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Abstract
Full Text

HYDROMECHANICS
V. A. PROKOF' EV

EQUATIONS OF RELATIVISTIC RADIATION
HYDRODYNAMICS

(Presented by Academician L. 1. Sedov, 18 V 1961)

The main discrepancies in the writing of the equations of hydrodynamics with
allowance for radiation are due to the fact that in some works no distinction
was made between the definition of the parameters of the radiation field in a
fixed and in a moving coordinate system. The discrepancies concerned terms
containing the speed of light in the denominator. A complete clarification of
which terms should be added to the equations of hydrodynamics in order to
take into account the interaction of radiation with a moving medium is possible
only within the framework of relativistic theory. In published works, without
taking gravitation into account, the case of a linear approximation in v/c has
been considered (1), as has the case of a small deviation of the radiation
from equilibrium satisfying Kirchhoff s law (*%), the case of one-dimensional
gas motion (?), and, in the general theory of relativity, the case of a photon
gas satisfying the Stefan-Boltzmann law and the nonrelativistic Schwarzschild
equilibrium condition (°). In the present work the radiation field of a moving
gas is considered within the framework of the special theory of relativity without
the indicated restrictions.

1. Let the radiation field of a medium at rest relative to the reference frame
K*(x3, x5, 2%, t") be described by the intensity I, (r*,¢*,1*) (v*—frequency;
r*(z7, 2%, o})—coordinates; t*—time; 1* (I3, [, [5)—unit vector along the ray)
or by the function nf.(r*,t*,1*) = I%. /h*® of the distribution of photons
over directions and frequencies (energies); all quantities with asterisks are
taken in the proper reference frame K*. Through the radiation intensity
are expressed: the radiation flux H}., the radiation energy density €., the
components . 5 of the tensor II}, of radiation pressure, referred to a unit
spectral interval, as well as the corresponding integral characteristics of the
radiation. Let, relative to the laboratory reference frame K(zq, o, z5,t),
the volume under consideration move with velocity v. In the reference
frame K one can, in exactly the same way as in the frame K*, define all
characteristics of the radiation field. If, instead of n, or I,,, one introduces
the Lorentz-invariant function IV, of the distribution of photons in the 8-
dimensional phase space (°), n, = hv2N,/c? (h—Planck’ s constant, c
—speed of light), then as a result of Lorentz transformations of space-
time coordinates we obtain the following relations between the radiation
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characteristics in the laboratory and proper reference frames (here 62 =
1-p% B=v/c, S, =H,/c?):

n,=n%L% I ,=I.L% I=IL* L=60(1+1.5,),
e, dv = (€5 + 20,5} 0 — Ty aBy By ) 021",

VU

_ * *
H,, dv= [Hy*a +0v e — Torax

2 v2
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v
Tyap AV = [ﬂ'i*aﬁ + (60— 1)0—)2( (vaw;*xﬁ + vﬁwl*,*ax) +

vavﬁ * * *
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The tensor of integral radiative pressure is represented as the sum

Tap = Top — Qas +Quf +Q05,
Qus = va S5 +v55a, (2)
*(2 % * v
Qus = (6—1) (vamhy +vamhy) 5

G [20-00 6 (1-6 vy
QaB - V2 SXUX_?{_: + 02 2 [v-vl,

where [v - v] is a dyad. The tensor QZ%) was obtained by another method by
Kippenhahn (1).

2. The equation of radiative transfer has the form

101, I,
c Ot ds
o° a,,,
=pn, + / [)4—” dl// L,(r,t, QW v,r,t,U', 1) dw — p(a, + 0,)],(r,1,1),
0 ™ A7

(3)
where ds is the differential along the direction of the ray; pn,, pa,, po, are
the volume coefficients of emission, absorption, and scattering; 2 is the redis-

tribution function. This equation, in Lorentz-invariant form, is rewritten as
follows:
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N, _ p
St = PN 1) 4 pg+ L [N AT, (4)

a

m

where dw;, = h?v dv dw/ct; m, is the 4-momentum of the photon gas, with m,, =
hvl, /c?, my = ihv/c* (Greek indices are equal to 1,2, 3, Latin to 1,2,3,4); x,,
are rectangular coordinates in the Galilean frame of reference; x, = ict. The
functions f, g, f1,I" are equal to:

hv c hv v

f= 070% 9= WUW fi= =50 I'= WQ' (5)
They express the physical properties of the gas in a manner invariant with
respect to Lorentz transformations and depend on the radiation frequency only
in the proper frame of reference. Hence the following Lorentz transformation
formulas are obtained:

pa, = (pa, 'L, po, = (po,) L™, pn, = (pn,) L3
Q=QL2(1+158,) 1. (6)

If redistribution into other frequencies is absent, then instead of the double inte-
gral on the right-hand side there will be a single integral over all directions, and
instead of the redistribution function—the scattering phase function +,, which
transforms like the emission coefficient pn,. The radiative-transfer equation
describing the change, in the laboratory frame of reference, of the proper radia-
tion parameters is obtained on the basis of the Lorentz transformations in the
following form:

