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Abstract
Full Text
MATHEMATICS

I. A. SHISHMAREV

UNIFORM ESTIMATES OF DERIVATIVES
OF SOLUTIONS OF THE DIRICHLET PROB-
LEM AND OF THE EIGENFUNCTION PROB-
LEM FOR THE OPERATOR

𝐿𝑢 = div(𝑝(𝑥) grad𝑢) + 𝑞(𝑥) ⋅ 𝑢
# WITH DISCONTINUOUS COEFFICIENTS

(Presented by Academician I. G. Petrovskii on 14 X 1960)

In the present note uniform estimates are established for derivatives of arbitrary
order and their Hölder coefficients for solutions of the Dirichlet problem and of
the eigenfunction problem for the operator
𝐿𝑢 = div(𝑝(𝑥) grad𝑢) + 𝑞(𝑥) ⋅ 𝑢 with discontinuous coefficients.

1. Let there be given an open 𝑁 -dimensional domain 𝑔 with boundary mani-
fold Γ2, and inside it an (𝑁 − 1)-dimensional geometrically closed surface
Γ1, dividing the domain 𝑔 into subdomains 𝑔1 and 𝑔2.

Consider in the closed domain (𝑔 + Γ2) the following Dirichlet problem:

𝐿1𝑢 = 𝑓1 in the domain 𝑔1,
𝐿2𝑢 = 𝑓2 in the domain 𝑔2,

[𝑢]Γ1
= 𝜑, [𝜕𝑢

𝜕𝜈 ]
Γ1

= 𝜓, 𝑢|Γ2
= 𝜒.

(1)

Here
𝐿𝑙𝑢 = div(𝑝𝑙(𝑥) grad𝑢) + 𝑞𝑙(𝑥) ⋅ 𝑢 (2)

is an elliptic operator given in the domain 𝑔𝑙 (𝑙 = 1, 2), 𝑝𝑙 > 0, 𝑞𝑙 ⩽ 0 in 𝑔𝑙;

[𝑢]Γ1
≡ 𝑢|𝑥→Γ1−0 − 𝑢|𝑥→Γ1+0; [𝜕𝑢

𝜕𝜈 ]
Γ1

≡ 𝜕𝑢
𝜕𝜈1

∣
𝑥→Γ1−0

+ 𝜕𝑢
𝜕𝜈2

∣
𝑥→Γ1+0

,

where 𝜕
𝜕𝜈𝑙

denotes differentiation in the direction of the conormal, equal to

𝑝𝑙
𝜕

𝜕𝑛𝑙
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(𝑛𝑙 is the outward normal for the domain 𝑔𝑙), and the signs Γ1 − 0 and Γ1 + 0
mean that the limiting values are taken respectively from the inner and from
the outer side of the surface Γ1 with respect to the domain 𝑔1.

Definition. We shall call a function 𝑢(𝑥) a classical solution of problem (1)
if it satisfies the following requirements: 1) 𝑢(𝑥) ∈ 𝐶(0) in each of the closed
domains (𝑔1 + Γ1) and (𝑔2 + Γ1 + Γ2); 2) 𝑢(𝑥) ∈ 𝐶(1) in the domains (𝑔1 + Γ1)
and (𝑔2 + Γ1); 3) 𝑢(𝑥) ∈ 𝐶(2) in the open domains 𝑔1 and 𝑔2; 4) 𝑢(𝑥) satisfies
all conditions of problem (1) in the usual classical sense.

Theorem 1. Let the boundary manifolds Γ1 and Γ2 belong to the class 𝐴(𝑛,𝜇),
and let the coefficients of the operators 𝐿1 and 𝐿2 and the functions 𝑓1, 𝑓2, 𝜑, 𝜓
and 𝜒 satisfy the requirements:
𝑝𝑙 ∈ 𝐶(𝑛,𝜇), 𝑞𝑙 ∈ 𝐶(𝑛−2,𝜇), 𝑓𝑙 ∈ 𝐶(𝑛−2,𝜇) in the closed

* The classes 𝐴(𝑛,𝜇) and 𝐶(𝑛,𝜇) are defined in (1), p. 10.

