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Abstract
Full Text

Mathematics
I. S. Khara

On One Method for Constructing Hermite’s In-
terpolation Formula and on Quadrature Formulas
for Solving Boundary-Value Problems and Inte-
gral Equations
(Presented by Academician I. G. Petrovskii, 1 VII 1961)

1. In the Lagrange interpolation formula

𝑓(𝑥) =
𝑛

∑
𝑘=1

𝑙(𝑛)
𝑘 (𝑥)𝑓(𝑥𝑘) + 𝑅(𝑥) =

𝑛
∑
𝑘=1

𝐿(𝑛)
𝑘 (𝑥) + 𝑅(𝑥) (1)

put

[
𝑛

∏
𝑘=1

(𝑥 − 𝑥𝑘)] ∶ [(𝑥 − 𝑥𝑖)(𝑥 − 𝑥𝑖+1)] = 𝜔𝑖(𝑥); 𝑥𝑖+1 = 𝑥𝑖 + ℎ

and let ℎ tend to zero. In all 𝐿(𝑛)
𝑘 (𝑥), except 𝐿(𝑛)

𝑖 (𝑥) and 𝐿(𝑛)
𝑖+1(𝑥), by continuity

we put 𝑥𝑖+1 = 𝑥𝑖, while in seeking

lim
ℎ→0

(𝐿(𝑛)
𝑖 (𝑥) + 𝐿(𝑛)

𝑖+1(𝑥))

we proceed from

𝑓(𝑥𝑖+1) =
∞

∑
𝑘=0

ℎ𝑘

𝑘! 𝑓 (𝑘)(𝑥𝑖).

The limiting formula will be an (𝑛 − 1)-point formula.

However, for convenience in what follows, we shall write the 𝑛-point formula

𝑓(𝑥) =
𝑛

∑
𝑘=1

𝐿(𝑛,𝑖(2))
𝑘 (𝑥) + 𝑅(𝑥) = 𝐿(𝑖(2))

𝑛 (𝑥) + 𝑅(𝑥), (2)
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where the symbol 𝑖(2) means that the node 𝑥𝑖 has been obtained by merging
two nodes. We have

𝐿(𝑛,𝑖(2))
𝑖 (𝑥) = 𝑓(𝑥𝑖)𝜆𝑖(𝑥) [( 1

𝜆𝑖(𝑥))
𝑥=𝑥𝑖

+ ( 1
𝜆𝑖(𝑥))

′

𝑥=𝑥𝑖

(𝑥 − 𝑥𝑖)]

+ (𝑥 − 𝑥𝑖)𝜆𝑖(𝑥)
1! 𝑓 ′(𝑥𝑖) ( 1

𝜆𝑖(𝑥))
𝑥=𝑥𝑖

; 𝜆𝑖(𝑥) = (𝑥 − 𝑥𝑖+1)𝜔𝑖(𝑥).

By direct verification we are convinced that the values of the polynomial
𝐿(𝑖(2))

𝑛 (𝑥), whose uniqueness follows from the method of construction, at the
nodes 𝑥𝑘 are 𝑓(𝑥𝑘), and the value of the first derivative at the node 𝑥𝑖 is 𝑓 ′(𝑥𝑖).
Putting in (2) 𝑥𝑖+1 = 𝑥𝑖 + ℎ and letting ℎ tend to zero, we easily observe the
law of formation of the coefficients at 𝑓 (𝜈)(𝑥𝑖). We have

𝐿(𝑛,𝑖(2))
𝑖+1 (𝑥) = (𝑥 − 𝑥𝑖)2𝜔𝑖(𝑥)

ℎ2𝜔𝑖(𝑥𝑖 + ℎ)
∞

∑
𝑘=0

ℎ𝑘

𝑘! 𝑓 (𝑘)(𝑥𝑖);

𝐿(𝑛,𝑖(2))
𝑖 (𝑥) + 𝐿(𝑛,𝑖(2))

𝑖+1 (𝑥) = 𝑓(𝑥𝑖)𝜔𝑖(𝑥)𝐴2(𝑥) + 𝑓 ′(𝑥𝑖)
(𝑥 − 𝑥𝑖)𝜔𝑖(𝑥)

1! 𝐴1(𝑥)

