reduced to the ratio of two Vandermonde determinants. Taking out from the
𝑝-th column of the determinant in the numerator the factor 𝑒−𝑖𝑙𝑝𝑝𝜑, and from
the 𝑝-th column of the determinant in the denominator the factor 𝑒−𝑖𝑗(𝑘−𝑝)𝜑,
after a short calculation, taking into account 𝑘 = 2𝑗 + 1, (1), and (5), we obtain

𝜒{𝜆}(𝜑) = 𝑒−𝑖 (𝑘−1)
2 𝑛𝜑 𝐷 (𝑒𝑖𝑙1𝜑, … , 𝑒𝑖𝑙𝑘𝜑)

𝐷 (𝑒𝑖(𝑘−1)𝜑, … , 0) . (9)
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Expressing the differences of exponentials entering the function 𝐷 through sines,
we find

𝜒{𝜆}(𝜑) =
𝑘

∏
𝑝′>𝑝=1

sin(𝑙𝑝 − 𝑙𝑝′)𝜑/2
sin(𝑝′ − 𝑝)𝜑/2 . (10)

For the investigation of this formula it is convenient to write it in a symbolic
form analogous to the notation (2). Let

𝐷𝑠(𝑙1, … , 𝑙𝑝) ≡
𝑘

∏
𝑝′>𝑝=1

sin(𝑙𝑝 − 𝑙𝑝′)𝜑
2 . (11)

Then

𝜒{𝜆}(𝜑) = 𝐷𝑠(𝑙1, … , 𝑙𝑘)
𝐷𝑠(𝑘 − 1, … , 0) . (12)

The structure of this expression is completely similar to the structure of formula
(6) for the dimension of an irreducible representation of the group 𝑈(𝑘). Formula
(12) (or (10)) together with formula (2) completely determines the 𝐽 -structure.

3. Let us now consider special cases of formula (12) and establish the coin-
cidence of certain 𝐽 -structures. To give the formulas a more transparent
form, it is convenient to introduce the symbolic notations (for integers
𝑚 > 0)

𝑚𝑠 ≡ sin𝑚𝜑
2 , 𝑚𝑠! ≡

𝑚
∏
𝜇=1

sin𝜇𝜑
2 , 0𝑠! ≡ 1. (13)

Then, for example, for the case of one particle, 𝑛 = 1, {𝜆} = {10 … 0}, we obtain
from formulas (12) and (5)

𝜒{1}(𝜑) = 𝐷𝑠(𝑘, 𝑘 − 2, … , 0)
𝐷𝑠(𝑘 − 1, 𝑘 − 2, … , 0) = 2𝑠 ⋅ 3𝑠 ⋯ 𝑘𝑠

1𝑠 ⋅ 2𝑠 ⋯ (𝑘 − 1)𝑠
= 𝑘𝑠

1𝑠
= sin 𝑘𝜑/2

sin𝜑/2 = sin(𝑗 + 1
2 )𝜑

sin𝜑/2

—an expression already given above for the character of the irreducible repre-
sentation of the group 𝑅3.

For a symmetric tensor of rank 𝑛 ({𝜆} = {𝑛}, 𝜆1 = 𝑛, 𝜆2 = ⋯ = 𝜆𝑘 = 0), we
obtain from formula (12), in the notation (13),

𝜒{𝑛}(𝜑) = (𝑛 + 𝑘 − 1)𝑠!
𝑛𝑠! (𝑘 − 1)𝑠! . (14)
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Fig. 1

Figure 1: Fig. 1

For an antisymmetric tensor of rank 𝑛 ({𝜆} ≡ {1𝑛}, 𝜆1 = 𝜆2 = ⋯ = 𝜆𝑛 =
1, 𝜆𝑛+1 = ⋯ = 𝜆𝑘 = 0), we find

𝜒{1𝑛}(𝜑) = 𝑘𝑠!
𝑛𝑠! (𝑘 − 𝑛)𝑠! . (15)

* In another form, an analogous consideration was carried out by E. D. Trifonov (4).

Putting 𝑘 = 𝑛 + 𝑘′ − 1 in formula (15) and comparing with (14), we become
convinced that the 𝐽 -structure of an antisymmetric tensor of rank 𝑛 in a 𝑘-
dimensional space coincides with the 𝐽 -structure of a symmetric tensor of the
same rank in a 𝑘′-dimensional space*. In other words, the 𝐽 -structure of an
antisymmetric configuration of 𝑛 particles with individual angular momenta 𝑗𝐹
coincides with the 𝐽 -structure of a symmetric configuration of 𝑛 particles with
individual angular momenta 𝑗𝐵, under the condition

Fig. 1

𝑗𝐹 = 𝑗𝐵 + 𝑛 − 1
2 . (16)

This equivalence makes it possible to reduce the calculation of the 𝐽 -structure for
antisymmetric configurations to the calculation of the 𝐽 -structure of symmetric
configurations with smaller individual angular momentum. One can also obtain
a more general result. Considering the Young diagram shown in Fig. 1 and the
corresponding partition

{𝜆′} = {𝑝 … 𝑝𝑟 … 𝑟0 … 0}, (17)

we obtain for it, by formula (12), in the notation (13),

𝜒{𝜆′}(𝜑) =
𝑟

∏
𝑖=1

[(𝑟 − 𝑖)𝑠!]2(𝑝 + 𝑞 − 𝑟 − 𝑖)𝑠!(𝑝 + 𝑘 − 𝑖)𝑠!
(𝑝 − 𝑖)𝑠!(𝑝 + 𝑞 − 𝑖)𝑠!(𝑞 − 𝑖)𝑠!(𝑘 − 𝑞 + 𝑟 − 𝑖)𝑠! . (18)

This expression is invariant under passage to the associated diagram {𝜆̃′} (which
corresponds to the replacement 𝑝 ↔ 𝑞), if at the same time one passes from
dimension 𝑘 to dimension 𝑘̃ = 𝑘 + 𝑝 − 𝑞. In other words, for diagrams of this
kind the 𝐽 -structure of the associated diagrams coincides under the condition
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̃𝑗 = 𝑗 + 𝑝 − 𝑞
2 . (19)

Condition (16) is a special case of condition (19), which is obtained if one puts,
in diagram (17), 𝑝 = 𝑛, 𝑞 = 𝑟 = 1.
Leningrad Agricultural Institute
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* Let us also note that formula (15) is invariant under the replacement 𝑛 ↔
𝑘 − 𝑛 = 2𝑗 + 1 − 𝑛 (replacement of particles by “holes”), while formula (14) is
invariant under the replacement 𝑛 ↔ 𝑘 − 1 = 2𝑗.
Note: Figure translations are in progress. See original paper for figures.
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