smooth domain (𝑔1 + Γ1); 𝑝2 ∈ 𝐶(𝑛,𝜇), 𝑞2 ∈ 𝐶(𝑛−2,𝜇), 𝑓2 ∈ 𝐶(𝑛−2,𝜇) in the closed
domain (𝑔2 +Γ1 +Γ2); 𝜑 ∈ 𝐶(𝑛,𝜇) and 𝜓 ∈ 𝐶(𝑛−1,𝜇) on the surface Γ1; 𝜒 ∈ 𝐶(𝑛,𝜇)

on the surface Γ2 (𝑛 ⩾ 2).
Then there exists a unique classical solution of problem (1)—a function 𝑢(𝑥);
𝑢(𝑥) belongs to the class 𝐶(𝑛,𝜇) in each of the closed domains (𝑔1 + Γ1) and
(𝑔2 + Γ1 + Γ2), and in these domains the estimate* holds

𝑢(𝑛,𝜇) = 𝑂 {𝐹 (0) + 𝜑(0) + 𝜓(0) + 𝜒(0) +
𝑛

∑
𝑖=1

𝜓(𝑖−1,𝜇) +
𝑛

∑
𝑖=0

𝜑(𝑖,𝜇)+

+
𝑛

∑
𝑖=0

𝜒(𝑖,𝜇) +
𝑛

∑
𝑖=2

𝐹 (𝑖−2,𝜇)} . (3)

The constant entering the estimate 𝑂 depends on the coefficients of the operators
𝐿1 and 𝐿2 and on the form of the domains 𝑔1 and 𝑔2.

For functions belonging to the class 𝐶(𝑛,𝜇), the following estimate is known (see
(1), p. 137)

𝑢(𝑛) = 𝑂 {[𝑢(𝑛,𝜇)]
𝑛

𝑛+𝜇 [𝑢(0)]
𝜇

𝑛+𝜇 + 𝑢(0)} . (4)

Relying on formulas (3) and (4) and on the estimate of 𝑢(0) obtained in (2), we
easily estimate 𝑢(𝑛).

Remark 1. The estimates 𝑢(𝑛,𝜇) and 𝑢(𝑛) are uniform with respect to operators
𝐿𝑙 with uniformly bounded values of the quantities 1/𝑝𝑙, 𝑝(𝑛,𝜇)

𝑙 , 𝑞(𝑛−2,𝜇)
𝑙 , 𝑝(0)

𝑙 ,
𝑞(0)

𝑙 (𝑙 = 1, 2).
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Remark 2. Theorem 1 is readily extended to the case when the operator 𝐿
has the form

𝐿𝑙𝑢 = div(𝑝𝑙(𝑥) grad𝑢) +
𝑁

∑
𝑖=1

𝑏𝑙𝑖(𝑥) 𝜕𝑢
𝜕𝑥𝑖

+ 𝑞𝑙(𝑥)𝑢.

2. The proof of Theorem 1 is carried out as follows. Using the existence
theorems proved in (3), we represent the solution of problem (1) in the form
of the sum of three functions 𝑢 = 𝑣1 + 𝑣2 + 𝑤. The functions 𝑣1 and 𝑣2 are
solutions of two ordinary Dirichlet problems, and therefore the known results of
Schauder and Caccioppoli (see (1)) may be used for their estimates, while 𝑤(𝑥)
is the solution of the following problem with discontinuous coefficients:

𝐿̃𝑤 = 0 in the domain 𝑔1,
Δ𝑤 = 0 in the domain 𝑔2,

[𝑤]∣Γ1
= 0, [𝜕𝑤

𝜕𝜈 ] ∣
Γ1

= 𝜃, 𝑤∣Γ2
= 0.

(5)

Here Δ is the Laplace operator,

𝐿̃ =
𝑁

∑
𝑖=1

𝜕
𝜕𝑥𝑖

(𝑝1
𝑝2

𝜕
𝜕𝑥𝑖

) + 𝑞1
𝑝2

(the coefficient 𝑝2(𝑥) is extended to the whole closed domain (𝑔 + Γ2) with
preservation of membership in the class 𝐶(𝑛,𝜇), which is possible by known
results of Gever; see (1), p. 52).