+ 𝑓 (2)(𝑥𝑖)
(𝑥 − 𝑥𝑖)2𝜔𝑖(𝑥)
2! 𝜔𝑖(𝑥𝑖 + ℎ) + 𝑂(ℎ);

𝐴2(𝑥) = (𝑥 − 𝑥𝑖)(𝑥 − 𝑥𝑖+1) ( 1
𝜆𝑖(𝑥))

′

𝑥=𝑥𝑖

− 𝑥 − 𝑥𝑖+1
ℎ𝜔𝑖(𝑥𝑖)

+ (𝑥 − 𝑥𝑖)2

ℎ2𝜔𝑖(𝑥𝑖 + ℎ) =

=
2

∑
𝑘=0

𝐴(𝑘)
2 (ℎ)(𝑥 − 𝑥𝑖)𝑘;

𝐴1(𝑥) = −𝑥 − 𝑥𝑖+1
ℎ𝜔𝑖(𝑥𝑖)

+ 𝑥 − 𝑥𝑖
ℎ𝜔𝑖(𝑥𝑖 + ℎ) =

1
∑
𝑘=0

𝐴(𝑘)
1 (ℎ)(𝑥 − 𝑥𝑖)𝑘;

𝐴(2)
2 (ℎ) = ( 1

𝑥 − 𝑥𝑖+1

1
𝜔𝑖(𝑥))

′

𝑥=𝑥𝑖

+ 1
ℎ2𝜔𝑖(𝑥𝑖 + ℎ) =

= − 1
ℎ2

1
𝜔𝑖(𝑥𝑖)

− 1
ℎ ( 1

𝜔𝑖(𝑥))
′

𝑥=𝑥𝑖

+ 1
ℎ2

∞
∑
𝑘=0

ℎ𝑘

𝑘! ( 1
𝜔𝑖(𝑥))

(𝑘)

𝑥=𝑥𝑖

;

𝐴(2)
2 (0) = lim

ℎ→0
𝐴(2)

2 (ℎ) = 1
2! ( 1

𝜔𝑖(𝑥))
″

𝑥=𝑥𝑖

;
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𝐴(1)
2 (0) = 𝐴(1)

1 (0) = 1
1! ( 1

𝜔𝑖(𝑥))
′

𝑥=𝑥𝑖

;

𝐴(0)
2 (0) = 𝐴(0)

1 (0) = 1
𝜔𝑖(𝑥𝑖)

.

In passing by induction from the formula with a (𝜈 − 1)-fold node 𝑥𝑖 to the
formula with a 𝜈-fold node 𝑥𝑖, the computation of the coefficients of (𝑥 − 𝑥𝑖)𝑘,
analogous only to those already computed, is carried out approximately as the
coefficient 𝐴(2)

2 (0) was computed. We do not give a detailed writing of Hermite’
s formula, since it is well known.

II. Writing Hermite’s formula for the interval [−𝑏, 𝑏] in the form

𝜓(𝑥) =
𝑛

∑
𝑗=1

𝛼𝑗−1

∑
𝑖=0

𝑏𝑖𝐻𝑖𝑗 (𝑥
𝑏 ) 𝜓(𝑖)(𝑥𝑗) + 𝑅𝐻 , (3)

we introduce for consideration the quadrature formula

∫
𝑡

−𝑏
∫

𝑥

−𝑏
⋯ ∫

𝑥

−𝑏
𝜓(𝑥) 𝑑𝑥𝜈 = 𝑏𝜈

𝑛
∑
𝑗=1

𝛼𝑗−1

∑
𝑖=0

𝑏𝑖𝐴𝑖𝑗𝜓(𝑖)(𝑥𝑗) + 𝑅, (4)

𝐴𝑖𝑗 = 𝑏−𝜈 ∫
𝑡

−𝑏
∫

𝑥

−𝑏
⋯ ∫

𝑥

−𝑏
𝐻𝑖𝑗 (𝑥

𝑏 ) 𝑑𝑥𝜈. (5)

For solving many types of integral equations and boundary-value problems (the
existence of solutions—unique or nonunique—is assumed), it is sufficient to have
a small collection (several printed sheets) of tables of coefficients 𝐴𝑖𝑗 and tables
(with step ℎ = 0.05 𝑏) of the functions 𝐻𝑖𝑗 ( 𝑥

𝑏 ) and their first derivatives. A brief
list of tables of recommended coefficients is given below.