{Cat 4+ l:loé + (0— 1)771(1 +9ﬂa:| 81.0[}]1/*9 (1 +laﬁa) -

~{lomr+ [ [ a0, + (0,15 0412507
")

3. Consider a physical system consisting of an ideal fluid (external forces are
absent) and a radiation field (photon gas). The laws of conservation of
energy and momentum, as well as of the number of particles, expressed
by the equations

oT,, o(nu')
Ox =0, oz’ =0 ®)

S

together with the equation for the change in the number of photons—the
radiation-transfer equation (7)—and the equations of state, form a system of
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equations of relativistic hydrodynamics. Here nu' is the 4-vector of the particle
flux, u® is the 4-velocity, with u, = 6v,/c, u, = if. The energy-momentum
tensor T, is composed of the energy-momentum tensors of the photon gas R,.,
and of the fluid 7, , where [6]

r8)

Tps = WU, S + PO, w=e+p, e = pc? + pUs; (9)

w, e are the heat function and the internal energy per unit proper volume of the
fluid; pc? is the rest energy; p is the rest mass density.

We shall write the components of the tensor R,.., proceeding from the physical
meaning, in Galilean coordinates of the components of the energy-momentum
tensor, in the following form:

1
Raﬁ = Mg Ra4 = EHa’ R44 = —¢. (10)

The right-hand sides are expressed through the proper radiation characteristics
by the formulas given above; from this it follows that the quantities R, , indeed

form a covariant tensor. Substituting in (8) the expressions for the components
of the tensor T, = 7,, + R,,, we obtain

O(wu®) < ou,
u,. G —+ wu % + )

dp OR
9P Pls _ 11
" 0x + oz 0 (11)

S

Hence, together with (8), we have:

dp i p0?  dv, B
dt—l—pdlvv—i— 2 Vo, =0,
dv dR Op Om,s 1 0H
0—= + pOv,— + — — ——2 =
PR at TP T oz,  Oxg 2o 0
u.,»
R=60(14 5+ — 12
(+&+WJ, (12)

dU  p d(pb) Omas 1 OH, 1 (0 OH dR
— = — | = <) — phv?— = 0.
Pat o dt o\ ox, @t ) @\t o, ) " w
For v/c < 1, retaining terms of order v?/c?, we obtain:
dp . p o du,
7 +pd1vv—|—62va at =0,
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dv dp Omag 1 OH, p d v? P
o _r _ _ (o ~ _ = —0- 1
Pt dx,  Oxg = ot Tz U p Vo | =0 (13)

Pt pdt  Ox, * at *Va drg  c* Ot

pv?

Va dt Va &vﬂ c2 Ot

v? [pdU dp p( B p) dv,, 0T vaaHa] _0

The density of the radiation momentum is equal to S = H/c?, and therefore we
have retained also the terms containing v?H /c*. Here the radiation characteris-
tics are taken in the laboratory frame of reference. For the radiation parameters
in the prop—

in the proper reference frame we obtain:

dv s’
w _ DivIT*
pgg PP DVIT A+

+2%2 {2% [v(e* — II*)] + v(2e* — I*) divv + (vV)(VI[*)—
as* .. g
o + S*divv + vdiv S*+ (14)
d

H(S'V)V + v(S*V) + S*(vW)] 02 + (2% + %) v(vS* )]+

+ S*divv 4+ vdivS* + (S*V)v+

—[(VIT*)V + (IF'V)v + vDivIT] v + [

2
+2(vS*)vdivv — Zp% [(1; + U+ p) v]} =0,
p

dU pdp . de*
&P GivH
Par ~ par TVE T

+e*divv — (II*v)v+

1/d 0 . LAV v v
+§<$+§)(VS)+S E+§S leV—?dIVS-F
v *dV *8V 2 e % U2 *
+— {E T —1II 5 + v DivII* — |:V2+(VV)V:|H +

2{8 3d 3 0?7 5 5vV

LA S T ERAM
ot i a2 o 4“’V+4(Vv)+4v2”}

pdU ( p) dv
_v|EZZ 1— £ ) vl
V|:2 7 +vVp+op e th+

5 ov 9
- 2_ 7 Y T2 * _
+ (Vv 4(VV)V 8t> gV leS:|} 0
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Hence one obtains the equations in the nonrelativistic limiting case for the
radiation parameters in the laboratory coordinate system:

dv oS

— —Divll 4+ — =

pdt+Vp iv +8t 0,
dU pdp . Oe . oS
— —=— +divH+ — DivIl —v— = 1
P pdt+1v +6t+v iv A&y 0 (15)

and for the radiation functions in the proper reference frame

dv s’
w _ DivIT*
pgg HVP - DVIT

+vdivS* 4+ (S*V)v+ S*divv =0, (16)

dU de* p+etdp ) Tos
el - WL givHr - o8
Par T ar o dt 2

+[S*divv — S*(vV) — vdiv S*] % — %(VV)S* =0.

Si
a T at

v, | Ovg d(vS*) Ldv
dzz Oz,

Equations (15) coincide with those obtained earlier (?), as do (16), if the terms
containing H/c? are discarded ().
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