Let 𝐹(𝑥, 𝑦) denote the Green’s function of the Dirichlet problem for the Laplace
operator in the closed domain (𝑔 + Γ2). Define the function ̃𝐹 (𝑥, 𝑦) by means
of

* If 𝑧(𝑥) is some function defined in a domain 𝑇 and belonging there to the class 𝐶(𝑛,𝜇), then by 𝑧(𝑘) we shall denote the sum of the maxima of the absolute values of all derivatives of order 𝑘 (𝑘 ≤ 𝑛), and by 𝑧(𝑘,𝜇) the sum of the Hölder coefficients (taken for exponent 𝜇) of these derivatives.

by means of the equality

𝐹(𝑥, 𝑦) = 𝐹(𝑥, 𝑦) + ∫
𝑔1

𝐹(𝑥, 𝑡) 𝑝2(𝑡)
𝑝1(𝑡) 𝐿𝑡𝐹(𝑡, 𝑦) 𝑑𝑡. (6)

We shall seek the solution of problem (5) in the form of the sum of a volume
potential and a single-layer potential
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𝑤(𝑥) = ∫
𝑔1

𝐹(𝑥, 𝑦) 𝜇(𝑦) 𝑑𝑦 + ∫
Γ1

𝐹(𝑥, 𝑠) 𝜈(𝑠) 𝑑𝑠 (7)

with unknown functions 𝜇 and 𝜈. Substituting (7) into (5), we arrive at the
following system of integral equations:

𝜇(𝑥) − ∫
𝑔1

𝐾11(𝑥, 𝑦)𝜇(𝑦) 𝑑𝑦 − ∫
Γ1

𝐾12(𝑥, 𝑠)𝜈(𝑠) 𝑑𝑠 = 0,

𝜈(𝑠) − ∫
𝑔1

𝐾21(𝑠, 𝑦)𝜇(𝑦) 𝑑𝑦 − ∫
Γ1

𝐾22(𝑠, 𝑠1)𝜈(𝑠1) 𝑑𝑠1 = 𝜃(𝑠).
(8)

Formulas (7) and (8) make it possible to estimate the function 𝑤(𝑥) by means
of the known theorems of potential theory (4).

3. Let us consider the eigenfunction problem for the operator 𝐿𝑢 =
div(𝑝(𝑥) grad𝑢) + 𝑞(𝑥) ⋅ 𝑢 with discontinuous coefficients

𝐿1𝑢 + 𝜆𝑢 = 0 in the domain 𝑔1,
𝐿2𝑢 + 𝜆𝑢 = 0 in the domain 𝑔2,

[𝑢]Γ1
= 0, [𝜕𝑢

𝜕𝜈 ]
Γ1

= 0, 𝑢|Γ2
= 0.

(9)

Relying on Theorem 1 and on the estimate of the eigenfunctions of problem (9)
established in (3), we arrive at the following theorem.

Theorem 2. If the surfaces Γ1 and Γ2 belong to the class 𝐴(𝑛,𝜇), and the
coefficients of the operators 𝐿1 and 𝐿2 satisfy the conditions: 𝑝1 ∈ 𝐶(𝑛,𝜇),
𝑞1 ∈ 𝐶(𝑛−2,𝜇) in the closed domain (𝑔1 + Γ); 𝑝2 ∈ 𝐶(𝑛,𝜇), 𝑞2 ∈ 𝐶(𝑛−2,𝜇) in the
closed domain (𝑔2 + Γ1 + Γ2), then the eigenfunctions of problem (9) belong to
the class 𝐶(𝑛,𝜇) in each of the closed domains (𝑔1 + Γ1) and (𝑔2 + Γ1 + Γ2), and
for them the following uniform estimates hold in the closed domain (𝑔 + Γ2):

𝑢(𝑘)
𝑙 = 𝑂(𝜆

𝑁
4 + 𝑘

2
𝑙 ) , 𝑢(𝑘,𝜇)

𝑙 = 𝑂(𝜆
𝑁
4 + 𝑘

2 + 𝜇
2

𝑙 ) (10)

(𝑙 is the number of the eigenfunction).

Remark 3. Theorems 1 and 2 are also valid in the case when, inside the surface
Γ2, there lie 𝑚 surfaces of discontinuity of the coefficients.

I take this opportunity to express my gratitude to V. A. Il’in for his attention
to the work and to the participants of the seminar directed by A. N. Tikhonov
for useful discussion of the results.

Moscow State University
named after M. V. Lomonosov
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