Types of nodes: 1) 𝑥𝑗 = 2𝑗 − 𝑛 − 1
𝑛 𝑏; 2) 𝑥𝑗 = 2𝑗 − 𝑛 − 1

𝑛 − 1 𝑏. For nodes of the

first type: 𝜈 = 1; 𝑡 = 𝑏; 𝐴𝑖𝑗 = 𝐴(𝑛)
𝑖𝑗 [𝛼1, … , 𝛼𝑛]; 𝑅 = 𝑅(𝑛)[𝛼1, … , 𝛼𝑛]. For nodes

of the second type: 𝜈 = 1, 2, 3, 4; 𝑡 = 𝑥𝑘 (𝑘 = 2, … , 𝑛); 𝐴(𝜈,𝑘,𝑛)
𝑖𝑗 [𝛼1, … , 𝛼𝑛];

𝑅(𝜈,𝑘,𝑛)[𝛼1, … , 𝛼𝑛]. We denote the tables by 𝑇𝑘. 𝑇1: 𝐴(3)
𝑖𝑗 [2, 2, 2]; 𝑇2: 𝐴(2)

𝑖𝑗 [𝛼, 𝛼];
𝑇3: 𝐴(𝜈,2,2)

𝑖𝑗 [𝛼, 𝛼]; 𝑇4: 𝐴(𝜈,𝑘,3)
𝑖𝑗 [𝛼, 𝛼, 𝛼]; 𝑇5: 𝐴(𝜈,𝑘,3)

𝑖𝑗 [𝛼, 1, 𝛼]. For tables 𝑇2–𝑇5,
𝛼 = 2, 3, 4. Expressions for the remainder terms corresponding to tables 𝑇1–𝑇5,
in terms of values of the corresponding derivative of the function 𝜓(𝑥) at one
point of the interval [−𝑏, 𝑏]
in some cases are obtained by direct application of the mean value theorem,
and in others by means of the method proposed in ([1], p. 243). The coefficients
𝐴𝑖𝑗 are easily found from systems of equations. Thus, for example, in order
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to determine the 6 coefficients 𝐴(𝑣,2,2)
𝑖𝑗 [3, 3] in (4), we put 𝜓(𝑥) = 𝑥𝑚 (𝑚 =

0, 1, … , 5). The system of 6 equations splits into two systems. 𝐴01 + 𝐴02, 𝐴11 −
𝐴12, and 𝐴21 +𝐴22 are determined from one system, while 𝐴01 −𝐴02, 𝐴11 +𝐴12,
and 𝐴21 − 𝐴22 are determined from the other. As is known, when nonlinear
integral equations are solved by ordinary quadrature formulas (i.e., quadratures
with simple nodes), systems of equations (algebraic or transcendental) of a more
or less general form are obtained, the solution of which, with a considerable
number of unknowns, requires a large expenditure of labor. When formula (4) is
applied to the solution of integral equations, it proves possible to obtain systems
of equations of a special form; the next section is devoted to their description
and to an algorithm for solving them.

III. Let, for the system of equations

𝑥𝑖𝑗 = 𝐹 (1)
𝑖𝑗 + 𝐹 (2)

𝑖𝑗 (𝑖 = 1, 2; 𝑗 = 1, 2, … , 𝑛𝑖) (6)

the following conditions be satisfied with respect to two groups of unknowns
𝑥𝑖𝑗 (𝑖 is the number of the group, 𝑗 the number of the unknown in the group):
1) 𝐹 (1)

𝑖𝑗 depends only on the unknowns of the first group; 2) 𝐹 (2)
𝑖𝑗 , which in

the general case depend on the unknowns of both groups (in linear systems
they depend only on the unknowns of the second group), are small quantities,
substantially less than unity in absolute value. We shall agree to call 𝑥1𝑗 the
principal unknowns, and 𝑥2𝑗 the additional unknowns. In systems (6) arising
in the solution of integral equations, the principal unknowns are, as a rule, the
values of the desired solution, and the additional unknowns are the values of
the derivatives of the desired solution.

Construction of the first approximation 𝑥(1)
𝑖𝑗 . First we find 𝑥(1)

1𝑗 as the
solution of the system of equations 𝑥(1)

1𝑗 = 𝐹 (1)
1𝑗 , and then, having computed

from the found 𝑥(1)
1𝑗 the values 𝐹 (1)

2𝑗 , we determine 𝑥(1)
2𝑗 by means of the equalities

𝑥(1)
2𝑗 = 𝐹 (1)

2𝑗 .

Construction of the 𝑘-th (𝑘 > 1) approximation 𝑥(𝑘)
𝑖𝑗 . Having found, from

the results of the (𝑘 − 1)-st approximation, the values 𝐹 (2)
𝑖𝑗 for all 𝑖 and 𝑗, we

first find 𝑥(𝑘)
1𝑗 as the solution of the system 𝑥(𝑘)

1𝑗 = 𝐹 (1)
1𝑗 + 𝐹 (2)

1𝑗 , and then, having
computed from the found 𝑥(𝑘)

1𝑗 the values 𝐹 (1)
2𝑗 , we determine 𝑥(𝑘)

2𝑗 by means of
the equalities 𝑥(𝑘)

2𝑗 = 𝐹 (1)
2𝑗 + 𝐹 (2)

2𝑗 .

For ease of reference we shall agree to call system (6) an 𝐹 -system, and the
scheme of solution described above scheme (algorithm) 𝐷. In order to compare
algorithm 𝐷 and the simple iteration algorithm to some extent, suppose that
system (6) is a linear 𝐹 -system. Writing system (6) in matrix form 𝑋 = 𝐴𝑋+𝐵,
represent the matrix 𝐴 in the form of a square matrix of order two 𝐴 = (𝐴𝑖𝑘),
whose elements 𝐴𝑖𝑘 are matrices of the form
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𝐹 (𝑘)
𝑖𝑗 =

𝑛𝑘

∑
𝜈=1

𝑎(𝑘,𝜈)
𝑖𝑗 𝑥𝑘𝜈.

As a rule, for linear systems the quantities 𝐹 (2)
𝑖𝑗 are small (the second property

of 𝐹 -systems) when the 𝑎(2,𝜈)
𝑖𝑗 are small. Since for 𝑘 ≥ 𝑖 all the 𝐴𝑖𝑗, with the

exception of 𝐴11, are small (have small norms), only one element, 𝐴11, can
hinder the rapid decrease of the powers of the matrix 𝐴, and consequently
the rapid convergence of the simple iteration algorithm. Solving the system
𝑋 = 𝐴𝑋 +𝐵 by scheme 𝐷 is equivalent, roughly speaking, to the application of
the simple iteration algorithm preceded by the determination of the 𝑛1 principal
unknowns from the first 𝑛1 equations of the system in terms of the additional
unknowns, as a result of which, for the new system, the element 𝐴11 becomes
equal to zero. Rapid

the convergence of algorithm 𝐷 was confirmed in the solution of a number of
nonlinear integral equations.

IV. Formula (4) allows the solution of boundary-value problems to be reduced
to the solution of systems of equations with a small number of unknowns.

Suppose it is required to solve the boundary-value problem

𝑦″ = 𝑓(𝑥, 𝑦, 𝑦′), 𝑦(0) = 𝛼0, 𝑦(1) = 𝛼1 (7)

using the coefficients 𝐴(𝑣,𝑘,3)
𝑖𝑗 [3, 3, 3]. The system of equations for the 9 un-

knowns 𝑦(𝑖)
𝑗 = (𝑑𝑖𝑦/𝑑𝑥𝑖)𝑥=𝑥𝑗

, where 𝑥𝑗 = 0.5(𝑗 − 1), naturally splits into two
groups. The equations 𝑦″

𝑗 = 𝑓(𝑥𝑗, 𝑦𝑗, 𝑦′
𝑗), together with the boundary conditions,

form the first group; the second group of equations is obtained by carrying out
repeated integration of equation (7) from 0 to 𝑥 and replacing the integrals
for 𝑥 = 𝑥2 and 𝑥 = 𝑥3 by finite sums using the coefficients 𝐴(𝑣,𝑘,3)

𝑖𝑗 [3, 3, 3].
The system of equations with 9 unknowns described above is easily reduced, by
means of the equations of the first group, to a system with 4 unknowns. The
boundary-value problem (7), by means of the tables 𝑇3, is reduced to a system
with 2 unknowns, and if equation (7) does not contain 𝑦′, then by means of the
tables 𝑇5—to a system with 3 unknowns.
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Note: Figure translations are in progress. See original paper for figures.
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